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PREFACE. 

In preparing this Key two objects have been kept in 
view. It is intended first to save the time and lighten the 
work of teachers, and secondly to afford help to those who 
study Mathematics without the guidance of a teacher. 
Accordingly the solutions have generally been given in the 
most simple and natural manner, with frequent reference to 
the text and examples in the Elevventary Trigonometry, In 
particular, the solutions which involve logarithmic work have 
been presented in the fullest detail, so that with the help 
of the Key, a teacher will be able very readily to discover 
and correct mistakes in the work of his pupils. 

For very many of the solutions I am indebted to Mr H. 
C. Playne of Clifton College, and my thanks are due to him 
for valuable help all through the book. 

H. S. HALL. 

January f 1895, 



ELEMENTARY TRIGONOMETRY. 



EXAMPLES. I. Page 4. 

7. 69° 13' 30"=-76916 of a right angle=768 9r 66 -r. 

8. 19° 0' 45"= -21125 of a right angle= 218 12^ 50 \ 

9. 60° 37' 5-7" = -562426; of a right angle = 56« 24' Jo'\ 

10. 43° 62' 38-l"=-487525 of a right angle=488 75' 26'\ 

11. 11° 0' 38-4" = -1223407 of a right angle = 12* 23' 40-r . 

12. 142° 16' 46"=l-5806944 of a right angle=1588 6' 94-4". 

13. 12' 9"= •0022'^ of a right angle=22^ 50'\ 

14. 3' 26-3"= -000636 of a right angle= 6' 36-r . 

15. 66K ST 50'* = -66876 of a right angle = 51° 11' 15". 

16. 39« 6* 26^* = -390626 of a right angle = 35° 9' 22-5". 

17. 408 r 25-4"= -4001254 of a right angle = 36° 0' 40-6". 
I, 18 2* 3*' = -010203 of a right angle =55' 5*8". 
). 3« 2' 65'*= -030205 of a right angle =2° 43' 6-4". 
). 8« 10' 6 -6** = -0810065 of a right angle = 7° 17' 26-1". 
L. 6' 25* = -000625 of a right angle = 3' 22-5". 
I ST 5r = -003705 of a right angle = 20' 0-4". 
). Let the angles expressed in degrees be A and B ; 

len ^+B = ^x80°=72°, and A-B^IS". 

Hence ^=45°, 5=27°. 

24. If n is the number of degrees in t\ic ftagV^, u -v — u=\^*l\ ^\\s^^'^.- 



2 MEASUREMENT OF ANGLES. 

25. Here ^Tr= number of degrees, and ^;(7r = number of grades 
oO lUU 

X 9 v 
Therefore pn = ia • i aa 5 whence we obtain 50x=27y. 

26- ^^'^ 60^60 =°'>"'^'^ o^ degrees, and j^^^ =numbei 
the angle. Therefore oc = Ta x Tqa 5 *^^* ^S' 2508= 81 «. 



EXAMPLES, -n. Page il. 
[The following five solutions will sufficiently illustrate this € 

3. From fig. of Art. 17 we have a^=b^ + c^=A00 + 225 = ^ 
a=26, and BinO=^, cobJ5=v, cotC=7, secC=-. 

O O 4 o 

6. Let a=16, 6=9; then c^=a'^-b^={a + b){a-b) = 24: 

4 3 4 

c=12, and sin (7=^, cosC=^, tanC=5. 
o o 

8. In the third fig. of Art. 17, let ^0=41, AB=d; 

then J5C2=412-92=(41 + 9)(41-9); 

40 9 

whence B(7= 40, and sin ^ = jr , cot -4 = j^r . 

10, Here GD = 2DE. Hence if ED = a, DC = 2a, EG 
required ratios may now be written down. 

11, From the right-angled aABC yre have B C = 39 ; also f r 
angl^A-iCD we have DC =17, The required ratios may nc 
down. 

EXAMPLES, ma. Page 17. 

Examples 1 — 25 are too easy to require full solution ; the fc 
solutions will suffice. 

10. (1 - cos^ e) sec2 e = sin2 $ x — Vo = tan' 6. 

cos^ d 

.2, cosec a x/l - sin^ a= -. x cos a = cot a. 

. sm a 

16. (l-cos2^)(l + tan20) = sin2^sec2^=^^=tan2^. 
(1 - cosM) (1 + cot2 A) = sin^ A oosec« A = l. 



—III.] EASY IDENTITIES. 

\ • / 5 ^ sin a , - 

). Bin a sec a wcosec* a - 1 = x cot a = 1. 

^ cos a 

5, sin2^cot2^+sin«^=sin2^(l + cot2^) = Bin2^cosec3^=l. 

J. (1 + tan2 ^) (1 - sin3 0) = sec^ ^ cos^ ^ = 1. 

). cosec2^tan2^-l=-v^. — ,-f-l = sec2^-l = tan2^. 
sin*^ cos^^ 

J. First side = cos^ A + sin* ^ = 1. 

\ First side = sec* A - tan* A = l. 

I, First side = sin ^ . sin ^ + cos A^, cos ^ = sin* ^1 + cos* ^ = 1 . 

). First side= sec ^1 . sec ^ - tan A . tan A = sec* A - tan* ^ == 1. 

), sin* a - cos* a = (sin* a + cos* a) ( sin* a - cos* a) 

= sin* a - cos* a — sin* a - (1 — sin* a) 

= 2sin*a-l. 
Lso sin' a - cos* a= 1 - cos* a - cos* a = 1 - 2 cos* a. 
L. First side = (sec* a - 1) (sec* a + 1) = tan* a (2 + tan* a). 
5, First side = (cosec* a - 1) (cosec* a + 1) = cot* a (cot* a + 2). 

J, First side =(?i5_?L. -; — \ - ( ?HL? ) = sec* a - tan* a. 
\cos a sin a / \cos a / 

I TO X -J /I cos^\* /C08^\* ,^ .„^ 

L First side= ( . -r— r - ( ^— ^ ) =co8ec* - cot* ^. 

\cos e sine' \8in ^/ 

5. cosec* e - cot* ^ = 1 = sec* 6 - tan^ e. Transpose. 

EXAMPLES, m b. Page 19. 

t, vers ^ sec ^= (1 - cos ^) sec ^=sec^-l. 

. ^. ^ ., 1 sin^ . ^ 1-sin*^ cos*^ 

). First side = ;, ;.sin 6 — — = =cos 6. 

cos 6 cos cos 6 cos 6 

, _. ^ ., sin^ cos^ sin*^ + cos*^ 

J, First side = + -. ^ = — ^ — r r— 

cos ^ sin sm ^ cos ^ 

1 



sin 6 cos ^ 



= cosec d sec ^. 



1, First side=:cosec ^ tan A cos-4 =-^ — , tan ^ = 1. 

sm^ 

J, First side = cos* e + sin* ^ + 2 cos ^ sin ^ + cos* d + sin* ^ - 2 cos ^ sin ^ 

= 1 + 1 = 2. 
). First side= 1 + 2 tan ^ + tan* ^ + 1 -2 tan ^ + tan* 

?=2 + 2tan*^=2(l + tan*^)=2sec*^. 



4 EASY IDENTITIES. 

10. First side= cot^ ^ - 2 cot ^ + 1 + cot^ ^ + 2 cot ^+ 1 

= 2cot2^ + 2 = 2(cot2^ + l) = 2cosec2^. 

1 1 . First side = sin^ 2I cosec^ A + cos^ A sec^ ^1 = 1 + 1 = 2. 

12. First side = cos* ^ x 1 + sin* .4x1 = 1. 

13. First side = cot* a (1 + cot* a) = (cosec* a - 1) cosec* a 

= cosec* a - coaec* a. 

tan* a cosec* a sin* a cosec* a sin* a 



[chap. 



14. First side = 



sec* a * cot'-' a cos* a sec* a ' 



cos*^ a 



= sin'«asec-'a. 



15. 
16. 



^. . ., 1 4- sina + 1 - sina 
First side = -— - 



18. 



20. 
22. 

13. 



1 - sin* a 



= 2 sec* a. 



First side 



_ tan a (sec a + 1) + tan a (sec a - 1) _ 2 tan a sec a 



sec* a - 1 
2 sec a 2 sec a cos a 



17, First side = 




tan* a 
=2 cosec a. 



l + sin*a l + sin*a 



l + 8in*_a__^ 



l + sin*a" 

First side= ( r + -r— r ) (sin $ + cos d) 

Vcos ^ sm ^/ ^ ' 



_ (sin ^ + cos g) (sin d + cos 0) 
"" cos 6 sin 

sin* 6 + cos* ^ + 2 cos ^ sin ^ 1 + 2 cos ^ sin $ 



cos ^ sin ^ 
-+2=sec^cos^+2. 



cos sin 



cos ^ sin ^ 
First side = (1 + cot ^)* - cosec* ^ = 1 + 2 cot (? + cot* - cosec* 

= l + 2cot^-l=2cot(?. 
First side 

= sin* ^ + 2 sin -4 cosec -4 + cosec* ^ + cos* ^ + 2 cos ^ sec -4 + sec* ^ 
= (sin2^ + cos*^) + 2+(cot2^ + l) + 2 + (tan*^ + l) 
= tan* -4+ cot* ^ + 7. 

First side = (2 sec* ^ - 1) (2 cosec* ^ - 1) 

=4 sec*^ cosec* il - 2sec*^ - 2 cosec* 2I + 1 

=1+4 sec* .4 cosec* -4 - 2 (sec* A cosec* A) [Art. 31, Ex. 1.] 

= 1 + 2 sec* A Qosec^A, 



III.] EASY IDENTITIES. i 

24. FirBtsidie = l-\-{mn^A+cos^A)-2smA + 2cosA-2BinAcoaA 

= 2 [1 - sin J + cos A - sin A cos A] 
= 2 {l-B\nA) {1 + coB A), 

25. First side = sin ^ (1 + ^^^ ) +co8A (1 + ^-?^ 1 

\ cos A J \ smAj 

, . (cos .4 + sin ^) ^ (sin -4+ cos ^) 

= sin A > ; < + cos A ^ ' 

cos A sm A 

— tan A (sin A + cos A) + cot A (sin A + cos A) 

, . . ^, fsinA cos^\ 

= (sin A+cosA)\ — . + -: — , I 

^ ' \co8-4 smAj 

_ (sin A + cos A) (sin' A + cos' A ) 

~ SVD.A COS A 

sin^ + coSi4 11 

= — : — z ;,- = T + — — - = sec ^ + cosec A . 

sm A cos A cos A sm A 

2 sill' 

26. First side = cos (2 tan' ^ + 5 tan ^ + 2) = 5-— cos ^ + 5 sin ^ + 2 ccs 

^ cos^ 

Jam^0 z,\ r . ^ 2 (sin' ^ + cos' ^) ^ . ^ 

= 2( -+cos^ V+5 8in^=-i ^ + 5sm0 

\cos^ / cos ^ 

= 2sec^ + 5sin^. 

27. First side=f?^^ + J^V = (l±^?V 

Vcos^^cos^y V cos^ ; 

_ (1 + sin 0) (1 + sin 0) _ (1 + sin g) (1 + sin ^ ) _ l + si n 
~ 1-sin'^ ~(l + 8in </)(!- sin ^)"l-si'n(9* 

28. First side=^"^^^^»^"^-^)-=^-g^(^»^"^-^) = cot^. 

2 sin-* ^- sin 6^ sin ^ (2 sin ^ - 1) 

29. First side = "^*'^<^""^-^) _ s ec' ^ (1 - sin e?) 

1 + sin ^ 1 + sec ^ 

_ cot' (secg 0-1)- sec' ^ (1 - sin' 0) 
" (l + sin^)(l + sec6^) 

_ cot' tan' - sec' cos' _ 
~ (l + Bin^)(l + sec^) "" 

30. tan' a + sec' ^ = (sec' a - 1) + (tan' /3 + 1) = sec' a + tan' p. 
1 



31. 



tan a + - 
tan g + cot j3 _ tan/g _ tan a tan )S + 1 tan a _ tan a 

cottt + tan/3~ 1 "" tan/3 ' tan a tan /9+ 1 ~ tan"^ * 

tana ^ 



33. First side = cot a tan a tan )8 + tan /S cot /3 cot a 
= tan ^+ cot a. 



6 EASY IDENTITIES. [CHAl 

34. First side = sin^ a (1 - sin" /3) - (1 - sin^ a) sin^ /3 

= sin* a - sin^ a sin^ p - sin^ § + sin* a sin^* /9 
= sin'a-Bin*j3. 

35. First side= (1 + tan^ a) tan^ p - tan* a (1 + tan^ /3) 

= tan2 ^ + tan* a tan* /3 - tan* a - tan* a tan* /3 
= tan* /3- tan* a. 

36 . First side = sin* a cos* /3 + cos* a siu* /3 + cos* a cos* /3 + sin* a sin* p, 
the other terms cancelling ; 

this expression = (sin* a + cos* a) cos* ^ + (cos* a + sin* a) sin* /3 
= cos*/3+sin*/3=l. 



EXAMPLES, in. c. Page 23. 

11 12 



1, sec A = 



cosil ^l-sin*^ / 1 \/3 



7^! 



, . cos^ Jl-sin*^ V3 1 ,o 

cot ^ = -: = — = -^^^ r- - = .. /3. 

sinil sinil 2 2 ^'*' 

2, Bin A =— Jg^"-^ [Art. 32, Ex. 1] 

Vl + tan*^ 



=S^v- 



164 3_4 



J .>! • ^ 3 4 3 
cos.4=cot^ .sin-4 = 7. ? = p. 
4 5 



5. Bi„.= Vl^^«Vl-i=ys=^- 

sin^ 7 7 V^8 

7 ^ 24 25 

6. cos A= tjl- sin* ^ = ^ 1 - ^72 = o^ • Therefore sec yl = — . 



. sin^ 7 25 7 

tan A = 7 = rep: X ^77 = try . 

cos^ 25 24 24 



8. cosec a = Vi + cot* a. [Art. 27.] 

cot a cot a 



cos a = cot a sin a= - 



cosec a ^^l+cof-a 



\ 



HI.] RELATIONS BETWEEN THE TRIGONOMETRICAL RATIOS. 7 
10, cosec A = -: — 7 ; cos A = Jl - sin^ A ; sec A=- 



, sin^ sin -4 ^ . aVI-sui^^ 

tan A = i = , - ; cot -4 = -^^ — : — 3 — . 

cos^ Jl-Bin'^A sin.! 

11. Here sin -4 = cos A, so that tan A = l, 

:. cosec A = A^l + cotM = Vi+^=n/2- 

,^ , , sin.-! m. /I w? 

12. tan ^ = - 7- = — ^-a/1--2 

m n m ^ 



13. i>2c0t2^ = g2_j,2. ., jp2(cot2^ + l)=g2. 

p2 cosec^ ^ = g2 so that sin ^ = - . 

q 

14. In the diagram of Ex. 2, Art. 33, let PQ = 2m, PR=m- + l ; then 

i2g2=(ms + l)2-(2w)2 = (m2-l)2. 

.-. JRg=m2-l. 

. m^ - 1 . , ?7i2 - 1 
.-. tan-4=— ^r — , sin^=-^-— =-. 

16. The expression= ~**5^ ; but tan a= ^ A^^_l = l^. 

*^ 4 tan a - 9 ' V 25 5 

2.12 

~6~~ 9 
the expression = 1 ., = _ =3. 

5 ^ 

^r> mi. . pcote-q q ^ p2_g2 

17. The expression =-?- — -— — ^ =i— ='?L_^. 
*' ^ »cot^ + g n* p^ + q^ 

q. 

EXAMPLES. IV. a. Page 26. 
Let E stand for the expression to be evaluated in each case ; then 
6. E=(l)»x^i.J3(V3)' = |. 



8 TRIGONOMETRICAL RATIOS OF CERTAIN ANGLES. [CHAP. 

,0. ..,.,. 4- (f)'-|{i)'.uM-i.i. 
"■-s(#/-^K7.)'*l(^.y'^'-.--i-=* 

14. We have 15, We have 

,-.2 /ly 11,^ 1 n V (V3)2.2.1 

4-''-X' 4 = 2' 

EXAMPLES; IV. b. Paoe 28. 

For Examples 9 — 14, see Example 1, page 28. 

20. Second side = 1 + sin^ A sec* A = l-\- tan* A = sec^ A = cosec* (90° -A). 

21. First side = sin A cot A tan A cosec A = l. 

22. First side = cosec ^ - cot ^ sin ^ cot ^ = cosec ^1 (1 - cos* ^) = sin ^ . 

23. First side = tan* A cosec* A - sin* A sec* A 

= sec* -4- tan* ^ = 1. 

24. First side 

^ . , . cos*^ + sin'-4 . . . ,r,r.o 

=cot ^ + tan A = — : — -, 1— =coseo A sec ^ =coseo A cosec (90° -A). 

sm A cos A ^ 

OK. T?- X 'A COS A Got A 

Zo, First side = j . = cos A, 

cosec A . cos A 

QR xi- X -J cosec* -4 tan* -4 cot -4 .„ . 

^o. First side = r . — 5-, = cot* A . 

tan A sec* -4 

= cosec* ^ - 1 = sec* (90° - ^) - 1. 



IV.] COMPLEMENTARY ANGLES. 

f%n T.- J. -J tan^ seo^cot^ii ; 

27. ^^^^'^^ = ^,-^^'-^^s^^~ ^BecA = Jt^i^ATl. 

28. First Bide = _?E!iL = 1^:^^ = 1 + cos ^ = 1 + sin (90° -A). 

I-COB2I 1-cos^l ^ ' 

cot^ A cos^ A 

29. First side= -j-r-M r— TT = cotil (l-sin^) = tan(90°-^)-o.osy(. 

coti4(l + sin^) ^ / \ / 

30. .rcos-4 tan^ = sin^ ; 31, Bec^A-xta.nA = l; 

.'. x=l, .\ tein*A=xisinA; 

.*. a; = tan -4. 

EXAMPLES. IV. c. Page 31. 

9. l+tan2^ = 2tan2^; 10. l+cot2^ = 4cot2^; 

tan2^ = l; 3cot2^=l; 

.-. tan^=±l; .-. cot^=±— r; 

.-. ^=46°. .-. ^=60°. 

11. l + tan2^=3tan2^-l; 12. l + tan2^ + tan2^ = 7; 
2tan2^ = 2; 2tau»^ = 6; 

.-. tan^=±l; /. tan ^=±^3; 

.-. ^=46°. .-. ^ = 60°. 

13. cot2^ + l+cot2^=3; 14. 2(cos2^-l+co8a^) = l; 

cot«^=l; 4co82^=3; 

•. cot^=±l; /. cos^=±^; 

.-. ^ = 45°. .-. ^ = 30°. 

15. 2cos2^ + 4-4cos2<? = 3; 16. Gcos^^-cos ^-1=0; 

2cos2^ = l; (3cos^ + l)(2co8^-l) = 0; 

17. 12sina^-4sin^-l = 0; 18. 2-2 cob2^ = 3co8(?; 

(6sin^ + l)(2sin^-l) = 0; 2cos2^ + 3cos^-2 = 0; 

.*. sin^=-or--; .-. (2co8^-l)(cos^ + 2) = 0; 

a 

/. ^ = 30°. .-. co8^ = |, sotliat5=^Q°. 



10 EASY TRIGONOMETRICAL EQUATIONS. [CHAP. 

19. tane? = 4-r — -; 20. cos^^- l + co82^ = 2-5 cos ^; 

tan2^-4tan(? + 3=0; 2 5o83^ + 5 cos^-3=0; 

.-. (tan^-l)(tan^-3)=0; .-. (2cos ^- l)(cos^+3)=0; 

.-. tan ^=1 or 3; . /, 1 xi. i. /i /i/^o 

^ ._o .*. cos ^ = ir, so that ^ = 60°. 

/. ^=45 . 2 

^^*^ r=2pccg' 2sin2^-9 8iQ^ + 4=0; 
tan^ 

:. sec^ = 0, or ^-^=2; .'. (2sin^- 1) (sin^-4) = 0; 



tan^ 
-2. "O that (9 — ^, .. ».x.._2, 



sin^ = -,sothat(? = 30°. /. sin ^=-, so that ^ = 30°. 



23. !L^.'^-li^4^==J_. 24. 2cos^ + 2V2 = -^; 

"^^ sin^cos(? sin^* ^ cos 6^ 

sin2^-cos2^=cos^; 2cos20 + 2/^2cos ^-3 = 0; 

l-2co82^=cos^; .-. (V2cos^-l)(V2cos^ + 3) = 0; 



2cos2^ + cos^-l = 0; ^ 1 

.*. cos 0= —T 
(2cos^-l)(co8^ + l) = 0; V 



2 » 



1 .-. ^=45°. 

. ^ = 60°. 



cos^ = -, or -1; 



25. tan^(2sin^-l) = 2sin^-l; sin ^ 5J3 co3^_ 

(28in^-l)(tan^-l)=0; ^"" cos^ cos^"*" 8in^~ ' 

. ^ 1 ^ ^ , 6sin2^-5V3Bin^ + 12(l-8in2^) = 0; 

• «"^^ = 2'^'*^^' = ^^ 6sin2^+5V3sin^-12 = 0; 

/. ^ = 30° or 45°. .-. (2sin^-V3)(3sin^ + 4V3) = 0; 

/. sin ^=^ , so that ^ = 60°. 

OI7 + /} _^ -A 28. l + cot2^ + cot2^ = 3cot^; 

27. ta»^ + tan^-^i 2cot2^-3cot^ + l = 0; 



tan2^-4tan^ + 3 = 0; /. (2cot^-l)(cot ^-1) = 0; 

(tan^-l)(tan^-3) = 0; ^^ , 1 

. i 1 Q ••• cot^ = lor-. 

.-. tan ^ = 1 or 3. 2 



IV.] MISCELLANEOUS EXAMPLES. 11 

MISCELLANEOUS EXAMPLES. A. Page 32. 

21 29 

3, If be the angle, we have sin ^=^ , so that 00860^=^^^ . 

Ai ., /r'72iV N/(29 + 21)(29-2i] 20 
Also cos^=^l-(^-j ='^ ^^ = 29- 

4, tan ^ = . — = . = -^ ; 

Vcosec'' ^ - 1 V 2 X 32 » 

o o 

5, First side = cosec^ A - cot^ yl - 1 = 0. 

7. 6=V«^+^^=N/i68i = 41. 

^^ c 9 . & 41 ^ 6 41 

cotii = - = -77r; sec^=- = — ; secC = -=.-7r. 
a 40 c 9 a 40 

8. See Article 16. 

9. First side = cos ^ (1 - cos 6) — ^-f- = 1 - cos^ = a'n^ 6. 

,/x "CTT V 5 1.^2 l + cot^a ^yi + cot^a 

10. Wehave sec2a = l + tan2a = -r, — ; .'. seca = ^ — . 

cot-^a cot a 

Also cosec^ a = 1 + cot^ a ; so that cosec a = aJi + cot- a. 

11. Fir8tBide=3(^3)%J.2 + 5.1-|.(fy=l + l + 5-l = 6. 

^« . 1 wi /:; — 2 — — Jm^-\-n^ 

12. s.na= , z=-~—r=z^\ seca = ^l + tan^a = ^^ . 

Jl+cot^a Jvi'^ + n' ^ n 

13. wi sexagesimal minutes = ^j^r — -- right angles, 

n centesimal minutes =,7^7; — ttta right angles. 
•■• 60790 = 10of 100= whence m=-54n. 

14. cos A — aJi - sin2 A = a /l - 9^ = + r » since -4 is acute ; 

4 5 

.-. tan ^ + sec ^ = - + -=3. 

15. First side = tan A cot -4 sin -4 cot ^ = cos A. 



16. J2Q = V202 + 212=V841 = 29: 



^ ^ i2P 20 ^ Qi2 29 

tan(? = -p^ = 2l' ^^^^^^ = iiP = 20- 
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in TT i. 'J Fin^a-cos'o . i -> 9102 

17. First side = — -. . 8macosa=l-cos2a-co8^a = l 2 cos-* a. 

sm a cos a 

18. See Art. 39, Ex. 1. 

19. Second8ide = (V3)2-2 . gj' - J (x/2)-^=3-| - ?=3-2 

=tan2 60°~2tan2 45°. 

20. (1) 3sin^=2co82^; (2) Scot ^-cosec' ^ = 3; 

2 sin2^ + 3 sin ^ - 2 = 0; 5 cot ^ - 1 - cot^ ^ = 3 ; 

/. (2sin^-l)(8in^ + 2) = 0; cot2^-5cot^ + 4=0; 

.-. sin ^=-, so that ^=30°. .-. (cot^-l)(cot ^ -4) = 0; 

/. cot^=l, 80 that ^ = 45°. 

21. Pirst side = l-(sec2^-tanM)2 = l-l=0. 

22. 6 8in2^-llsin^ + 4 = 0; /. (2sin^-l)(3sin^-4)=0; 

.-. 2sin^-l=0; whence ^ = 30°; 
4 
or 3 sin ^ - 4 = ; whence sin ^ = ~ , which is impossible. 

u 

23. tan4 + tanB=? + ^ = »l±^ = 4. 

a ao ao 

nA . -1 J. 4 . J. 4 coB^^+sin^^ 

24. c + c i=cot^ + tan^= ~i — i— = sec-4cosecyl. 

Bin/t cos -4 

oc -d' A -J >v/2 - 2 cos .4 - 1 + 2 cos^ - cosM Jl-cos^A ^ 

25. First side = ^ 5 = y- = tan ^. 

cos A cos A 

EXAMPLES. V. a. Page 37. 

1. c=Ja^~~h^=>Jm^2z=2. 

BinC=- = l; .'. C=30°. 8in^ = - = ^?; /. J5 = 60°. 
a 2 a 2 

2. a=Jb--c^= ^144-36=^108 = 6 ^3. 

c 1 
8in(7=- = -; .-. C=30°; and ^ = 90*'- C=60°. 

3. c=Va- + 6^=N/l44 + 48=Vi92 = 8>/3. 

b 12 *./3 
sin5 = - = ^-^ = ^; .-.5 = 60°; and ^ = 90°-J5=30°. 

4. c=V«^^^^=\/90ir30 = 30V3. 
sinC=~ = ^; .-. (7=60°, B = 30°. 



a 2 
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5. b=^a^+7^=.Jm=20^2 

6. c=Va^+62 = ^75 + 3x 75 = 10^3. 

smB = - = ^; .-. JB = 60°, ^ = 30°. 
c 2 

7. 6=c=:2; /. J5 = C=45°. 8. a= Jb^'-^c^^ ^/s x 36 - 27 = 9. 

a=V6H^=V2. 8in0=^ = l; /. C = 30°. JB = 60°. 

2 

9. 5=90°-^=60°. 10. C=90°-30°=60°. 

-=tanJ5; .-. 6 = V3.^3 = 27. 6 = aco8 = 4 x ^ = 2; 

-=8ecJ5; .-. 6 = 9^/3.2=18^3. ^ 

11. JB=90°-^ = 30°. 12. B = 180°-C-^=90°. 

a=c cos B=4<^3; a=6 cos 0=3/^3; 

6=c8inB=4. c=6 sin 30=3. 

13. ^=90°-C=30. 14. C=180''-^-J9 = 90°. 

a = 6cosC=50; a= 6 tan ^ = 20; c = 6sec^=40. 
c=6 sin 0=50^3. 

15. A = 180°-B-C=90°. 16. ^ = 180°-JB-C=90°. 

6 = c = 4; a=JWTc^ = i^J2, 6=acosC=4; c = a sin C = 4J3. 

^^ ^ 49 „^ 18. a = C8in^ = 50x -62 = 31. 

17. a = 6tan^= -==700. 

19. c=a tan (7=100 X •8647=86-47. 20. a = 6 sec = 20x4-89 = 97-8. 

21. O=90°-^ = 54°. 22. sinC=-=-37; /. C=21°43'. 

a=ctan^ = 100x-73 = 73; ^=90°- 0=68° 17'; 

6=0860^ = 100x1-24 = 124. 6=a cos 0=100 x -93 = 93. 

24. c=V^^&'=\/i24609 = 353. 

23. O=90°-5 = 60°36'. t,.n7?-^ = ?Z2 = i.oo9. 

c = 6cotB = 25x 1-2174 = 30-435; ^^^^-^ 225 

a=b cosec J5 = 25 x 1-5755 = 34-3875. .-. B = 50° 24'. 

^ = 90°-B=39°36'. 
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EXAMPLES. V. b. Page 39. 

1. P = 180°-30°-120°=30° = ^; 2. c = BD cosec 30° = 20 ; - 
/. CB = GA =20; a = JBDcosec45° = 10;^2. 

.-. BD=B(7sin60°=10V3. 

3. Since J5 + C= 90°; /. ^ = 90°. ^B=BDsec30°=10V3ft. 

^(7=^J5tan30° = 10ft. AD = AB Bin SO^ = 5^S it 

4. Let QS be the perpendicular from Q on Pit. 

Then PJR = 8 sec 60° = 16. -Sii = 8 cos 60° = 4. /. -SP = 16 - 4 = 12. 

5. 5?Q = 36tan60°=36V3. PQ=36 tan30°=12V3. 

.-. 125 = 36^3-12^3 = 24^3. 

6. We have Z PJRQ = 180° - 135° = 45° ; .*. z QPR = 45° ; 

.-. gP = QP=20, and zQP5f=90°-30° = 60°, 
/. 5?g = 20tan60°=20V3, .'.PS = 20^3 -20 = 20(^^3-1). 

7. Let ^D be the perpendicular and let -4D = a;. 

Then z P^D=90°-45°=45°= z^PD, .\ DA=DB=x. 

J) A X 

Now ^-^=tan 60° ; /. ^345=^3 ; /. x (^3 - 1) =40^3. 

•■• ^=n|zi: = 2V3(x/3 + l) = 20(3 + V3). 
.-. perpendicular = 20 (3 + ^Z). 

8. LetDa=a;. 

Since Z DCP = 90° - 45° = 45°= z GBD ; .-. DC=DB=x. 

And:?^=cot32°.50'; .-. ^^±^ = 1-59. 
IjC X 

:. a; + 59 = l-59a;; .-. a; = 100; 

that is, DC = DP =100. 

EXAMPLES. VL a. Page 42. 

1, See figure on page 40. 

Let P = height of chimney, AC^ 300 ft., 
then elevation= z P^(7=30°, /. PC7=^C tan 30° =100^3 = 173-2 ft. 

2. See figure on page 40. 

Let P be the top of the mast, PC =160 feet, A the boat observed. 

Then zP^C=30°, Z^PC=60°. 

.-. distance required =^C= PC tan 60°= 160^3=277*12 ft. 
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8. See figure on page 40. 
Ijet BC represent the pole, and AG its shadow. 

Then tan^ = -j-7=^-7«=/\/3; .*. angle of elevation = 60°. 

4. See figure on page 40. 

Let BG represent the tower ; A the position of the observer. 
Then ^(7=86-6 ft. and lBAG=30P, 

.'. height of tower=^Ctan30°= -^,^=60ft. 

Distance AB=BG coseo 30°= 2BC= 100 ft. 

5. See figure on page 40. 

Let AB represent the ladder, and BC7 the wall. 

Then AB = 45 ft. z ^BC= 60°. 

.-. height of waU=B(7=^Bcos60°=22-5 ft. 

Distance AG=AB sin 60°=^^ = 38-97 ft. 



6. See figure on page 9. 

Let DE, BG represent the masts, and OGE the horizon. 
.ThenzBO(7=33°4r. BC7=40ft. D£=60ft. 
And Oa= PC cot 33° 41'= 60 ft. 0^=2)E cot 33° 41' =90 ft. 
.-. distance required=OE-OC= 30 ft. 

7. See figure on page 40. 

Let BG represent the cliff and A the observer. 

Then zB^C=41°18'. J5C=132yds. 

132 
/. distance required =AB=BG cosec 41° 18' = — = 200 yds. 

8. See figure on page 9. 

Let BG, DE represent the chimneys, and the observer. 
Then O(7=100yds. zBOC=27°2'. 

Now PC=OC tan 27° 2' =61 yds. 

.-. D£;=P(7+30yd8. = 81yds. 

9. See figure on page 41. 

Let PT be the tower, and Q, R the two points of observation. 
Then /PQJR = 30°, /PPr=60°, gP = 100yds. 

.-. ZPPQ=60°-30°=30°=ZPQP, /. PP=PQ = 100 yds. 
/. height of tower=i2P sin 60° =60/^3=86-6 yds. 
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10, Let AB be the flagstaff, BC the building, D the point of observation. 
Then DC=40ft. /^2)C=:60°, /J5DC=30°; 

.'. lDAB = SO''=lADB; .-. B^ = B2) = 40sec30°=^=49-19ft 

11, See figure on page 41. 

Let PT be the spire, i2, Q the two points of observation. 
Then QR=200tt. lPRT=46°, /.PQR=dQP. 

IRPT^^B""; :. TP=TR, 
Let X ft. = height of spire. 

Then _ ^= tan30° = -^^ . 

200 
••• a; =-^^=100 (1+^3) =273 -2 feet. 

s/o — 1 

12, See figure on page 43. 

Let CD represent the post, and AB the steeple. 

Then CD=30ft. lACE = SO°, Z-42>B = 45°; 

.'. I DAB = 45° = I ADB, .-. BA = BD=x feet, say. 

AF a: — SO 
.-. tan 30°=^ = ^^-^; /. x{^S-l)=:30^S. .'. a; = 70-98ft. 

That is height=distanoe=70*98 ft. 

13, Let B be the top of the hill, and G the point on the horizontal plane 
vertically below B, Let D be the position of the balloon when the obser- 
vation is made. Draw DE perpendicular to BC, 

Then PC=3300ft. lBDE=:SO°, /J5^C=60°; 

.-. AC=BG cot 60°= 1100^^3 feet. 

And BE=DE tan 30°=^C tan 30°=1100 feet. 

.-. DA=EC= 3300 - 1100 = 2200 feet. 

.'. the balloon rises 2200 feet in 5 minutes, 

^, . . 2200 X 60 ., ■ - ., , . 

that IS, .-7=7:77 — = — =- miles per hour, or 5 miles per hour. 
. 1760x3x6 '^ 

14, See figure on page 44. 

Let OA represent the monument, J5, C the two objects, OP the horizontal 
line through ; 

Then zPOC=30°; .-. zOCB = 30°. 

/POB = 45°; .-. ZjBO^=zOB^ = 46°; .-. ^0=JJ5 = 100 feet. 
Let X feet = (^JB= required distance. 

"^"^ OTO=*'«^"°=^' .•.^=100(^3-1); 

.'. distance required =73*2 feet. 
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L5. See figure on page 43. 

Let AB represent the monument, CD the tower. 
Then AB = 96 feet, and the angles are as in the figure ; 
.-. DB = AB cot 60° = 32^3 feet ; 
.'. AE = CE tan 30° = DB tan 30° = 32 feet. 
.-. height of tower =CD= EB = 96 - 32 = 64 feet. 

L6. See figure on page 44. 

Let OA represent the cliff, B, C the two boats. 
Then A = 150 it., l OB A = 30°, lOCB = W; 

.-. ZB0C=16°, and BC=BO. 
.'. required distance = BC=BO = AO cosec 30° = 300 ft. 

17. See figure on page 44. 

Let represent the top of the hill, B, C the milestones. 

Then ZOB^=45°, z 005 = 22°; .-. z 50^ = 45°, so that ^0=^11?. 

Let AO = AB = x yards. 

Then 4^ = ^±1155 = cot 22° = 2-475 ; /. l-475ar = 1760. 
AO X 

:. height of hill = x= 1193 yds. nearly. 

18. See figure on page 44. 

Let OA represent the lighthouse, JB, O the two rocks. 

Then OA = 80 yds., i OB A = 75°, I OCB = 16°, i CO A = 76° ; 

.-. AB= OA cot 75° = 80 X -268 yds. 
Let OB = aryds. 
Then a: + 80 x -268= 0^ cot 15°=80 x 3-732, .-.ar = 80 x 3464 = 277- 12 yds. 

.-. required distance = 277 '12 yds. 

EXAMPLES. VI b. Page 47. 

1. Let Ay Bhe the two positions of the observer, P, Q the two objects. 
Then ^B=800 yds., and PQA is a straight line making I PAB equal to 46°. 
Also I PBA = 90°, I QBA = 45°. .-. QA = QB = QP, 

And g^=^B cos 45°=®^^ = 665-6 yds. P^ = 2g^ = 1131-2 yds. 

Thus the required distances are 666*6 yds., 1131*2 yds. 

2. Let A, Bhe the two positions of the observer, P, Q the two ships ; 
then APQ is a straight line at right angles to AB. 

And ^B = 3 miles, z^J5P=30°, z^7iQ = 60°. 

/> 
.-. BP = ^P sec30°= -,- =3-464 miles, BQ=AB sec G0° = 6 miles. 

Thus the required distances are 3 -464 miles, 6 miles. 

H. E. T. K. 2 
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3. Let O represent the harbour and ON, OE, OS, OW the directions of 
North, South, East, West 

Let P, Q be the positions of the two ships at 2 p.m. 
Then lPOW=28% lQOE=QQ?; :. lPOQ = 90^, 

Also 0P=2x 10=20 miles. OQ=2xlOJ=21 miles. 

/. distance=Pg= V20*+21«=29 miles. 

4. Let O be the position of the lighthouse, and P, Q the points at which 
the steamer enters and leaves the light. 

Then PQ lies East and West, and OP, OQ are the directions of N.E., 
N.W. 

.-. zPOg = 90°, zPgO=zgPO=45°, 0P=0g=5 miles. 
.-. PQ = ^25 + 25 = 5^2 miles. /. steamer sails 5^2 miles in 30^/2 minutes, 
that is, the speed of steamer is 10 miles per hour. 

5. Let O, P, Q be the first positions of the ship and lighthouses. OA 
the direction in which the ship is sailing, A its second position. 

Then 0^ = 10 miles, z 0AP=A5°, z ^OP=90°, I P^Q=22J°. 

.-. zPg^ =45° -22i°=22J°=P^g; ,'. PA=PQ, 
And OP=OA = 10 miles, PA = OA sec 45°= 10^2 miles. 

/. Og = OP + Pg=OP + P^ = 10(V2 + l) = 24-14 miles. 
.*. distances are 10 miles, 24*14 miles. 

6. As before let be the port, and ON, OE, OS, OW the directions of 
the cardinal points of the compass. 

Let P, g be the positions of the ships at the end of an hour. 
Then OP =8 miles, Og = 8^3 miles. 

And i:PO^'=36°, zgO.Sf = 66°; /. zPOg=90°. 

/. distances apart =PQ= ^64 + 3 x 64 = 16 miles. 

Also tangP0 = ?^?=V3; /. zgPO = 60°. 

o 

.-. Z gPO - Z P02^= 60° - 35° = 25° ; 

.-. bearing of the second vessel as observed from the first is S. 25° f^ 

7. Let A be the lighthouse, 0, P the two positions of the vessel. 
Then AP the direction of S., AO the direction of E.S.E., OP the directiot 

ofS.S.W. 

.-. Z^OP=90°; z P^0= 90°- 224°= 67i°; and ^0=4 miles. 

.-. PO=AO tan 671°=4 x 2-414=9-656 miles. 

.'. the vessel sails at the rate of 9*666 miles per hour. 
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8. We have Z (7-42^=10° + 50° = 60°, z^i?C= 180° -60° -40° =90°, 

^(7=10 miles. 
.-. ^B=BCcot60°=-^^=6-77ml8.; ^C=5C cosec 60= ^ = ll-5-4 mis. 

9. ' Let be the lighthouse, and A, B the two positions of the ship. 
Then lOAB= l OB A = 45° ; 0^ = 05 = 15 miles. 

.-. ^J5= 15^2 miles=?:^^^^|^ knots, 
by 

.*. the ship in IJ hours sails — ^-— knots. 

15(^/2 X 60 24 X 2 
.-. in a day it sails — "^^ x — ~- knots, that is, 295-09 knots. 

10. liOt be the lighthouse, A^ B the two positions of the coaster. 
Then AB is in direction S.E., and OA is in direction N.E. ; /. z 0/lB = 90°. 
Also z^OB=46° + 16° = 60°, and 0^ = 9 miles; 

/. AB=OA tan 60° =9^3 miles ; .-. coaster sails 9^3 miles in 3 hours. 
.*. rate of the coaster's sailing =5* 196 miles per hour. 
Also OB = ^ sec 60° = 18 miles. 

That is, the distance of the coaster from the lighthouse at time of second 
observation = 18 miles. 

11. Let P be the position of the vessel when it is N.E. of A and N.W. 
of JB. Then Z^PJB=90°. 

Also ZP^JB=46°-15°=30°. .-. P^=^P cos 30° =6^3 miles. 

Now the direction S. 15° E. is at right angles to the direction E. 15° N. 

.'. the ship crosses AB at right angles. Draw PN perpendicular to AB. 

Then P^'=iiP sin 30° =3;^3 miles; therefore the ship will reach N in 
3/3 
^- hours, that is in 31-176 minutes. 

.'. the ship will cross the line at about 31' past midnight. 

12. Let P, Q be the two spires. 

Then ZP^P = 90°, and zPPQ = 37J-7i°=30°; 

/. z QBA = 90° - 37i° - 224° = 30° ; 
/. ZBPQ = 30°= IPBQ; so that gP = gP = l-5 miles. 

.-. ^P =Pg cos 30°=5^ miles. 
.-. the train travels -^ - miles in 2 minutes, 
that is, -—- X 30 miles per hour, or 38*97 miles per hour. 
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EXAMPLES. Vn. a. Page 64. 

For Examples 1 — 22, see Art. 64 ; the following solutions will suffice as 
niustrations. 

6. Radian measure of 674 degrees = ■— ir = ^ . 

7. Radian measure of 14f degrees = -—■ ir = n? . 

IcJO 2o 

10. Radian measure of 37J degrees = j^ x 31416 = -6545. 

68$ 

11, Radian measure of 68 J degrees = :r~ x 3*1416 

^"^^ r X 3 -1416 = T^„ X -2618 = 1 -1999. 



4 X 180 4x3 

16. T?- radians = — i-= — degrees = 28°. 
45 45 

19. •3927p=-3927x— [Art. 63] 

"31416 ""^^^-T-^^ ^^• 
22. 2-8798/,=2-8798 x ^~ = |^-^|| x 180=^ x 180=166°. 
„„ „ ^ 36-54 2-03 

oo 

/. (?=-203x^=-638. '^ 

^_ _ ^ 116-046 ^.._ 

26. Here - = = -6447 ; 60 )45-6 

^ ^®^ 60m6 



.-. ^ = -6447x^^ = 2-0262. *^ 

27. A radian =^ — degrees; 

, . ^. 180x60x60 
.-. no. of seconds in a radian = 



= 180 X 60 X 60 X -31831 
=206265 nearly. 



28. Since 1°= -- radians, the radian measure of 
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EXAMPLES. VIL b. Page 56. 



6. 3tan2^-3sin«--2COsec^j + 3COs*^g 



"(i.)'-im'->>-4m 



=1-5-1+1=4- 



|8eo| 



_ / . IT ir\ f . IT tN 

7, (^Bin^+ooggj(^Hm--oo8jj, 

=G-#)(f-9-Ki-i)-- 

8, First side = sin ^cosec^- cot ^ tan ^=1-1=0. 

^ TT X •■• COS^^ xo/, • /I C0S2^ COS'-^^ ^ 

9, First side = —. — - - cot^ ^ sin ^ = — — -^r - -. — x = 0. 

sm sin 6 sm ^ 

10. First side = . - — ;: = cos^ ^ s ;n ^ X ;: . -r--: = cos2 6. 

cosec tan ^ cos sin ^ 

•■I -n.. X .-. X .. x/. siu^ cos^ 

11. First side = tan ^ + cot = ^ + -r— ^ 

cos 6 sm ^ 

cos^ ^ + sin'-* ^ 1 ^ « /> 

= TT-' — TT- = ,. . - = sec cosec ^ = sec ^ sec 

cos sm cos ^ sin 

12. First side = sec* + cosec^ = sec* ^ ( 1 + cot* 0) 

=sec2 6? cosec* ^= (1 + tan* 0) sec* (| - ^) • 

14. See Art. 69. 

15. The second side = ^— - =4 -5 = 



= 3-| = tau^|-cot«f. 

16. The expression = (sin + cos 0)^ + (cos - sin ^)2 
= 2(sin*^ + cos2^) = 2. 

EXAMPLES. VII. c. Page 60. 

1, Here — ^. — = --s-= r= radian measure required, 
radius 8 6 ^ 



«-«)■ 
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2. Here r = ^ = ^^ = 300 f t. 3. Radian measure = ^ = 1. 

d 'lO i'O 

4. Here a = r^ = l-625 x 3-6 =5-85 yds. 

5. Here a = 627 inches; ^=1-9. .*. r=| = j^^ =330 inches. 

6. Each revolution = 2jr radians ; 

.-. 6 radians = 7^= -rr- revolutions. 
2ir 44 

And each revolution takes ^r? of a second ; 
00 

.-. required time=-r; x -7-7 = -77 o^ a second. 
DO 44 44 

1 44 

7. Here a=rdy where r=28 inches and ^ =^ x — . 

44 
.*. a = ^ X 28 = 68§ inches. 

« T> :,. rrrrro 75x3-1416 

8. Radian measure of 75°= joa — " • 

If r be the length of the rope in yards, we have 
52-36x180 ,^ ^ 

'•=3-i4i6^=^^y*^^«- 

9. Here a = rO^ where r = 3960 miles, and d = radian measure of 1 minute ; 

.-. a=3960 X ^|^^=1*16192 miles. 
180 X 60 

10. The number of radians in the angle =— x -=^^r — r^r — - ; 

^ 11 1 180 ^„ „„ 

•■• ""'"''«' °' *^°"'^«= 2- "" 1760x12x3 "" 3lil6 ^ ^ '^ «<* 
= 17*904, on reduction. 

"l. With the figure on p. 59, we have to find the angle VOQ when 
=8960 miles, and Pg = 1452. 

145-2 
.-. radian measure =-:r7r7;7r ; 
oybu 

145-2 180x7 1452 7 66x7 21 

• • "^- °^ ^^^^^^^=3960 ^ -W^ W ^ 22 = - 22r = lO- 

.-. the angle =2° 6'. 

12. Here r = - , where a = 1 foot, and B is the radian measure of ., - degrees. 



_, /14 7r\_ll 

• '^^^' vii "" iW " 14 ^ 



-f^=45rt. 
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MISCELLANEOUS EXAMPLES. B. Page 61. 

2. See figure on p. 14. 6=ccos^=ii^^=65x 1-732= 95-26. 



3. If nF~ ^8 represented by ^ » 



8 25 10 

•5^12' ^^ y 



.-. 180 -T- -^ is the number of degrees in the unit angle ; that is» the unit 
is 54°. 

4. Here r =- , where a= 1 inch and is the radian measure of 1'. 

u 

.-. r=l-T- (^ X ^^ = 180 X 60 xi = 180 X 60 X -31831=3438 inches. 

ir /i\ -CI* i. -J / • V /sin a coso\ 

5, (1) First side=(sma + cosa) ( + -. — 

^ \C08 a sin a J 

(sin a + cos o) (sin^ a + cos' a) 

= ^ :— i-^ -' = sec a + cosec a. 

sin a cos a 

(2) First8ide = (V3 + l)(3-V3)=-v/3(V34-l)(V3-l) 
= 3^3 - V3 = tan' 60° - 2 sin 60°. 

6. In the figure on p. 14, if BC represents the chimney and AC the 
shadow we have 

tan^=_^_= A-=l; /. ^ = 30°. 
3x20^3 V^ s/^ 

7, (1) First side=2tan2^ + 5tan^ + 2 

=2(l + tan2^) + 5tan^ = 2Bec2^ + 5tan^. 

cot^a cosec^o-l - 

(2) ^ = =. = cosec a - 1. 

^ ' 1 + cosec a cosec a + 1 

(IT SttX it 
— + -— I = - . The sexa- 
gesimal equivalent is 22J°. 

9, Let X be the number of degrees in the angle ; then 

a:=14 f -^a; )+51, or a:-2pa;=61; whence a; = C7A. 
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10. With the figure of Art. 45, we have 

a=6 tan 60°=6^3 ; c = b sec 60°=6 x 2 = 12. 
Also the perpendicular from C on ^B=6 sin 60° =3,^3. 



■II /ix TT i. 'J 0. /, J. /» sin ^ cos ^ 

11. (1) First side = cot ^ + tan ^ = + -, — ;. 

^ ' cos^ sm^ 

sin2^ + cos2^ 1 r. ^ . 

^=cosec $ sec ^=coseo cosec 



ii-'Y 



sin cos sin ^ cos d~ 

(2) First side = cosec^ + sec^ =x sec^ cosec^ [Art. 31, Ex. 1.] 

= cosec* ^cosec^ i 



ii-')- 



12. Iii the figure on p. 41, let PT be the pillar ; then 

QR = 20 ft. , I PQR = 30°, I PRT = 60°, and PR = QR = 20 ft. 

.-. PT=PR sin 60°=^%^=10V3=17-32 ft. 



2 

- cos* > 



lo t:.- . -^ • 9 ^ /^ 1 -iN 8inM(l-COs2.i\ 

13, First side = sin* A { — s-j - 1 ) = ^— ^-^ ) 

\C0S2^ J C08^A 



= sin* A . sin* A . sec* A = sin* A sec* A. 
9x 



14. 0=,.^..-^^ 

, vrx ,. Tra; 180 3a; 

alsOg^radian8 = ^x_ = - 

.-. 3x + ^ + -F- = 180 ; whence x = 40. Thus the angles are 120°, 36°, 24^ 
10 o 



15, Expression : 



:(^yV3-2(V2)« + 3.i.l-{V3)* 



-8^ + 2^-8* 

16. (1) First side=l + tan*^ + 2tan^ + l + cot*^ + 2cot^ 

„ . o ^ « sin* ^ + cos* ^ 

=sec*^+cosec*^+2. -; — ;; —- 

sin A cos A 

= sec* A + cosec* -4 + 2 sec -4 cosec A = (sec A + cosec ^)*. 

(2) First side = (sec a - 1)* - sin* a (sec a - 1)^ = (sec a - 1)* (1 - sin* a) 
= (sec a - 1)* cos* o = (1 - cos a)*. 

17. (1) a* + &*> 2a&, since (a - 6)* is positive. 

Therefore ^ ^ >1. Hence cosec ^= ^ ^ is possible. 
2a6 2a6 *^ 
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(2) a^ + l>2a: Bothata + ->2. 

Hence 2 sin ^ = a +- is impossible [Art. 16]. 

18. The heigbt of the balloon = 660 tan 60° ft. = 660^3 feet. 

.*. the balloon rises 660 x ^S feet in 1*5 minutes. 

.. . 660x^3x60 ofic -1 v 

.-. it rises — = — ^ , or 8*66 miles per hour. 

1*0 X o X i7bU 

19. Let x° be the common difference between the angles, 
then they are 36°, 36° + ar°, 36° + 2x°, 

.-. 3a; + 3x 36 = 180; whence a: =24. 
.-. the angles are 36°, 60°, 84°, or ^ , ^ , ^ radians. 

20. I'irst side = sin^ o (1 + tan^ /3) + tan^ ^ (1 - sin^ a) = sin^ a -f- tan^ /3. 

21. Let CD = x= the perpendicular. 

Then / CB2)=180°-116°33'=63°2r; .-. a;=DBtan63°2r=2Di;. 

And a; = D-4tan42° = (| + 65^x-9; whence a; =4-5 x 20 = 90. 

rt« /ix TT X .3 COS a (1 + cos a) + sin^ a cosa + 1 

22. (1) First side = ;^ -z — r = -. jz : = cosec a. 

^ ' sm a (1 + cos a) sm a (1 +C08 a) 

/nx Tj. X 'J 1-cosa/ 1 \ /^ .sina ^ 

(2) First side = — ; ( cos a | = (l-C03a) = tan a -sin a. 

sin a \cos a J ^ ' cos a 

1 + ^ 
oo ^' + -A /l + \/3\^ 24-^^3 ^ 2 l + cos30° 

23. First side = (^j-^3) = ^. = —^ = j_-^, . 

2 

24. Let the man start from A and walk to B, and let C denote the 
position of the windmill. 

Then we have lAGB = 90°, iCAB= 30°, BC = 1 mile. 

.-. ^J5 = BC cosec 30=2 miles. ^C=BCtan 60°= 1-732 miles. 

And rate of walking is 2 miles per half hour, or 4 miles an hour. 

25. The complement of -q- = 7>--5- = 3 radians. 

o 2 o o 
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26. (1) 38in^ + 4-4sin2^=?. (2) tan^+-| = ^_L., 

88m2^-68in^ + l=0; V3tan2^ + 2tan^-^3 = ; 

.-. (4sin^-l)(2sm^-l)=0; /. (j3tan^-l)(tan^+;^3)=0; 

.*. sin ^=: J , or - , .-. tan ^= yj , or - ^3. 

.-. ^=30°. /. ^ = 30°. 

5 sin a - 3 cos a __ 5 tan a - 3 _ 20 - 16 _ ^ 

27. Here -g£na+ 2 cos a " tana + 2""" 4+l0 "ii* 

^^ -n. X . -, 1 - sin ^ cos A sin ^ - cos A 

28. First Bide = . . . x -t-k-a — ^ J-, t-a 

. sin ii- cos -4 sm'*-4-sin^ cos^+cos-*^ 
cos A . — 7- 

sin A cos A 
sin i4 (1 - sin -4 cos ^) 

= r-^-: -. ^ = SinJ. 

1 - sin -4 cos A 

29. The distance = 195-2 cosec 77° 26' yds. = -1--=: 200 yds. 



•976 



7ir 
30. We have 70° = =-5 radians. 



lir 21 22 

.-. distance required = 27 x ^3 feet =— x -=-=33 feet, 
lo o 7 



EXAMPLES. Vm. a. Page 70. 

18. sin 420°=sin (360° + 60°) = sin 60° =^ . 

20. tan ( - 315°) = tan ( - 360° -f 45°) = tan 46°= 1. 
22, cosec ( - 330°) = cosec ( - 360° + 30°) = cosec 30° = 2. 

24. cot^=cot (4T + ^^=cot^=L 

26. tan^-?^^ = tan^-2T + |^ = tan|=V3. 

EXAMPLES, vm. b. Page 72. 
1, The boundary line of 120° lies in the second quadrant, 

.-. cos 120°= - Vi-sin2l20°= -y^l-^= -i; 

...tan 120°=^^:= -V3. 
cos 120° ^ 
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2. The boundary line of 136° lies in the second quadrant ; 

.-. sec 136°=-^l + tann36°= -^2; 

and sin 135° sec 136° = - 1 ; /. sin 135° = -^ . 

3. The boundary line of 240° lies in the third quadrant ; 

.-. sec 240°= - Vl + tana 240°= _ 2 ; ... cos 240°= - ~ . 

4. The boundary line of 202° 37' lies in the third quadrant ; 

/1 ^-r-A l\ 26" 12 ., . , cos. I 12 

.-. cos J[= - J\-'^V£^A— - A / ^-T^K— -Tn- A.lS0 C0t.4=-^ = -— . 

^ V 169 13 sin^ o 

5. The boundary line of 143° 8' lies in the second quadrant ; and 

cosec -4 = 1*; /. sin ^ =- ; /. cos ^ = - ^^1 - sin*-' A= --=\ 
5 o 

.-. sec -4 = - 7 . Hence tan A — , = - y . 

4 cos A 4 

6. The boundary line of 216° 62' lies in the third quadrant ; 

. A r^ rr-M A 16 3 . , . . cos ^ 4 

.*. sin ^ = - VI - cosa A=- . /l-^=--. Also cot A = -; — - = - . 
^ 'V 2o o sin.-l 3 

2ir 

7. The boundary line of -^- lies in the second quadrant ; 

o 

, 3t „ 25r 1 . 2ir I'. Tair ^3 

and Beo-j=-2; :. aoz -^=--^. .-. siu -j= +'y 1 - oos' — =^. 

2»- 
.2. ""^T 1 

sin- 

8. The boundary line of - lies in the third quadrant ; 

6ir /;; TThir 1 

.••COS^=-^l^sma-=--^; 

. 6ir 

6ir 6ir ^^^ T 

/. sec -T- = - J1, and tan -j- = , = 1. 

4 ^ 4 OTT 

cos-r 
4 

/ \\\_ 5 

9. Wehavesin^=±^l_cosa^=± a/1-jp^= ± — 



13 



^ sin A 5 

/. tan^= ^= db — . 
cos ^ 12 
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EXAMPLES. IX. Page 79. 

6. ExpreBsion = l.(- 1)2^2 (-1). 1 = 1 + 2 = 3. 

7. Expres8ion=3 . . ( - 1) + 2 . 1 - 1 = 2 - 1 = 1. 

8. Expression = 2.(-l)2.1 + 3(-l)3-l = 2-3-l=-2. 

9. Expression=0x0 + l-(-l) = l + l = 2. 

MISCELLANEOUS EXAMPLES. C. Page 81. 

3 

1, If tan A=: -jt the boundary of A will lie either in second or fourth 

quadrant. [See figure on page 72.] 

In either position the radius vector =^^3^ + 4^=5. 

4 4 

Hence cos XOP= - -^ ; cos XOP'^z . 

2. First side = (2 + sin ^ ) (1 - 2 sin ^) sec A 

= (2 - 3 sin ^ - 2 sin^ A) sec A 

= (2 cos2 ^ _ 3 gin A) sec ^ = 2 cos ^ - 3 tan A. 



3. a=v/c^-62=,y(2r)2_(10-6)a = 21^1-i = 



sin^=- = ^; whence ^ = 60°, B=30°. 
c 2 * 



4. A lies between 180° and 270° ; 



.-. tan^= + Aysec*^-l= ./(-=- J -1=~; andcot^ = 



7_ 
24* 



19ir 

5. We have 19°= j^ radians. 

Also the radius of the earth =3960 tailes. 
/. required distances jg^ x 3960=19 x 22 x 7r=1313 miles nearly, 

6. Let AB represent the cUff and P, Q the positions of the two boats. 
Then AB = 200 ft. lAPB = 34° 30', lAQB = 18° 40' ; 

.-. QB=AB cot 18° 40' = 200 x 2-96 = 692 ft. 
PB = AB cot 34° 30' = 200 x 1-455 = 291 ft. 

.-. required distance =QB-PB= 301 ft. 
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7. Since the boundary line of A is in the third quadrant 

.-. sec ^ = - ^1 + tan2 A=- ^^1+^= -|» 

/. cos A= -■= . and sin ^ = - ^ . 
6 o 

.-. 2cotii-6cos^+Bin^=2.^-5 ( - g j " 5 = 2'^^~5~^^* 

8. We have 71° 36' 3-6"= 71-601°= "^-^^^5 radians. 

• J J- ic 71-601T 15x180 -onno- 1 

.*. required radius = 16h =7^77- = -. ■ ,., — = 12-003 inches. 

•^ 180 71*o01t 

^ „. X ., tans^ cot3^ 

9. First side = —. + „- 

^' sec^* d cosec^ ^ 

_ sin' cos' ^ _ sin* $ + cos* 
~~ cos ^ sin ^ " sin cos ^ 

_ (sin^ + cos« g)''^ - 2 sin' g cos^ _ 1 - 2 sin' g cos' g 
~ sin ^ cos ^ ~ sin ^ cos ^ 

10. Let AB represent the flagstaff, BG the tower, and let D be the 
position of the observer. 

Then Z i?D(7=68°ll', Z^DB = 2°10'; /. iADC=70°2r. 
Let BC=x{t,, then a; + 24=DCtan 70^21', and DC=x cot68nr. 
.-. a? + 24 =« cot 68° 11' tan 70° 21'; .-. a; + 24 = arx2-8x •4 = l-12ar; 
whence a:=200 ; that is, the height of the tower is 200 ft. 

EXAMPLES. X. a. Page 87. 

1. cos 135° = cos (180° - 45°) = - cos 45° = - -^5 • 

2. sin 150° = sin (180° - 30°) = sin 30° = ^ . 

3. tan 240°=tan (180° + 60°) = tan 60°= V-^. 

4. cosec 225° = cosec (180° + 45°) = - cosec 45° = - ^2. 

6. sin ( - 120°) = - sin 120° = - sin (180° - 60°) = - sin 60° = - ^ . 

6. cot ( - 135°) = - cot 135° = - cot (180° - 45^) = cot 45° = 1. 

7. cot 315°= cot (180° + 135°) = cot 135°= - 1. 

8. cos ( - 240°) = cos 240° = cos (180° + 60°) = - cos 60° = - ^ . 
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9. 8ec(-300°) = 8ec300°=sec(180° + 120°) = -secl20° = -sec(180°-60°) 

= seo60°=2. 

10. tan— =tan (t- J )= -tan j= - 1. 

11. Bin^ = 8m(^x + ^j=-Bin-=-^. 

12. sec -^ = sec ( IT - ^ j = - sec - = - 2. 

13. cosec ( ~ ft 1 = "■ cosec ^ = - 2. 

14. cos(^--j = co8^=cos(^ir--j=-co8j=--^. 

15. cot (-~\=- cot -^= -cot f ir-^j=cot~^=^3. 

16. cos (270° + A)= cos (180° + 90°+7) = - cos (90° + ^) = sin A. 



17. cot(270°-^) = cot(180°+90°-^)=cot(90°-^) = tan^. 

18. sin (A - 90°) = - sin (90° - ^) = - cos ^1. 

19. sec {A - 180°) = 860 (180° -A)=- sec A. 



20. sin (270° - ^) = sin (180° + 90° - ^ ) = - sin (90° - -4) = - cos ^. 

21. cot(^-90°)=-cot(90°-^)=-tan^. 

22. sinf^-|^=-8in r|-^^=-co8^. 

23. tau (6> - it) = - tan (ir-e) = tan 0, 

24. sec(-^-^j=sec( ir+^-tf j= - sec (f-^)= -cosec^. 

25. Expressions tan ^ cos ^ cosec A=l. 

26. Expressions - sin >4 + sin ^ - ( - sin A) - (- sin A) = 2 sin A, 

27. Expression = sec^ A - tanM = 1. 

EXAMPLES. X. b. Page 91. 

1. cos 480°=cos (360° + 120°) = cos 120° = - J- . 

2. sin960° = sin(3x360°-120°)=-8inl20°= -^. 

3. cos 780°= cos (2x360° + 60°) = cos 60°=^. 
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4. sin ( - 870°) = Bin ( - 2 x 360° - 150°) = - sin 160° = - ^ . 

5. seo900°=sec(2x360° + 180°) = Becl80°= -1. 

6. tan ( - 855°) = - tan 855° = - tan (2 x 360° + 135°) 

= - tan 135°= - tan (180° - 45°) = tan 45°=1. 

7. oosec(-660°)= -co8ec660°= -co8ec(2x360°-60°)=coBec60°=-^. 

8. cot 840°=cot (2 X 360° + 120°)=cot 120° 

=cot (180° - 60°)= - cot60°= --^ . 

9. cosec ( - 765°) = - cosec 766° 

= - cosec (2 X 300° + 45°) = - cosec 45° = - ^2, 

10. cos 4005° = cos (11 X 360° + 45°) = cos 46° = -5 • 

11. cot990°=cot (3x360°- 90°)= -cot90°=0. 

12. sin 3015° = sin (8 X 360° -|- 135°) = sin 135° = sin (180° - 46«) 

= sin45° = ^2- 

13. sec 2746° = sec (8 x 360° - 135°) = sec 136° = - sec 45° = - ^2. 

14. cos 2400° = cos (7 x 360° - 120°) = cos 120° = - cos 60° = - i . 

15. sec ( - 6896«) = sec 5895° = sec (16 x 360° + 135°) 

= sec 135° = - sec 45° = - ^2. 

__ . 157r . ( . Tr\ .IT 1 

16. sm-^-=sin(^4,r-jj = -smj=--^. 

17. cot-2^=cot f 67r - j) = -cot j= -1. 

lir f Tr\ IT 

18. sec-^=sec( 2ir+-j=sec-=2. 

19. cot-3-=cot(^6.--j=-cot-=cot3=-^. 

20. «««(t+|)=^^K^''''^"9=''°(^""S"'''^ = 73- 

21. cos ^ = ^- = COS 30° ; :. 6= 30° satisfies the equation. 

And cos 30°= COS (360° - 30°) = cos 330°. 
There are no angles whose houndary lines are in the second &iidt3: 
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quadrants which satisfy the equation since the cosine in those quadrants is 
negative. 

/. the positive angles are 30°, 330°. 

And the negative angles are - (360° - 30°), - (360° - 330°). 

That is, the angles are ±30°, ±330°. 

22. sin ^ = - - = sin (180° + 30°) = sin 210° ; :. 6= 210° is a solution. 

Also sin (360° - 30°) = - sin 30° = - ^r ; .-. = 330° is another solution. 

Thus 210°, 330° are the positive angles. 

The negative angles are - (360° - 210°), - (360° - 330°) ; 

/. the required angles are 210°, 330°, - 150°, - 30°. 

23. tan ^ = - ^3 = tan (180° - 60°) = tan 120° ; :. 6= 120° is a solution. 
Also tan (360° - 60°) = - tan 60° = - -v/3 ; :. 6 = 300° is another solution. 
Thus 120°, 300° are the positive angles. 

The negative angles are - (360° -120°), - (360° - 300°) ; 

/. the required angles are 120°, 300°, -240°, -60°. 

24. cot ^= - 1= - cot 45°=cot 135°. 

Also cot 135° = cot (180° + 135°) = cot 315°. 
.*. the positive angles which satisfy the equation are 135°, 316°. 
The negative angles are - (360° - 135°), - (360° - 315°). 

.-. the required angles are 135°, 315°, -45°, -225°. 

25. I^et the radius vector OP start from the position OX and revolve in 
the positive direction till it reaches the position OPy such that LPOX—A, 
Then let it revolve in the negative direction through an angle of 180°, 
reaching the position OP', 

Then POP' is a straight line, and L XOF=A - 180°. 

Draw PMj FM' perpendicular to XX'. Then the A" 0PM, OP'M' are 
geometrically equal. 

Thensec(^-180O)=O^=-OJ=-seoA 

B. Proceed as in Art. 97. Let the radius vector first revolve from OX 

Jugh the angle A to the position OP, Again, let it revolve from OX 

ough 270° and then further through an angle A to the position 0P'\ 

AW PM, P'M' perpendiculars to XX', Then from the equal A " 0PM, OP'M^, 

• e have P'M' = - OM, O'M' = PM ; 

.-. tan(270o + ^)=g|:=-^=-cot^. 
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27. Let OP be determined as before, and then let the radius vector torn 
back in the negative direction through an angle 90° to the position OP', 
Draw perpendiculars as before. 

Then cos (A - 90°) = ^' = ^f = sin A. 

28. First side = tan ^1 - tan ^1 - tan -4 = - tan ^ = tan (360° -A), 

<%^ -n- X .J sin^ tan-4 cos^ . , 

29. First side= r j . — r . — r — 7=Bin^. 

tan^l -cot^ -sm^ 

#*^ Ti . -sin^ -cot A COS A , , ^ « 

30. Expression = — .-- j-j- + . =1 + 1 + 1=3. 

-sin^ cot^ cosii 

„- „ . cosec A COB A cos* A ^„ ^ 

31. Expression = ^ . — -. — j = -t-„— j =cot2 A, 

- sec -4 -sin ^ sin*-^ 

nn -p • _ - sin ^ . sec il . ( - tan A) _ 

"" sec^ (-sin^) tanlS "~ ~ 

33. First side=sin(ir-|4^'\ sin (^ + ^-A cot (t + | + ^^ 

= smg-^)8in(^-^)cot(| + ^). 

34. sina=sm--=sinf 2ir + -j- j = sin-j- = smj = -^; 

cos a = cos -3- = -cos -J- = — ??:• Also tan a=-l. 
4 4 /^2 

.-. Expression = ----2-2=- 4. 

EXAMPLES. XI. a. Page 97. 

1. sin (-4 + 46°) = sin ^ cos 45° + cos A sin 45° = —r^ (sin ^ + cos ^1 ). 

2, COS (A + 45°) = cos A cos 45° - sin A sin 45° = -y» (cos ^ - sin ^). 

3. 2 sin (30° - ^) = 2 (sin 30° cos 4 - cos 30° sin ^) =cos .4 - ^3 sin il. 

4, cos ^ =^ ; .*. sin ^ = - . cos B= ■= : .*. sin B = ■= . 

5 6 5 " 



'. sin(-4+B) = sin-4cosJB + cos-4sinB = l ; 

24 
''26* 



24 
cos (^ - JB) =cos -4 cos B + sin 4 sin B =^ . 



B. K T. K, 
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6. secy(=--; .-.008.^=^, smA==^. 

5 4 3 

coKecJB = 7; .*. sinJB = ^, co8B=^. 
4 o 5 

1 85 

.*. sec (A+B)= . ^ ; — J- .— V, = - o3 . 

^ ' cos A cos B - sin ^ sin B 36 

7. sin 75° = sin (90° - 16°) = cos 15° = cos (45° - 30°) 

= co845°cos30° + sin46°sin30°=^t "^ . 

8. sin 16°=cos (90° - 15°) =cos 75°=cos (46°-|-30°) 

= cos 46° cos 30° - sin 45° sin 30° = '^^^^ . 

Bin(a + fl) sin a cos j8 + cos a sin /3 ^ . « 

9. ^ ^= 3 ^ = tana + tan/S. 

cos a cos j3 cos a cos /3 ^ 

sin(a-/3) sin a cos fl - cos a sin /3 

10. . . i = r^—^—^ ^ = cot fl - cot a. 

sin a sin /3 sin a sin /3 ^ 

cos(a-i3) oosacosjS + sinasiniS ,« , 

11. -5-^-^= '^- . ^ '^ = cotfl + tana. 

cos a sm /3 cos a sin /3 '^ 

12. cos(^+B)cos(4-"B) 

= (cos A cos B - sin -4 sin B) (cos ^ cos B + sin ^ sin B) 

= cos2 ^ cos2 B - sin2 A sin^ JB 

= cosM ( 1 - sin2 B) - ( 1 - C082 ^ ) sin^ B 

= cos*'' A - sin2 ^^ 

13. sin (A+B)Bm(A-B) 

= (sin ^ cos JB + cos A sin B) (sin -4 cos JB - cos A sinB) 

= sin* A cos'' B - cos* A sin* B 

= (1 - cos* A) cos* B - cos* ^ (1 - cos* B) 

=oos*B-oos*il. 

14. cos (46° - -4) - sin (45° + A)= -j- {cos ^ + sin ^ - sin ^ - cos ^ } =0. 

15. cos (45° + ^) + sin (^ - 45°) = -r^ (cos ^ - sin ^ + sin ^ - cos ^) =0. 

16. First side = cos A cos B + sin ^ sin B - siu A cos B - cos ^ sin B 

= (cos A - sin A) cos B - (cos ^ - sin A) sin B 
= (cos ^ - sin ^) (cos B - sin B). 
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17. First side=co8u^ cosB-sin^ sinB + sin^ cosB-oos^ bIuB 

=(cos A + sin A) cos B - (cos A + sin A) sin B 
= (cos A + sin A) (cos B - sin B). 

18. First side 

= 2 (sin A cos 45° + cos A sin 46°) (sin A cos 46° - cos A sin 46°) 

= 2 X ,- (sin .4 + cos ^) x -y. (sin -4 - cos A) 
=sin'^-oos2^. 

19. First side = 2 . -.-^ . (cos a - sin «) x -^ (cos a + sin o) 

= oos2 a - sin^ o. 

20. First side = 2.-j^. (cos a + sin a) x -,- (cos /3 - sin j3) 

= cos a cos /3 + sin a cos/3 - cos a sin /3 - sin a sin /3 
= 008 (a + /3) + sin (a - j8). 

21. As in Ex. 10, it is easily shewn that the first term of the expression 
= tan /3- tan 7. 

Thus the first side 

=tan /3 - tan 7+ tan 7 - tan a + tan a - tan j3=0. 

EXAMPLES. XI. b. Page 100. 

1, We have tan A=^, tan B=-t\ 

1 1 

. , . . „v tan^l+tanB 2 "^ 3 . 

/. tan(4 + B) = , — -r-^ _=— — =1. 

^ ' 1 - tan ^ tan B 1 

6 
3. We have cot -4 =-, cotB = ^; 

* / >< . D\ cot ^ cot B - 1 ^ 

/. cot (il +B) = — —J- — — — = 0, 

^ ' cot^ + cotB * 

75 
tan ^ - tan B 6 7_12 
**''^^"^>"l + tan^tanB~rTT-35' 



m * /ieo ix tan46° + tan^ 1 + tan^ 

5. *«»(46°+^)=i-rta-S45niO-=i-te^- 



^— 'i. 
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» . /^ro .V tan45°-tan4 1-tanX 
6. tan(45 -^)= 1 ^.^045° tsn^ =T+te^ ' 



7. cot(^-e) = — i 



cot 7 cot ^ + 1 . ^ - 
'' _ cot ^ + 1 

^ir ~ cot ^ - 1 * 
cot ^ - cot -3 
4 



8. oot(l+e)^—i 



cot T cot ^ - 1 ^ ^ , 
_ c ot - 1 

... . IT ""cot^+1' 

cot ^ + cot -7 
4 



« X ICO * /iSAo ^Kox tan 60° -tan 45° ^3-1 _ ,_ 

9. tanl5° = tan(60°-45°)= ^^^^^,^^^g, = ^^-^=2-V3. 

10. ootl5°=cot(45°-30°)=^|i-J = 2 + ^3. 

11. cos (A + B'+C) = cos A cos (B + C) - sin A sin (JB + C) 

= cos A cos JB cos C - cos ^ sin B sin C 

- sin A sin B cos C - sin ^1 cos B sin C. 
sin (2^^ + C) = i?in (A-B) cos C+oos (A-B) sin C 
=8in il cos B cos C - cos A sin B cos C 

+ cos il cos B sin C + sin il sin B sin C7. 

,rt X /-7~T> An tan(^-J5)-tanC 

12. tan(^-B -0) = .; — ^^ ,JT,^^ — 7» 
■^^' ^ ' l + tan(^-B)tanC 

tan A - tan B , ^ 
-tanC 



1+tan^ tanB 
" ^ (tan il - tan B) tan C 
■^ l + tan^tanB 

tan il - tan B - tan C - tan A tan B tan C 
"1 + tan^ tanB-tanBtanC+tanCtan-i* 



x/i — 5 ^x cot(i4.+ B)cotC-l 
13. cotU + B^C)= ^^^^^J^^^^^^ 

(cot ^ cot B-1) cote 

cot B 4- cot ^ 

~ ^~^^cot A cot B - 1 
cotC+ 



cot B + cot ^ 

cot A cot B cot C - cot J - cot B - cot G 
* cot B cot C + cot C cot ^ + cot -4 cot B - 1 ' 
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EXAMPLES. XI. c. Page 101. 



1. First side = cos (A+B -B) = cosA. 

2. First side = sin (3^ - ^) = sin 2^4 . 

3. First side = cos (2a - o ) = cos a. 

4. First side = cos (30° + A + 30°^^) = cos 60° = J . 



5. First side = sin (60° -A+ 30°"+^) = sin 90° = 1. 

6. First side = cos 2a cos a - sin 2a sin a = cos (2a + a) = cos 3a. 

7. First side = tan (a-j8 + /3) = tan a. 

8. First side = cot (a+^ - «) = cot /8. 

9. First side = tan {4A - SA) = tan ^. 

10 cot ^ - cot 2^ = ^ — ^ - °^i?? _ S'P 2^ cos - co s 20 sin 
sin^ sin 2^"" sin ^ sin 2^ 

8in(2(?-^) sin^ 

— ' '. ^ _ ___^_^_^____ 3^ coseo 20 

sin sin 20 sin sin '20 

11. l+tan2^tan^ = l + ?''^^'^^^ *^^'^'^"2^ + '^"^'^°2' 



cos 2 cos cos cos 20 

cos (2^-^) 
cos cos 2^ 

sm sin 2d 

cos (2d -d) ^^ ^^ 

= ■ ' ■ o^ = cosec 20 cot d. 
sm sin 2d 

13. First side = sin (2d + d) = sin 3d 

= sin (4d-d) 

= sin 4d co.^ 0— cos 4d sin d. 

14. First side = cos (4a + a) = cos 5a 

= cos (3a + 2a) 

=C08 3a cos 2a - sin 3a sin 2a. 



EXAMPLES. XL d. Page 104. 



1. Here cos 2/1 = 2 cos^ A-l= --. 
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3 4 

3. We have sin -4 = r , and cos^ = g; 

24 

2tan^ 7 
5. ByArt.l24,8m2^ = ^-^^^^ = ^. 

^^ l-tan2^ 24 

cos 20 = j-—r -z = He . 

1 + tan-* 6 25 

7. See Example, Art. 122. 

sin 2A _ 2 sin A cos A _ i^ ^ 
°' 1 + C08 2k~ 2cos2^ 

sin 2A _ 2 sin ^ cos A _ . 
^' l7cor2^ ~ "2TinM "°^ * 

^ •2sin2^ . 

,^ 1-cos^ 2 ^ -d 
10. — r— 7-= . -=tan-. 

2 sin — cos — 

2C082-jr . 

,, 1 + C08-4 2 , il 

2 sin — COS — 
^ 2 

2 1 

12. 2 cosec 2a = . ^ = -; — = sec a coseo a. 

sin 2a sm a cos a 

sin^ a + cos* a 1 « « 

13 tan a + cot a= ' - = -^ = 2 cosec 2a. 

J.O. tH-ua-r sin a cos a sin a cos a 

14. cos* a - sin* a = (cos^ a + sin* a) (cos* a - sin* o) = cos 2a. 

cos*a-sin*a 2cos2a « ^4^ o 

15 cot a - tan a = — ^ = -^r—. = 2 cot 2a. 

■*•*'• sin a cos a 2 sm a cos a 

^ . . ,,n xo^ cot^cot^-1 cot*^-l 
16. By Art. 116,cot2^= eot^+cot^ =-^otT ' 

co t^ - tanji _ tan 2" ^ 1 - tan* 4 _ ^^^ ^^ 

■'■'' cot^+tan^ 1 ., . l + tan2i 
- — - + tan A 
tan^ 

l + cotM^BinM + cos'^ =-..-j---=co«ec2^. 
^^' 2cot^ 2 cot ^ sin* ^ 2 sin ^1 cos ^ 
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,. cotM + 1 1 + tanM 

19. — xo-J — -c = i — I — Q-7 = sec 2ii . 

-- 1 + sec^ 1 , .» 1 ft o^ 

" sec ^ sec ^ 2 

21. ?^^---l = l-co8(?:e2 8in2|. 
'^ ' sec ^ 2 

22. '-i^' = siJ-,-l=2ooB«.-l=oos2.. 

23. °°'^'''t:' = l-aBin'g=cos20. 

cosec^ e 

A A A A 

24. First side = sin^ — + cos^ - + 2 sin — cos — = 1 + sin vi . 

A ^ Z Z 

A A A A 

25. First side = sin^ — + cos^ - - 2 sin — cos — = 1 - sin y( . 

z z z z 

- cos 2a _ cos^ g - sin^ a _ cos a - sin a _ 1 - tan a .^^ 

1 + sin 2a ~" (sin a + cos a)^ "~ cos a + sin a "" I + tan a ~ ~ ** 

^_ cos 2a cos^a-sin^a cos a + sin a ^..^r, 

27. 1 — --.— TT = / • — \9 = ■• — =cot(45°-a). 

1- sin 2a (co8a-sina)2 cosa-sma 

28. sin 8il = 2 sin 44 cos 4^ = 4 sin ^A cos 2^ cos 4^4 

= 8 sin ^ cos A cos 24 cos 4^. 

29. cos 44 =2 cos2 2^-1 

=2(2cos2^-l)--l 
=8cos*^-8cos2^ + l. 

30. Second side = cos 2 ^45° - - j = cos (90° - ^ ) = sin ^ . 

31. cos^/^^-a^ --8in2/^^-.a^=cos2(^^-a^=cos^|-2a'\=8in2a. 

Oft n- 4. A 1 + tan^ 1-tan^ 4tan^ _. ^, 

32. First side = = — ^ — j - , — , =-r— , „ , =2 tan 2^. 

1-tau^ 1+tan^ l-tnn^^ 

33 First side -^-t-*^-^+i:i*^"^-^<^-'*^^'^) 

33. *^r«t»^^«-i_tan^ + l + tan^- l-tan^^ 

= 2 sec 24. [Art. 124.] 



40 FUNCTIONS OF 2A AND 3-4. [CHAP. 

EXAMPLES. XI. e. Page 106. 

sin SA cos 3-4 _ 3 sin ^ - 4 sin' A icos^A -3cos^ 
' sinii cos -4 ~" sin ,4 cos^ 

= 3-48in2^-4co82^ + 3 
= 6-4 (sin2^+cos2^) = 2. 

cot 24 . cot ^ - 1 



5. cot3^=cot(2ii+^) = 



cot 2A + cot A 
oot«^-l 
2cot^ • cotM-3cot^ 



cot2^-l , , 3cota^-l 

2cot^ 

« v.. ^ '3 3cosa + 4cos'a-3cosa ^- 

6. First side = ^—. ^—. —-.——,— = cot* a. 

3 sin a - 3 sin a + 4 sm* a 

TT X . ^ 3 sin a - 3 sin* a sin o (1 - sin^ a) . 

7. First side = -_ — = }^ -s— f = cot a. 

3 cos a - 3 cos^ a cos a (1 - cos^ a) 

8^. ^ . , 3 cos a - 3 cos* a 3 sin a - 3 sin* a 
. First side= + -. 
cos a sm a 

= 3-3 cos* a+ 3 - 3 sin* a 

= 6-3(cos2a + sin2a) = 3. 

9. 8inl8° + sin30° = ^4^ + ^ = '^^^=Bin64°. 
4 2 4 

10. C0936"- Binl8°=5/^ - ^ = i . 
4 4 2 



11. cos*36o^.sinn8o=(^/Atl)^(V^ly.L^^^ 

12. 4sinl8°cos36° = 4.-^-5;:i^ . 5^ = 5-ri = i. 



EXAMPLES. XI. f. Page 108. 

„. . ., sin 2^ sin^ sin 2^ cos ^ - cos 24 sin -4 

First siae = , = — ,r-, 

cos 2 A cos A cos A cos 2A 

cos A cos 2A 

_,.,., sin 2A cos A sin 2A sin A + cos 24 cos A 

First side= -■- + -; — -■ = -^-— — . 

cos 2 A sm A cos 2A sin A 

= ^-.- -, — . = cot A sec 2 A, 

cos 2A sm ii 
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_ _,. ^ ., 2 8in2^ + 2sin^coa^ 2 sin ^ (sin ^ + cos <^) . ^ 

3. First side = ^ ^^ ^ . ^ ^ = ^; . ^ ^' = tan 0, 

2coB2^ + 2sin^cos^ 2co8^ (sin^ + cos^) 



2cos2-4-cos2 cos^ ^ 

4. First side=^ -__=_. = cot-. 

2sm2C08 5 + 8in2 sin- 

. 5 . COS* a - sin* a = (cos^ a - sin* a) (cos* a + cos* a sin* a + sin* a) 
= cos 2a [(cos* a + sin* a)* - sin* a cos* a] 



j2a/'l-isin*2a^. 



6. 4 (cos* e + sin* ^) = 4 (cos* ^ + sin* 0) (cos* ^ + sin* $ - sin* ^ cos* 6) 

=4 {(cos* ^ + sin* Of - 3 sin* cos*^} 
=4-3 sin*2^=l + 3 (1-^2^) 
= l + 3cos*2^. 

7. First oidc-r ^^^"^'""^^^^^'^^^^"''"'^^^^^** 

cos a - sin a 

_ 4 (cos^ a - sin^ a) - 3 (cos a - sin a) 
~ cos a - sin a 

= 4 (cos* a + sin a cos a + sin* a) - 3 
= 4 + 2sin2a-3 = l + 2sin2a. 

rs 17,' J. •-, 4 cos' a - 3 cos a - 3 sin a + 4 sin' a 

8. First Bide= -. 

cos a + sm a 

=4 (cos* a - cos a sin a + sin* o) - 3 
= 4 - 2 sin 2a - 3 = 1 - 2 sin 2o. 

^ cos a + sin a (cos a + sin a)* sin 2a + 1 , „ _ 

9. ; — = i^ — s . -„— = s — = tan 2a + sec 2a. 

cos a - sin a cos* a - sin* a cos 2a 

_ ^ cot a - 1 cos a - sin a 1 - sin 2a ra -n i « -i /%« t 

10. — r 5 = -. — = vx . [See Example 2, p. 107.1 

cot a + 1 cos a + sm o cos 2a *■ r r j 

. ^\ 




cos*- -sin*- cos- -sin- 1-tan- 

.B.J e . ^ 

cosg ^ cos*--Bm*- cos-4-sin-^- cot^ + 1 

^^* 1-sin^ / . oy . e" J ' 

cos--sin- cot--l 



7 . 0Y'' 
(^cos--sin-j 
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. 1-tan- 

13. 8ecA-ta,nA = i-^^^^--= i = tan ( 45°- ^) . 

1 + tan- "^ ^ 

. _ , 1 + tan- , .. 

14. tan^+sec^=-^3^- = ---_ = cot(45°-^j. 

1-tan- 



2Bin»g^g) 1-cob(|^.) ^^^ 



15. Second side = Y ".{ = )" ^ = *^ ! ^ . 

2cos2(^j + 2j l + cos^a+^j 

16. (2 cos ^ + 1) (2 cos ^ - 1) = 4 cos2 ^ - 1 = 2 cos 24 + 1. 

o • J -. J 28m^cos — 

^» T^- X .J 2 sin 4 cos 4 cos 4 2 2 ^ -4 

17. First s>de= acosM '^ -"^ = , ,i =*^° 2 " 

2 cos*— 2 cos*— 

... , 2sin24 2sin24 
•te. 77- X -J 2sm4cos4 2 2^4 

18. Fu:st Bide = , . „ . — x . = i , = tan -zr . 

2 sin* 4 cos 4 sin .4 2 

19. First side = cos 3a (3 sin a - sin 3a) + sin 3a (3 cos a + cos 3a) 

= 3 (cos 3a sin a + sin 3a cos a) = 3 sin 4a. 

20. First side .— -r (3 cos a + cos 3a) cos 3a + j (^ ^^^ <* ~ ^in 3a) sin 3a 

3 1 

= 2 (cos a cos 3a + sin a sin 3a) + - (cos* 3a - sin* 3a) 

= 2 {3 cos (3a - a) + cos 6a} = t (3 cos 2a + cos 6a) = 008* 2a. 

21. First side = 3 cos 20° + cos 60° + 3 cos 40° + cos 120'^ 

= 3 (cos 20° + cos 40°). 

22. First side = 3 cos 10° + cos 30° + 3 sin 20° - sin 60° 

= 3 (cos 10° + sin 20°). 

oo X o. X /o I . IX tan24 + taniJ 

23. tan ^A - tan (24 + 4 ) = ., — - — — - — - . 

' l-tan24tan4 

Multiply up and transpose ; then we obtain 

tan 34 - tan 24 - tan 4 = tan 34 tan 24 tan A 
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JL 
Qd ^Q^^ tan e _ tan 6 tan^ 

^*' cot ^ - cot 3^ "^ tan ^ - tan 3^ " 1 J_ **" tan^-tan3^ 

tanTi^ tan 3^ 

_ tan 3^ tan^ _tan3^-tan^_ 

~tan~3^-tan6' tan^~tan U ~ tan 3^ - tan 6 ~ ' 



25. 



1 1 tan 3^ tan ^ 



tand^+tan^ cot3d + cot^ tan 3^ + tan ^ tan 3^ + tan ^ 

l-tan3^tan^ 1 

=cot4^. 



tan 30 + tan tan 40 

EXAMPLES. Xn. a. Page 112. 
For Examples 1—16, see Examples on page 111. 

17. 2 cos 2/8 cos (a - /3) = cos (2/8 + a - /3) + cos (2/3 -a+^) 

= cos {p+a)-\- cos (3/8 - a). 

18. 2sin3asin(o + /3) = cos(3a-a-/3)-co8(3a + a + /3) 

= cos (2a - /8) - cos (4a + /8). 

19. 2sin(20 + 0)co8(0-20) = sin(20+0 + 0-20) + sin (20 + 0-0+20) 

= sin (30 - 0) + sin (0 + 30). 

20. 2C0S (30 + 0) sin (0-20) = sin (30 + + 0-20) -sin (30 + 0-0 + 20) 

= sin (40 - 0) - sin (20 + 30). 

21. cos(60° + a)sin(60°-a)=i{sinl20°-sin2a} = i^^-sin2aV 

EXAMPLES, xn. b. Page 114. 

For Examples 1—12, see Examples on page 113. 

, - COS a - cos 3a 2 sin 2a sin a ^ 

13. — -^ . — = o h — • — = *an 2a. 

sm 3a - sm a 2 cos 2o sin a 

rt . 5a a 
. « . o 2 sm -pr- cos - 
. 8m2a + sm3a 2 2 a 

' cos 2a - cos 3a ~ « . 6a . a~ 2* 
2smysm- 

„ . 50 . 30 
Ar. /, - 2 sm -75- sm — _ . 

COS40-COS0 2 2 50 

^^' sin0~sin40'" ^ 50 . 30~ *^" 2 * 

-2C0S-;r-8m — 



44f TRANSFORMATION OF PRODUCTS AND SUMS. [CHAP. 

,^ cos 2d -cos 12^ 2 8in7d8in5d 

16 . -: — tit:; ■' — rr^ = :7—- — ^w ^»= tan 50, 

sm 12$ + sin 26 2 sin 76 cos 56 

' 17. First side = 2 cos 60° sin ^ = 2 x - sin ^ = sin ^ . 

18. First side = 2 cos 30° cos ^ = ^3 cos ^. 

19. First side = 2 sin - sin ( - a) = - 2 x -^ sin a = - ,^/2 sin o. 

ft/v -c- J. -J 2 cos a COS (a - 3j8) 

20. First side= ^--j_^-^i__ ^PJ = oot a. 

21. rirstBide = |^-t!— i^o!! = t-(<' + 20). 

2sin{2d-0)cos(d + 20) ^ ^' 

_ a + BB . a-3i3 
2 cos — t;- - sm — ;r-^ 



22. First side = L- 2-- =tan?^?^. 

2 cos — "— ^ cos — — -- 



EXAMPLES. XIL c. Page 116. 

1. cos BA + pin 2A - sin 4^ = Cos 3^4-2 cos BA sin A 

= GOB3A{i-2BinA). 

2. sin B$ - sin d - sin 5d= sin 3d - 2 sin 36 cos 26 

= sin 3d (1-2 cos 2d). 

3. cos d + cos 2d + cos 5d = cos 2d +2 cos 3d cos 2d 

= cos2d(l+2cos3d). 

4. sin a - sin 2a + sin 3a= sin o + 2 cos -^ sin - 

2 2 

= 2sm-( cos^ + cos- j 

. . a 3a 

= 4 sin - cos a cos -^ . 

5. sin 3a + sin 7a + sin 10a = 2 sin 5a cos 2a + sin 10a 

= 2 sin 5a (cos 2a + cos 5a) 

o • K 7o 3a 

= 2 sm 6a cos — cos ~ . 

d 2 

6. sill A + 2 sin 3^ + sin 5^4 = 2 sin 3^ + 2 sin SA cos 2A 

= 2 sin 3^ (l + cos2i4) 
= 4 sin 3-4 cos* A . 



\ 
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_ T,. . .J sin 2a + 2 COS 3a sin 2a sin 2o (1 + 2 cos 3a) ^ « 

7. First side = — ^ s s s~ = — tt^ — s n-\ = tan 2a. 

cos 2a + 2 cos 3a cos 2a cos 2a (1 + 2 cos 3a) 

« T^. i. -J (sin a + sin 5a) + (sin 2a + sin 4a) 

8. First side =) — — ^ -. [ 

(O08a + cos5o) + (cos2a + cos4a) 

_ 2 sin 3a cos 2o + 2 sin 3a cos a _ sin 3a _ , 
~ 2 cos 3a cos 2o + 2 cos 3a cos a ~ cos 3a~ 

^ T.. X .-. 2 cos 5^ cos 2^ - 2 cos 3d cos 2d ,^^ 

9. First side = ^ ,. . ^^ ^ ..^ . ^^ = cot 20. 

2 cos 5$ sin 26-2 cos SB sin 20 

10. First side = ^ (sin 5^ - sin ^ ) - -_ (sin 5 A - sin 3^ ) 

= - (sin 3^ - sin -4) = cos 2A sin A. 

a 

11. First side =5 (cos 7^ + cos 3^) - ^ (cos lA + cos ^) 

= 2 (cos SA - cos ^) = - sin 2A sin A, 

12. First side = jr (sin 6d + sin 3d) - - (sin 5d + sin d) 

= ^ (sin 3d - sin d) = cos 2d sin d. 

13. cos 6° - sin 26° = cos 6° - cos 66° 

=2 sin 36° sin 30°= sin 35°. 

14. sin 66° + cos 66° = sin 65° + sin 26° 

= 2 sin 46° cos 20° =^2 cos 20°. 

15. First side = 2 cos 60° cos 20° - cos 20° 

= cos 20° -cos 20° =0. 

16. First side = 2 cos 48° sin 30° + cos ( 180° - 48°) 

= cos 48° -cos 48° =0. 

17. sin^ 6^ - sin^ 2A = sin (5^1 + 2A ) sin (5^ - 2^ ) = sin lA sin 3^1. 

18. cos 2A cos 5^ =^ (cos lA +cos 3^) =^(2 cos^ "^ - 1 + 1 - 2 sin^ ~-^ 

^lA . „3^ 
=cos2 ^ - sm^--. 

19. First side = 2 sin o cos (/8 + 7) + 2 sin a cos (/3 - 7) 

= 2 sin a {cos (/3 + 7) + cos (j8 - 7) } 
=: 4 sin a cos /8 cos 7. 



.6 TRANSFORMATION OF PRODUCTS AND SUMS. [CHAP. 

20 First side = 2 sin 7 sin (a - ^) + 2 sin (o + /3) sin 7 
= 2 sin 7 {sin (a - /3) + sin (a + /3) [ 
= 4 sin a cos ^ sin 7. 

21. First 8ide=2sin (a+/3) cos (a -/3) - 2 sin (a+/3)cos (a+/3 + 27) 

= 2sin(a + /3) {cos(a-/3)-co8(a+/3 + 27); 
= 4 sin (a + /3) sin (/3 + 7) sin (7 + o) . 

a-\-8 a-8 a + 8 + 2y a + 3 

22. First side = 2 cos -— ^ cos -^ + 2 cos — cos —^ 

a + 8 / a-8 a + B + 2y\ 
= 2cos-2-^(cos--2^ + cos ^ — ^J 

. /3 + 7 7 + a+j8 
= 4 cos ^-^r-' cos '-^r— cos — ^ . 
z ^ ^ 

23. First side= 2 sin A {cos 2^ - cos 120°} 

= 2 sin ^ -{cos 2vl + -j- 

= 2 sin ^ cos 2A-{-BmA 

= sin 3^ - ein /I + sin -4 = sin SA. 

24. First side = 2 cos ^ jcos J^ + cos 2^ I = 2 cos ^ ( ~ ^ + cos 2^ ) 

= - cos ^ + 2 cos ^ cos 2$ 
= -cos^ + cos3^+cos^ 
= cos 3d. 

2ir 

25. First side =cosd + 2 cos —cos d 



=cosd-cos 0=0, 

26. First side=i{l + oos2^ + l + cos2(60°+il)+l + oos2(60^-J)} 

= s {3 + cos 2^ + 2 cos 120° cos 2A} 

1 3 

= jr {3 + cos 2^ - COS 2^} =5 . 

27. Fir8tside=i {3-cos2^ -cos2 (120°+^)-cos2(120°-^)} 

It 

= ^ {3 - cos 2^ - 2 cos 240° cos 2A } 

1 3 

= 5{3-oo82^ + cos2^}=g. 
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° = 2 cos 20° (cos 120° + cos 40^) 
= -COB 20° ( - 1 + 2008220°^ 



28. COB 20° cos 40° cos 80° = - cos 20° (cos 120° + cos 40^) 



= 7 (4 cos* 20°- 3 cos 20°) = 7 cos 60" = J . 
4 4 8 

29. sin 20° sin 40° sin 80° = ^ sin 20° {cos 40° - cos 120°} 



= ^ sin 20^ ^^ 



j|-2sin2 2o4 



= ^sin60°=^,^. 
4 o 



EXAMPLES. yTT, d. Page 119. 

1, First 8ide=2cos (A + B) nm {A'-B) + 2 sin Ccos C 

= -2cos Csin (^ - JB) + 2 sin {A+B) cos C 
= 2 cos C {sin (A + B)- sin {A-B)} 
= 4 cos -i sin J5 cos C 

2. First side = 2 cos (A+B) Qin{A-B)-2 sin C cos C 

= - 2 cos C{sin (A - B) + sin (A +B)} 
= - 4 sin i4 cos J5 cos C. 

3. First side = 2 sm — jr — cos — ^ — h 2 sin ^ cos -^ 

a 2 2 i9 

_ C ( A-B , A^B\ 

= 2 cos 2 jcos-^ + co8-2 j 

ABC 
=4 cos -^ cos ^ cos TT . 
A A £t 

4, First Bides 2 sin — jr — cos — 2 sin ~ cos 5- 

2 2 2 a 



^ C ( ^-B ^+B] 

= 2cos^|co8-^ c^8-2-[ 

. . ^ . B C 
= 4 Bin - sm — cos — . 

Z A A 



5. Firstside=2sin^— sin:?--:l + 2cos2^-l 

2 2 A 



^ C j . B-A , . B + ^l - 
= 2cos-|8in-2 +8m-^-^-1 

?= 4 cos ^ sm -- cos ^-h 

a tt 6 



48 RELATIONS WHEN A+B+G=1S0''. [CHAP. 

A . B . C 

6. First side = = tan — tan 5- • 

4 COS -jr COS ^r COS jr- 
a Z a 

7. We have tan - tan-^=l; 

(tan^ + tan|)tanj 

•• — -— T— 5— =^- 

1-tan gtan- 
Multiply up and transpose and we obtain the required result. 

2 cos^^ + 2 sm — ^ — sm — — 

8. First Bide = -_^__p-^_^-^ 

2 cos^— - 2 am — -r — sin — ■ 
A A 2 

. B+O, . B-C ^ . B C 
sm^- + sm-2- 2sin-cos.^ ^ ^ 

= . iy + C . B-G == ^ ^ . C7 =*^^2^^*2- 
sm — sm — — - 2 00s -jr sin -^ 

A iS & & 

9. First side = 2 cos (^ + J5) cos {^1 - B) + 2 cos^ (7 + 4 cos -4 cos B cos C 

= -2cos(7{co8(^-JB) + cos(-4 + B)}+4oos-4oosJBcos C 
= -4cos^ cosBcos C7 + 4oos^ cosBcosC7=0. 

10. We have cot (.4 + B) = cot (180° - (7) = - cot C ; 

cot -4 cot B ~ 1 ^ ^ 

.*. — -—, --^r-=-cotC; 

cot A + cot B 

whence by multiplying up and transposing we obtain the required result. 

11 First side = 'i^i^±?i.^!Bi£±£).!i5i^±£) 
sm B sm (7 sin C sin A sin -4 sin B 

sin ^ sin B sin C7 , ^ ^ 

^ = cosec A cosec B cosec (7. 



'sina^sin^Bsin^C" 



12. First side = - {3 + cos 2^ + cos 2B + cos 2(7+4 cos A cos B cos C\ 
= 2 (3 - 1), by Example 9, 



XII.] RELATIONS WHEN A -\- B + G = 180°. 49 

13. First side = « (3 - cos ^ - cos J5 - cos C) 

= 1(3 - 1 - 4 sin ^ sin I sin ^^ [See Ex. 3, p. 119.] 

= l-2sin-sin-sm-. 

14. First side = ^ {2 + 2 cos^ 2A + cos 4B + cos 40} 

= -{2 + 2co82 2^ + 2cos2(i? + C7)cos2(5-C7)} 

= l + cos2/t {cos2(B + (7) + cos2{i?-(7)} 
= 1 + 2 cos 2^ cos 2B cos 2C. 

te -cx' J. -3 cot J5 + cote cotC + cot^ cot -4 + cot 1^ 

15. First Bide = j^ ^ + ^ ^ + ^ ^ 

cot B cot C7 cot C cot ^ cot -4 cot B 
= cot B cot (7 + cot (7 cot ^ + cot ^ cot -B 
=1. [See Ex. 10.] 

tan ^ tan B tan (7 



16. First side = 



16 C0S2 - C0S2 (;og2 

^ ^ iS 

sin A sin B sin G 1 

cos^cosBcosC ' -^ ^A „jB „C 
16 cos^ - cos^ - cos^ Q 

o-^ ^^.B B ^ . c a 
2 sm — cos — . 2 sin — cos ^ . 2 sm -^ cos - 

= A ^ G 

cos i4 cos B cos C . 16 COS^ -jr cos2 — cos2 - 
2 J* z 

. A,. B^ C 
tan -^ tan -g tan 2 



" 2 cos il cos B cos (7 ' 



EXAMPLES. Xn. e. Pagb 121. 

1. First side = j: {sin 2a - sin 2j8 + sin 2/8 - sin 27 + sin 2^ 

- sin 25 + sin 25 - sin 2a} = 0. 

2. First side = cot 7 - cot j8 -Kcot a - cot 7 + cot j8 - cot a = 0. 

H. K T. X. 
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2 sm — ^ cos ~— • + 2 sin -^- cos —^ 

3. Fir8tBide=— — ,_fl „^fl 1^ 

2 sin —^ cos — jr-i- - 2 sin — — i- cos — ^ 

cos-g^ + cos-^'^ ^ 

= ^ = C0t7rC0t§. 

a-)3 a + fl 2 2 

COS — — i- - cos —^ 

4. First side = sin a (cos)3 cos 7 - sin /3 sin 7) - sin /3 (cos a cos 7 - sin a sm 7) 

= cos 7 (sin a cos /3 - cos a sin /8) = cos 7 sin (a - /3). 

5. First side=cosa (cos/3cos7-sin/3sin7)-cos)S(cosaoos7-sinasin7) 

= sin 7 (sin a cos j8 - cos a sin /3) = sin 7 sin (a - j8). 

6. First side = cos A cos 2^ + sin ^ sin 2^ - (sin A cos 2^ + cos ^ sin 2^ ) 

= cos(2^ -^) - sin (2^ +^) 
=cos^ -sin 3-4. 

7. -os2...sin2.='L?;^^.^^,. tArt.m.] 






« . „, „, 2tan^ l-tan2^ (1 + tan^ 2-2 tanM 

8. sm 2^ + cos 2^ = ,-n:— 5-7 + ^i — i — 5-^ = ^^ . . / » . . 

l+tan^^l l+tan^^ l+tan^^l 

/. • .1^ o • o^ o. 4tan2l(l-tanM) 

9. sin 4^ = 2 sin 2^ cos 2^ = -j- — \ — s-tt^ — -, 

10. Wehave^ + B=45°; 

. / - . T>v tan-i + tanJB ^ 

.-. tan^ + tanB+tan^tanB=l. 
.-. (l + tan^)(l + tanjB) = l + tan^+tanB + tan^tanJ5=2. 

11. First Bide =''°^ <^^°-^) "".^ <\^:+^) + ^^ 'T~.f ^ "" ^''°^^^ 
"• Sin (16° - ^) cos (16° + A) 

2 cos 2i^ 4 cos 2^ 



sin 30° - sin 2i4 1-2 sin 2^ * 

TO T7- + -^ <5082 (15° + ^) + sin2 (16° + A) 
12. First side = --A-^- .^.^^^^^^_.. ^ 



sin (15° + ^) cos (15° + ^) ~ sin (30° + 24) 

2 4 

' 1 „ . , V3 . o . ~ cos 2^ + v'^ sin 2^ * 
jr cos 2-4+^ Bin 2^ ^ 
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,« ^..-^ sin U + 30^) sin U - 30°) 

cos 60° - COS 2^ _ 1 - 2 cos 2A 
~ cos 60° + COS 2il ~ 1 + 2 cosXiI * 

14. First side = (4 cos^ ^ - 1) (2 cos 2^ - 1) 

= (2 COS 2 J + 1) (2 cos 2^ 1) 
=4cos2 2^-l = 2cos4^ + l. 

,^ „^ , . /^ ^ .» tan^ + tan0 + tan^-tantftan0tan^ 

15. Wehavetan(<? + + ^) = ^— ^^^ ^^_^^^^^^^_^^^^^^^^ , 

.. if ^+0 + ^ = 0, 
we have tan + tan <f> + tan ^ = tan tan </> tan xp. 

Now putting 0=^-y^ (p=:y-a, ^ = a-j8, 

we have at once the required identity. 

16. First side 

- 2 sm ^-_ cos — ^ + sin (a - )3) + 4 sin ^ -'- sin i-- sin -^ 

^ . a-B \ a + 8-2y a-8] . . 8-y . 7-a . a-/S 

= - 2 sm— 2^ -^cos — '^ — ' - cos --^V + 4 sin ^-^ sm ^— sin — ^ 

.. a-8 . a-v. 7-/3 . . 8-y . 7-a. a-/3 . 
= -4sm -^sin ^ ' sin ^-^ + 4sin '^ sin '- - sm -—— = 0. 

a a a a a m 

17. First side=5{cos2(j8-7) + cos2(7-a) + 2cos2(a-/3) + 2} 

= -{2cos(a-|3)cos(/3-27 + a) + 2cos2(a~/3)4 2| 

= cos (a - /3) [cos ()3 - 27 + a) + cos (a - )3)] + 1 
= 1 + 2 cos (/3 - 7) cos {7 - a) cos {o.-^). 

18. First side = 1 + 5 (cos 2a + cos 2/3) - 2 cos a cos j8 cos (a + ^) 

a 

= 1 + COS (a + j8) COS (a - /3) - 2 COS a COS /3 cos (a + j8) 
= 1 + COS (a + j8) {sin a sin /3 - cos a cos j8[ 
= 1 - C082 (a+/3) = sin2 (a+)S). 

19. First side = 1 - « (cos 2a + cos 2j8) + 2 sin a sin /3 cos (a + /3) 

= 1 - cos (a4-/S) {cos (o - /3) - 2 sin a sin/S} 
= 1 - cos* (0 + /9) =8in2 (a + j3). 
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20. l^'irst side = cos 12° + 2 cos 72° cos 12° 

= co8l2°(l + ^^-5r.^\ = cosl2°(^ti\ 

= 2 cos 12° cos 36° = cos 24° + cos 48°. 

^ J5 C , TT-A TT-B ir-C r„ ^ ,^, , 

21. cos - + cos - + cos — = 4 cos —J— cos — - - cos -J- [Ex. 2, p. 121.] 

B+C C+A A+B 
= 4 cos — i — cos — i — cos — . — . 
4 4 4 

22. Second side =2 cos — j— cos j + co8 — y~ 

_ A + C /ir A + C\ - A + C A-C 
= 2 cos — 2" ^^^(o+ — r~) + ^^°^"~I — °"^ — 2 — 

= - 2 cos — 7— sin — 7- + cos — + cos — 
4 4 2 2 

. ^+C ^ C 

= - sin - + cos - + cos -^ 

ABC 
= cos -^ - cos + cos X . 

23. ^Hiis may be done in the same way as the two preceding examples. 
The following solution exhibits another method. 

From Example 3 of Art. 135, 

if a+)S + 7=9r, then cosa + co8)3 + cos7=l + 4sin ^ sin^ sin^. 

A 2 2 

T>* TT A TT B V G 

^^* ""2" 2' ^"2~2' 'y"'2"2' 

then a + j8 + 7 = ir, and after substituting for a, )3, 7, 

.A . B . C , ^ . ir-A . T-B . t-C 

sm rr + sin - + sin Ti = 1 + 4 sin — 7— sm — - — sin — .- . 

2 2 2 4 4 4 

24 First ^i^^^ ^^^^(<'-^P)'^^^(<''P)-^^^'^^y ^ <^o^i<^-P)+^^y 

2 8in(a+/3)cos(a-/3)+Bin27 cos (a - /3) + sin 7 



25. 



co8(a-j8)+cos(a + ^) . .^ 

= ^ ^^ 1 ^=cotacotj8. 

cos (a - /3) - cos (a + /3) ^ 

Here tan (a+)S) = tan ( ~ -7 J =cot7; 



tan a + tan /3 _ 1 
1 - tan a tan )3 ~ tan 7 * 

Hultiply up, and transpose. 
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EXAMPLES. Xm. a. Page 128. 

3- '^^^- 26c - 6»2V3 ~ 2 • •• ^-''"• 
Alsoa=c; .-. C=^ = 30°; hence B=180°-4- = 120°. 

ft'+c'-oi' 961 + 98-625 1 



4. 


^°^^- 26c - 434V2 ==V2' •'• ^' = '^- 


5. 


Leta=2, 6=2|, c=3i. 


Then 


4 + ^^-150 


3 



^' '^^^- 26c - 4^6 - 2V6"" 2V2"' • ^"^^ ' 

cooJP c« + a^-&' ^ 6^.4 + 2V3-4 ^ 3 + ^3 _ 1 . . 

/. C7=180«-75°-46°=60°. 

7- ^^- 26c -~"4"(V3-1) -2(^3-1)- 2 ' • ^-^" ' 

p CHfl^- 6^ , 4-2^3 + 2 -4 lzN^l_-_ Jl 

^^" 2ca "• 2V2(x/3-l) "^2(^3-1)" ^2* 
.-. JB=135°; 
/. C= 180° -30° -135° = 15°. 

Q ^-^ a«+62-c2 64 + 25-19 70 7 . ,, ^^o^fi. 

8- ^«^=-2i^= 80 = 80 = 8' •• ^=28 56. 

42 + 52^72 10 + 25-49 8' 1 _,^„-, 

9. 00s C=-^r—. — r- = j^ = - ^ ^ - - = - COS 7S° 27'; 

2x4x5 40 40 5 

.♦. C=180°-78"27' = l()l°33'. 
10. c2=a2 + 6=^-2a6co8C=4 + 4 + 2V3 -2.2(^3 + 1)^ = 6. 
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11. 62^c2 + tta - 2cacos^ = 9 + 26- 2. 3. 6 ^-|^ =9 + 26 + 16=49; 

.-. 5 = 7. 

12. a2 = 52 + c2_26ccos^=49 + 36-2.7.6x| = 64; 

.-. a = 8. 

13. a2=52 + c2_26cco8^ = 64 + 121-2.8.11^-i^ 

= 64 + 121+11 = 196; 

.-. a = 14. 

14. 62=c2 + aa-2cacosJ5 = 9 + 49-2. 3. 7 (-ll') =9 + 49 + 23 = 81; 

.-. 5 = 9. 

15. 52=c2+a2-2cacosjB=48- 24^^3 + 24- 2. 2^6.2^3(^3-1).^^^ 

= 48-24.^3 + 24-4. 3. (4-2 V3) = 24; 

.-. 6 = 2 ^6 ; whence A = B = 76°, and C = 30°. 

16. a2=62 + ca-25ccos^ = 4 + 6 + 2V5-2.2(V6 + l)>^-^- 

=4 + 6 + 2V5-4=6 + 2v'5; 
.-. a=;^5 + l; whence 0= -4 = 72°, and B= 36°. 

17. C= 76° ; whence a=c, 

Also „=^_i?„^ = V81V3 + l)l=2V3 + 2. 

Also ^ = 106°; whence a=^^=V6.^iti . ^=^3 + 1. 

- - C=30» ; whence a='-^ = "^^^^ = 2 ; 
sm G J2 

6=i^^.-2.f+^V2=V3 + l. 
sin^ 2^2 ^ ^ 

' c _ 8inC _ sin75 ° _V3 + 1 / 1 _ V3 + 1 
J. Here ^_^.^^-^.^^^o- -2^2/ v'S" 2 ' 

rt, . , asinC 2 .^3 1 
21. Bm^=-^- = 2^.^ = 2; 

.-. 6=acosC + ccos^ = 2^-i) +2^3. '^- = 3-1=2. 
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Z2. Bin^- ^ -3^3- 2-2' 

1 ik/3 



'2 ■ '^ 2 



23. We have (6 + c)« ~ a^^ 35c ; 



62 + c2-rt2 1 

.*. — = -; whence -4=60°. 

2oc 2 

, b^ + c^-a^ 12 + 6-(12 + 6V3) 

_ 6(1-V3) _ s/3-l_ 

- 12V2 •" "2^2" "^"^ ' 

.-. A = 105°; similarly C= 30°, 

. _ 6sinC 2^3 1 , „ ,^^ 

.-. BinJB = = iria = -uii whence B = 46°. 

25, The sides are proportional to ^3 + 1, ^3 - 1, v^6 ; 

^_b2 + ca-aa __ 4-2 V3 + 6-(4 + 2 ^3) 
•'• °°«^-- 26c " 2^0(^3-1) 

6-4V3 _ 2V3(V3-2) ^^3 + 1 
~2V6(^/3-l) ""2^3.^2 (^3 -1)^^3 + 1 

= ^^=-coB750; 

.-. ^ = 105°. 

"°'^- a ""^-73 + 1 ""272 ~"2-' 
.-. (7=60°, and B = 16°. 

26. Here6=^^^'-2 o=^^^^ = 600; 

4 4 

2_( V6+V2)8+ ( V6-V2 )2 2.4 1_12_3 
" ^ - - 16 16 •2~i6~4' 

n/3 
whence (7 = 15°, and B = 105°. 
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EXAMPLES. TTTTT b. Page 132. 

:. B = 60° or 120°; and since a<bj both these values are admissible. 
Hence C = 90° or 30°. 

asinC „ - , .. 

c = - . ■ =2 or 1, on reduction. 
Bin^ 

^ . „ 6sinC 3J2 1 ^3 
2. sm5=-^=2^x^=^^. 

/. J5=60° or 120°; and since c<b, both these values are admissible. 
Hence ^ = 75° or 15°. 

a = — ;— ^ = 3 + JB, or 3 - J3, on reduction. 
sinB ^ * ^ * 

. , asinC 2 JS 1 

.*. A = 45°, the other value being inadmissible, since oa. Hence B = 75°. 
, a sin B ,^ ^ 

sin^ ^ 

4, sin C = - sin ^J = - X ^ = -T , which is impossible. Thus there is no 
triangle with the given parts. 

. . ^ c . -, 2^3 1 1 

.'. (7=45° or 135°; and since 6<c, both values are admissible. Hence 
^ = 105° or 15°. 

a=-4^^ =n/3(V3 + 1), or ^73(^3-1), on reduction. 

. ^ c . ,^ 3 + ^3 ,y3 J3 + 1 

.*. (7=75° or 105°; and since 6<c, both values are admissible. Hence 
^ = 45° or 15°. 

a=— .— 5- = 2^3, or 3-^3, on reduction. 

„ .,«.,. 3 + V3 x/3-1 ^3 + 1 

.'. .4:= 75° or 105°; and since c<t7, both values are admissible. Hence 
-B=:90°or 60°. 

h = — ; — ~ = 2^6, or 3^2, on reduction. 
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8. sinB=-Bm^= -^^^^ ^^.—-3 — = 1- 

.'. -B=90°, and there is no ambiguity. 

c2=62_a2=(6 + a)(6-a) = (8 + V80)V80 
=4 (2 + v'5) . V5 = 16V5(2 + V5) 
.-. = 4^5 + 2^5. 

- . . a . „ 3^2 1 V3 

.*. -4 = 60° or 120°; but neither of these values is admissible as in each 
case the sum of the angles would be greater than 180°. Thus the triangle is 
impossible. 

EXAMPLES. Xin. c. Pagb 134. 

1. Follows at once from Art. 137. 

2. The first Bide = />2 + c2-a2 + a2 + c2-62 + a2 + 62-c2 = aH6' + c«. 

3. The first 8ide=*-?±^^^!±^'=fe«-c^. 

4. The first side = (6 cos ^4 + a cos B) + (c cos B + 6 cos G) 

+ (c cos il + a cos C) =c + a + 6. 

5. Thefirst side = a (1- cos C) + c (1- cos ^) 

= a + c- (a cos C + cooaA) 
= a + c-b. 

6r„, , ., acosB cosB 
, The second side = ;:;, = . 
a cos G cos G 

7. The second side = 7 = = tan A, 

ccos^ ccos^ 

8. Putft=-A^= .-^= .-- ; then 

Bin A sm B sin (7 

the first side = A; (sin J5 + sin G) sin ^ 

., . B + G B-G . A 

= 2& sm — ^ — . cos — ^— . sm -^ 

^j . A A B-C 

= 2k sm - cos -jr . cos ~^r— 

= k sin A . cos — ^ — 

B-C 
= a cos —5 — . 
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A rvu xi i. 'A A; (sin -4 + sin B) . „G 

9. The first side = —"^—j—. — ^ ^ sin^ -- 

kainC 2 



„ . A + B A-B 
2sin 2 cos 2 


^ . C G ' 
2sm-cos^ 


A-B . G 
=008- 2 Bin 2 


A-B A+B 
=cos 2 cos 2 


cos ^ + cos J5 



(7 

srn^- 



10. The first side= A; {sin ^ sin (J5 - C) + + } 

= A; {sin (B + C) sin (B-C) + + } 

= A;{8in2B-sin2C+ + }=0. 

11 mi- ;i -^ sin2^-sin«B 

11. The second side= t-ttt^ 

sin^C 

_ 8in(ii+B)sm(^-B ) __ sin {A - B) 
~ sin \a + B) sin (A + B)~ 8in(^+B) ' 

12. The second Bicle=gig:4^°^ = ^!"(^ + ^i""<^-^) 

sin2 C - sm2 A sin (G + A) sm (C - A) 

_ sin G sin (^ - B) _ c sin (A - B) 
~ sinBsin(C^i4) "" 6sin(C-^) ' 

EXAMPLES. XIII. cL Page 136. 

1. Let ABG be the triangle, in which B= = 2^4, and a=2 ; 
then B + C7+^ = 6^ = 180°; /, ^ = 36°, B=C=72°; 

and h = c— -. — 7 8mB = — : — j— =2acos ^4=4. — — = v/o + l. 

sin A sin A 4 

• 2. ^ = 180°-B-C=60°: 
If AD be the perpendicular, then c = AD cosec45° = 3/^2, 

& =^2) cosec 75° = 4f^ = 3 (\/6 - V2) 
iijo + i 

a = BD + DC = yfDcot45° + yfDcot75° = 3 + 3(2-;^3) = 9-3V3. 
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^' ®°® 26c "■ 4V2(9-6v'3) "4^/2(9-6^^3) 

(1 2-7^/3) (9 + 5^3) 3-3V3 _ ^3-1 
V2.6 "" 6n/2 2^2 ' 

/. ^=180°-75°=105^ 
flmr-"nin.i- ^^^^-^ ^ x/3 + l_v/3 ( V3-1)(V3 + 1) _^3. 

.-. C=60°; 
and B= 180° - 105° - 60° = 15^ 

4. We have 5-a=2, a6 = 4; 

.-. 6 + a = 2 ^6, rejecting the negative sign, 
.-. a=^5-l, b = ^o + l; 

a ^5-14 4 ' 

.-. jB= 64° or 126°; 
.-. C=108°or 36°. 

_ . csinJB ,_ 1 1 V3 

5. smc=- ^- = 160.2. 50^ = V' 

.-. (7=60° or 120°; both values being admissible since 6<C5 
.-. ^=90° or 30°. 
In the first case, a = sin ^ . -^-— =50j3x2 = 100 JS, 

In the second case, a = 5 = 50 JS, 

If B=30°, 0=150°, 6 = 75°; 

8inC=^^xsin30° = l; 

.-. (7=90°, and there is no ambiguity. 

/5 — 1 

6. We have at once from a figure, sin B = --—i — ; whence 7? = 18° ; 

4 

.-. C = 180° - 36° - 18° = 126°. 

7. Let ABC be the triangle, and let 1^ = 22^°, (7=112^°, and let ^D be 
the perpendicular from A on BO, Then ^4 = 180° - 22^° - 112^° = 45'' ; alsc 



^D = ^J5sin22i°, 

^^=s-hriY2F-'^ 

That is, the altitude is half the base, 



7j^ ^B . .,, AB 2^P8in 22^° 

^^=s-hni2F • '''' ^"=j2^^w ^ ^/2ST6^- =^^^- 
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sin A __a 
Bin B^b' 



8. -.- „ = r = 2: SLndBinA=2BmB = 8mSB; 



•. ; — =: =2, or 3-4sin^J5=2. 

smJ5 

.-. sm5 = ^ , rejecting the negative value. 

.-. B = 30°, ^ = 90°, = 60°. 

Also c=asin C=— ^ - . 

9. Let C be the greatest angle, then 

(2a? + 3)g + {x^ + 2x)g - (x^ + 3a; + 3) ^ 
°°^^~ 2(2a; + 3)(a;^ + 2x) 

-2aH>-7a;a-6a; _ (2a? + 3) (a; + 2) ___1 
~2(2a; + 3)(a;2 + 2x)"* 2 (2a; + 3) (a; + 2") ~ 2* 
Thas the greatest angle is 120°. 

10. First side = 6cos (7 + ccosJ3-acos G -c coaA=a-b. 

- A+B . A-B 
2 cos ^ sin- 



Now 



a-6 _sin^ -smi^ 2 2 

c ~ sinC "~ ^^^^"(T""^" 
2 sin — cos -^ 

^''^ 2 . A-B A+B 

= — =8m ~2- cosco -2- . 

cos 2 



2sin (^+0cos^ 



6 + c sinJ3 + BinC _ sinJ3 + Bin(^+.B) ^ «^ 

a ~ s:n^ "" sin^ " « . ^ A 

2sm-co8^ 



/. (5 + c)sin2=asin (^+J3j , 



(C \ G 
2 y ^^^ 2 

^'^' b + c^ sin B + BhiG" sinB + sinO " ^ . B + G B-G 

2 sin — -— cos — jr— 



Sm(^B + ^jCQS^ 

^ B-G • 
cos ^ COS -g— 
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IQ Firnt nidn - ^ " ^Qs ( -^ - ^) co« {A+B)_ l- (cos^ A - 8in« i^) 
iij. J7 irsi sme - ;^ __ ^^g ^^ _ ^j-^. - ^^ -^Cj ~ 1 - (cos^ A - sin^ C) 

_ BinM + 8in2 B __ a^ + h^ 
~ BinaTTsin^C "" n^ + c^ * 

14. We have c*-2{a^ + b^) c^-i-a* + a%^ + b* = 0; 

.'. c^=a^ + ab + b*, or a^-ab + b^; 
But c2=c2 + &^ + 2a6coBC; 

.-. 2 cos 0=1, or -1; 

C=60°, or 120°. 

15. See figure of the Ambiguous Case on page 131. 

(1) Ci-C2 = Bii?2=2-BiI> = 2acosBi. 

(2) cos J-2-?=cos 5iC2> = ^^ = — - . 

(3) Ci, C2 are the roots of the quadratic 

c2 - 26 cos -4 . c + 62 - a2= ; [Art. 150.] 

.*. Ci + C2=26coSi4; CiC^^b^-a^. 
/. CjS 4. Co^ - 2C1C2 cos 2i4 = Cj^ + c./ - 2e^c^ (2 cos'^ ^ - 1) 

= (tf, + Ca)2 - 4 (62 - tt2) cos2 A 

= 462 cos2 A - 462 cos2 ^ + 4a2 cos2 A 
= 4a2oos2^. 

(4) We have Ci + C2=2z^CD; 

Ci-C2=2zBiCD; 

... gin ^t^ sin ^^i^= sin ^CI> sin B^CD 

=cos CAB^ cos (7^ii4 
= cosylcosJ5. 

16. See figure of Art. 148 (iii). We have ^ = 45° ; .'. L ACD=45°. 
Hence DC=DA=^-1±^; also nB^=^-^ ; 



••■-««-(-'W-^("^0^=--^-' 



COB S,CD_^-,-2^^-,^, 



/. oogB,CB2=2cos!'7{,C'Z>- 



' J.— o. 6 •*-~~o..6* 
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17. From the given condition we have 

sin C cos A +2 cos C sin C — sin B cos A +2 cos B sin JB, 

or cos A (sin C - sin B) = sin 2B - sin 2C7. 

This easily reduces to 

, . B-G B + G , . B-G B-C 

cos A sin — - — cos — - — = cos A sin — - — cos —^ — . 

B-\-G Ti — G 

Now cos — — cannot equal cos —^ — ; hence we must have 

cos -4=0, which gives A = 90° ; 

Ti — C 
or sin —^ — =0, in which caseJ3=C7. 

18. Since a, 6, c are in A.P. ; we have a-b = b-c; 

.'. sin A-BmB = sin B - sin G ; 

^ . A-B A + B „ . B-G B + C 
:. 2sin — jr — cos — - — = 2sin — 27— cos — j, — ; 

A-B . B-G 



sin — - — sin - 



2 2 

•• . A . B^ . B , G' 
sm — sm — Bin — sm — 

.B .A G B 

.'. cot-2-cot- = cot^-cot g-, 

A B G 

That is cot — , cot — , cot -^ are in A.P. 

z z z 

19. Let k = . " . = -^— « = --^—ri ; *^en 
sm-4 sini? smC 



^ ^ ., k^BinA BmB + GsinB-G 

first Bide = ; =; : — h . 

sm JB + Bin C 

_ r sin ^ (sin^i?- sing C) 

~ L sin^ + sinC "*"*■ 



= A:2[sin^ {ain B - sin G) + + ]=0. 



MISCELLANEOUS EXAMPLES. D. Page 138. 

/o\ «;« «^* n sin a sin ^ - cos a cos ^ « / . 

(2) sm a - cot cos a = ; — = - cosec coa (o + i 

sin 



XIII.] MISCELLANEOUS EXAMPLES. D. 63 

2. c2=o2 + &2_2a6cos 0=482 + 353-48 x 35 

= 132+48x35 = 1849; 
.-. c=43. 

3. Heretana=y(5y7i=^; 

//n\^ 8 

also ^^^='\/\T5) -l = i5=cota; 

.-. o+/3=90°; 
.'. tan (a + )8) = 00 , and coseo (a + /3) = 1. 

M rr» . 2 sin 8o COS 15a cos 15a - 

4. The expression = ^ . . — — ^— = ^ = - 1, 

2 sin 8a cos 6a cos 6a 

since 16a = ir - 6a. 

5. First side = ^ (sin 3^ - sin ^ + sin 50 - sin 3^ + siu 76 - sin 50) 

= 5 (sin 70 - sin 0) 

a 

= sin 3^ cos 4^. 

6. a8=2 + 4 + 2^3-2(^3 + l)=4; whence a = 2. 

. . . -, 6sin^ V2 1 

Again smB=^- = 2^ = ^; 

.'. P=30°, or 150°; but the latter value is inadmissible since c is the 
greatest side. Therefore C= 180° - (45° + 30°) = 105°. 

7. (1) 2Bin236°=l-cos72° = l-sinl8° 

= l_N^ = 5-V6^^53i^lQo 
4 4 

(2) 4sm36<'oosl8"'=2(Bm54°+sinl8°) 

_V5 + 1 V5-l_ 
— 2~ + "-2 ^®- 

^ sinSa cos3a sin 3a cos a + cos 3a sin a 2sin4a . ^ 

8. — + = : = -T— TT^ =4cos2a. 

Bin a cos a smacosa sm2a 

.-. ^ = 30°. 
.-. 5=0=^ (180° -30°) =76°. 
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10. (1) Each expression easily reduces to -.- 



(2) cosa + cos2a+ cos3a = 2cos — co8^ + 2co82— -- 1 



sin 3a 
a 

2^ 



3a/ a 3a\ ^ 

=2 008^1 008^+ cos yj -1 

A a 8a - 

=4 cos a cos - cos -q- - 1- 

11. (1) First side = 262 gin C cos C + 2c2 sin B cos B 

= 26 sin C (6 cos C + c cos 5) 
= 2a6 sin C = 26c sin -4 . 

(2) First side = fe (sin ^ sin iNrc + + ) 

= fc(sin£ + CsinB^C + + ) 

= ft(8in2^-8in2C+ + ) = 0. 

12. tan (^ + i^) = tan (360° - ~CVB) ; 

t an A + tan B _ tan C+ tanZ> 
f-tan-itanP" 1 - tan C tan J5 * 
.*. tan^ + tanB + tanC+tanD = tanCtanD(tan^+tanJ3) 

+ tan A tan B (tan C + tan D) ; 
or tan ^ + tan ^ + tan (7+ tan D 

= tan A tan B tan C tan D (cot ^ + cot B + cot C+ cot D). 

EXAMPLES. XIV. a. Page 145. 

For Examples 1 — 3 see Arts. 151, 152. 
For Examples 4—7 see Arts. 162, 163. 

8. log 768 = log (28 X 8) = 8 log 2 + log 3 = 2 -8853613. 

9. log 2352 = log (24 X 3 X T^j = 4 log 2 + log 3 + 2 log 7 = 3-3714373. 

/23 X 32 X 72\ 

10. log35-28=logf j^^j = 3log2 + 2(log3 + log7-l) 

= -90309 + 2 ( -4771213 + -846098 - 1) 
= -90309 + -6444386 = 1 -5475286. 

11. logV6804=ilog(22x38x7) = |(21og2 + 51og3 + log7) 

= \ (-60206 + 2-3856065 + -845098) 
= 1-9163822. 
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12. log ^-00162 =i log (^^^ = i (log 2 + 4 log 3 - 6) 



=i (3-2095162) = 1-441903. 

•lo 1 AoiA 1 217-21 , 196 , V 

13. Iog-02l7=log-5^^p^=log^^=log 



9000 ~ *^9000 •^ 152x10 
= 2 (log 7-log3-log 5) - 1 
= 2 (-8450980 - 1-1760913) - 1 = 2-3380134. 

14. log cos 60° = log (^ = - log 2 = - -30103 = 1*69897. 

16. logBin8 60°=3 1og^^^ = |log3-31og2 

= -7156819 - -90309 = I -8125919. 

16. logAyseo45^=|log^/2=|log2 = -0501716. 

17. The expreBsion=log [f^Y x ^ x (ff] 

, /15xl5x81x2x64\ , „ 
=^^gV 64x25x81x9 )=^"g^- 

18. The expression 

= 16 (l-21og 3) -4 (2 log 5- 3 log 2 -log 3) -7 (3 log 2 + 1 -4 log 3) 
=9-91og2-81og5 = l-log2 = -69897. 

19. log a:=^ log 7= -1207283. /. j; = 1-320469. 

1 /22 X 32 X 7^\ 1 

20. loga;=-log^-^^^^j=^(21og2 + 21og3 + 21og7-8) 

= I (3-2464986 - 8) = 2-4164995. 
.. a; = -0260315. 

21. log a; = -5527899 + 2-5527899 + 1 -1842633 = -2898431. 

22. Ioga;=ilog^ + 21ogy^+|log^^log(112xl0«) 

=^(logll-6) + 4(logll-l) + |(8 1ogll-2)-21ogll-5. 

IQ 40 1 — 

=y log 11 - — = ^ (21-7864613) =7-2621538. 

H, E. T. K, "b 
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23. Since (^^j =[^5) ' 

(01 \ 300 
|-Jj =300(log3 + log7-l-log2) 

= 396-66579 - 390-30900 =6*35679; 

(21\800 
' - I has 7 digits in its integral part. 

/126V0O0 /2x32x7\iooo 

(1Og\1000 
=|^J =1000(log2 + 21og3 + log7-3 + 31og2) 

= 1000(41og2 + 21og3 + log7-3) 
=3-4606; 

(126\^<^ 
:ry^ J has 4 digits in its integral part. 

24. 7^ is the smaUest number whose logarithm has oharacteristio 4. 
7^ is the smallest number whose logarithm has oharacteristic 8. 
.-. the required number is 7* - 7' =2058. 

EXAMPLES. XIV. b. Page 149. 

, , 2, /147x376\ 2, /7x5«\ 

1. log^ = 3^og(^.^26la6J=3^"n~2-^) 

2, 7x1000 2,^ , „ ^, ^, 
= 3^"«l6^n6=3(^ + ^"«^-®^^«2) 

=1 (3-8450980 - 2-4082400) = | (1-4368580) = -9679053 ; 

/. x= 9-076226. 

2. loga;=ilog(38x2x7)+ilog(33x22) 

-^log (3^x7x2*)- 1 log (2x3*) 

=^log3 + ^log2 + llog7 = -4797636; '}^^ 

-1408407 
,. a; =3-01824. '4mtM 
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3. loga; = ilog(10x22x33) + |log(28x3-T-100) + log(10x3^) 

=^ log 3 + 6 log 2 - y^ = ^ (20-5162159 - 11) + 1-8061800 

DO 

= 1-6860360 + 1-8061800 = 3-3922160 ; 
/. a; =2467-266. 

4. Let a; be the value; then 20^=800. 

.-. a; log 20 = log 800; 
Iog800_2 + 31og2 



=2-23. 



log 20 l+log2 

5. Here 3* = 49, or x log 3 = 2 log 7. 

... .=?i2«7=3-54. 
log 3 

6. Here 125*=4000, or a; log 58=log (22 x lO^). 

., ,=8 + 21^2^^.^^ 
3 log 5 

7. log a;=y log (^\ = y (log 2 + 3 log 3 + log 7 - 5) = 33-699892. 

.-. the number of ciphers is 32. 

259 7 

loga:=501og-^-^ = 501og2^ 

= 60 (log 7 - 3 log 3 - 1) = 60 (-8450980 - 2-4313639) 
= 50 (2-4137341) = 80-6867050. 

.-. the number of ciphers is 79. 

8. Let a; be the base ; then a;3= 11000; 

.-. 31oga;=logll + 3 = 40413927-, 
.-. log a:= 1-3471309. 
But log 222308 = 6 3471309 ; 

.-. a;=22-2398. 

9. Here (a;--l)log2 = log5 = l-log2. 

.-. a; log 2=1; 

10. Here (x - 4) log 3 = log 7. 

., ^.4=1-^^=1.77; 
log 3 

.-. a: =6-77. 
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11. Here (1 - x) log 5 = (a; - 3) (log 2 + log 3) ; 

/. a;(log2 + log3 + log5)=31og2 + 3log3+log5; 
30334239 



12. Put log 2 = a, log 6 = 6; then 

bx=-ay, b(2 + y) = a{2-x). 
From these equations we obtam 

2a _ 2 log 2 _21og2 



x = 



= 2 log 2 =-60206, 



a + b log2 + log5 loglO 
y= -^= -21og 5= -1-39794. 



13. Put log 2 = o, log 3 = 6 ; then 

ax=by, a{y + l) = b{x-l). 
From these equations we obtain 

x=-^= log 3 _^ 
b-a log 3 - log 2 
_ g _ log 2 _ i_i7i 
2'-r^-Iog3-log2-^"^""-^'^^- 

14. Wehave21og2 + log7=a, log3+log7 = 6, 2-21og2=c. 

,'. 2 + log7 = a + c, so that log3 = 6-a-c + 2. 
.-. log27=3(6-a~c + 2). 

Again log 224=log (2» x 7) = 6 log 2 + log 7. 

= |(2-c) + (a + c-2) = ^(2a-3c + 6). 

15. We have log (2 x 112) = ^^ log (23 x 10) = 6, log (3* x 5) = c. 

.-. 21ogll + log2 = a, 3log2 + l = 6, 21og3 + l-log2=c. 
From the last two equations 

6 + c-2 = 21og3 + 2log2=log36. 

Again,log66 = log6 + logll = |(6 + c-2) + ^"2^^^ 

= ir6 + c-2 + a-i(6-l)]=^(3a + 26 + 3c-6). 



> MISCELLANEOUS EXAMPLES. E. Page 150. 
1. First side = ^ (cos 60° + cos 2A - cos 120° - cos 2A) 

= ^(cofl60°-cosl20*')=i. 
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2. See Ex. 1, p. 118, and Ex. 3, p. 119. 

3. 6a=a2+c2-2accosB==4 + 2-2.2.^2.'^~2-=4-2^3 = (^3-l)2. 

.-. 6 = ^3-1. 
a 
= 6^^"'^""^/3^' 2V2 "V2' 
.*. -4 = 45°, or 136°; but a is the greatest side, so that -4 = 135°, and 
C=30°. 



. . u, . -, 2 V3-1 1 

sin .4 =7- Bin B = — r- — - . ^- — .- = -^ 



4. Each side easily reduces to 1. 

m XT o, cos-4 , , . ^ . , a sin .4 

6. Here r = ; but m any triangle r- = -. — =- . 

h cosJB' ^ ^ 6 BinB 

sin -4 cos^ ... ^, ^ 

.*. -T-^ = 5, or sin(^-B) = 0; 

sinB cos^' ^ ' 

.-. A=B, and the triangle is isosceles. 

6. (1) First side =5 (cos 26 - cos 4t0 +cos 4^ - cos 6^ + cos QO 

- COS 8^ + cos 8^ - cos 10^) 
=5 (cos ie - cos 10^) = sin 6^ sin \9. 

a 

(2) E.i^Bide=^'^^'"'°'« + ^''°^«'=°'" 



2 cos 2a cos a + 2 cos 6a cos a 
_ sin 2a + sin 6a _ 2 sin 4a cos 2a 
" cos 2a + cos 6a '~ 2 cus 4a cos 2a 



= tan 4a. 



„ T^. ^ ., cos 3a cos tt+ sin 3a sin a 2 cos (3a -a) 

7, First side = = = -^r-v-- - 

sm a cos a 2 sm a cos a 



2 cos 2a „ , _ 
= — ;— 7j — = 2 cot 2a. 
sin2a 

8. c2=a2 + 62 _2o6cosC;=a2+ (4 _ 2 ^3) a2-rt2(;^3- 1)^/3 = (2 -^/3)a2. 

.-. a2= (2 + ^3) c^ and sin^ ii = (2 + ^3) sin^ C ; 

4 8 

. • . n/3 + 1 

.-. Sinyi=^>^^ itr-. 

2^2 

Hence -4 = 75°, or 105°, and the latter value must be taken, as J 
would make the triangle isosceles. Hence also B=45°. 

- , . 2 tan 2a i. x-x ^ ^ ^ 2 tan a 

9. tan 4a = ;, — r— „ :>- ; substitute tan 2a = ;, - „ — . 

1 - tan^ 2a 1 - tan* a 
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10. (1) First Bide = a2(l,-2sin2B) + 62(i_2sin2^) 

=a^+b^-iaamB.b sin ^ =a«+ 6^ _ 4a6 sin A sin B, 

(2) First side = 26c (1 + cos ^) + + 

= (2bc + b^ + c^-a^) + + = {a + b + c)^. 

11. From the equation c* - 2c^ (a^ +b^) + (a* + 6*) = we have 

{c^-(a^ + ab»j2 + b^)}{c^-^(a^-ab^2 + b^)} = 0. 
Equaling the two factors separately to zero, we get 



a^+b^-c^ 



1 1 



whence 
12. We have 



2ab 

C=46° or 136°. 

„ S(A+B) 3(A-B) ^^ , 

2cos-^-^-2 — ^^ 2 — ■+cos3C=l; 



2 cos 



B(A-B) 



oos^^— '+cos3C=lj 



- 2 sm -^ cos 



-2 sin 



3(7 



t 



2 

B(A-B) 



+ 1 



.2sin«^=l; 



+ sm'- 



=0; 



» . 3Cr 3(A-B) 3{A + B)' 

2 sin ~ \ cos -^-^ — ^-cos— ^ — - 

, , 3A . SB . SO ^ 

4 Bin "^- sin -^ sin -jr- = 0. 

d ^ 2 



•]-.. 



Since A, B^ C are the angles of a triangle we must have one of the angles 
SA SB 3C 
— , — , or -^ equal to 180°. That is, one of the angles of the triangle mnst 

be 120°. 



EXAMPLES. 

log 49517 = 4-6947543 
log 49516 = 4-0947456 

diff. for 1 = '87 

^4 

3,48 
26|1_ 
di£E. for -34= 29,68 

log 49616 = 4-694756 [ 
log 49516-34=4-694786 
". log 4951634=6-604786. 



XV. a. 
2. 



Page 155. 

log 3-4714 = 

log 3-4713 = 

diff. for -0001 = 



•5406047 
-6404921 

126 

-026 

766 

62 

8276 



diff. for -0000026 = 

log 3-4713 = -5404921 
log 3-4713026= -5404924 
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log 28497 = 4-4647991 

log 28496 = 4-4647839 

diff. for 1 = 162 

•14 

6 08 

16 2 

diff. for -14= 2128 

log 28496 =4-4647839 


4. 
6. 


log 67-634 = 1-7606788 

log 67-633 = 1-7606712 

diff. for -001 = 76 

-26 

380 

16 2 

diff. for -00026= 19 00 

log 67-633 =1-7606712 


log 28496-14=4-4647860 
log 2849614 =6 -4647860. 

Iog60814 =4-78400361 
6 43I2 
5 3;60 


log 67-63326 = 1-7606731 

log a: = 4-7461736 

J 66740=4-7461670 

diff. = (56, 


> 



.-. log 6081466 = 6 -7840083 



7. log a; = 2-8283676 

log 67364 =2-8283634 

diff. = 42, 

and diff. for 1=64; . 

1 • 42 21 _ 

.-. propi. increases^ = — = -66; 

/. a:= 673-6466. 

9. log a; =3-9184377 

log -0082877 = 3-9184340 

diff.= 37, 

and diff. for 1 = 62; 

1 • 37 ^, 

.-. prop', increase =--=-71; 

.-. a: = -008287771. 



11. log a? = ^ log 142-71 

= ^(2-1644644) 

= -3077792 
log 2-0313 = -3077741 
diff.= 61, 

anddiff. for 1=213; 
61^ 
~213~ 
.-. a; =2-031324. 



anddiff. for 1 = 78; 

.-. prop*, increase =— = ^= -83 ; 

/. a: = 66740-83. 

8. log a; = 2-0288436 

log -010686=2-0288162 

diff.= 283, 

anddiff. for 1 = 406; 

283 
.-. prop*, increase =|^= -7; 

.-. a? = -0106867. 

10. loga; = l-4034608 

log -26319 = 1-403446 5 

diff.= 43, 

.'. prop*, increase =rYo = v = -26 ; 
.-. x= -2631925. 

log 13-894 = 1-1428273 

9 281 

2 6 



12. 



8 1 1-1428661 



7 
26 



log a: = -1428670 

log 1-3894= -1428278 
diff. = 297 

anddiff. for 1 = 313; 
1 • 297 ^^ 

.-. prop*, increase = ^Yq = *9^ 5 

.-. x=l-8SQ4^^. 
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13 log 24244 = 6-38460431 14. log 20691 = 6-3167816 

7 12613 3 63 



14 1 6-3846168 



8 16 





80 



logo; = -3846166 20 |6-3167895 

log 2-4244 = -3846043 log a; = -3167896 

diff.= 1I2; log 2-0691 = -8167816 

' 112 .. ' diff.= 80, 

prop*, increase =;p=Q= -63; 80 8 „„ 

^ ' y . . prop». increase = -~ = — = -88 ; 

.-. a;=2-424468. 210 21 

.-. a? =2-069138. 



EXAMPLES. XV. b. Page 159. 

sin 38° 3' = -6163489; difl. for 60"=229L 

prop». increases^ x 2291 = 1336 
^" -6164825 

coseo 66° 21'= 1-2166978 ; di£f. for 60"=2443. 

28 
prop^ decrease =-^ x 2443= 1140 

1-2164838 

sec ^- sec 62° 42'= 6321; 
diff. for60" =12296; 

.-. ^ = 62° 42' 31". 



COS 30° 40'- cos ^= 560; 6. cot 48° 45' -cot ^=3762; 
diff. for60" =1484; diff. for 60" =5145; 

and^igx60"=23"; and |g|><60"=4r; 

.-. ^=30° 40' 23". .-. ^=48° 45' 44". 



7. L sin 44° 17' = 9 -8439842 ; diff. for 60" = 1295. 

33 
prop^ increase =^ x 1295 = 712 

9-8440564 

9. L cos 56° 30'== 9-7531280 ; diff. for 60"=1838. 

24 
prop', decrease =w7z x 1838= 735 

9-7530546 
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10. LBin^-I.8m44°ir= 176; 11. i cos 66° SO' -L cos ^=1206; 
diff. for 60" = 1295 ; diff . for 60" = 1838 ; 

/. ^=44° 17' 8". .-. ^=65° 30' 39". 



12. L tan 24° 50'=9-6663662 ; diff. for 60"=3313. 

prop^. increase = -^77- x 3313 = 
oO 



9-6666661 



13. The required angle is 42*6" less than 40° 5'; 

42*6 

.*. prop*, increase =:-^^ x 1602= 1064 

oO 

L cosec 40° 6' = 10-1911808 
L cosec 40° 4' 17-6"= 10-1912872 

EXAMPLES. XV. c. Page 161. 

1. log 300-26 =2-4774976 

1 16 

8 _ 116 
log -0078916 =3-8971696 

1 6 

9 60 
4 22 



•3746609 

log 2-3695 = -3746667 

42 

2 37 

Thus the product = 2-36962. 



log 236-67 =2-3723043, 

8 148| 

3 66 

log 357-84 =2-6536889 

3 361 

8 98 

4-9260131 

log 84336 = 4-9260130 

Thus the product is 84336. 
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log 153-24 =2-1853721 

1 28 

9 25 

log 2-8632 = -4568517 

5 76 



3 _ 46 

log -075836 =2-879875^ 

4 23 

6 34 



1-5221148 

log 33-274 = 1-5221050 

98 

7 91 

70 

5 65 

Thus the product is 33-27475. 



4. log 1-0304 = -0130059 

5 21 
1 


1 
42 


log 27-093 =1-4328571 
5 81 
2 3 
4 


2 

64 


-0130081 
subtract 1-4328656 

2-5801425 
log -038031 =2-5801377 

48 
4 46 




1-4328666 





23 



Thus the quotient is -03803142. 



5. log 357-83 =2-5536767 

6 73 

4 4 



8 



2-5636846 

3-5037539 

50499306 

log 11218 =4-0499154 

152 

4 156 



log -0031897 =3-5037498 
3 41 

3-6037639 



Thus the quotient is 112184. 
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log 21-856 =1-3396707 
3 60 
2 40 


log -0178? 




1-3395771 








subtract 2-2512610 






log a; =3-0883161 
log 1225-5 =3-0883133 






280 

8 284 

/. 0?= 1225-508. 




7. 


log 3-7896 
6 


= -5785819 
69 




log -053687 
2 


=2-7298691 
16 



75 



2-2612610 



1-3084595 
log -0072916 = 3-8628228 

1-4456367 
log 27-902 =1>4456353 

140 

9 140 

Thus the required value is 27*90209. 

8. log -83410 =1-9212181 



3 16 

9 47 



log -58030 

8 
Thus the cube is -680303. 

9. log 15063 



1-9212183 
3 

1-7636649 

= 1-7636526 

23 

22 



= 4-1779115 



1 2 

8 2 



9 
30 



ThuB the £ftb root is 6-848293. 



5 1 4-1779120 

-8355824 

log 6-8482 = -8365764 

60 
9 58^ 

20 
19 
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10. log 384-73 =2-6851661 
1 11 



512-6851672 



-6170314 
log 3-2887 = -5170243 

71 
5 66^ 

50 
4 53 

Thus 4/38^73=3-288754. 



log 16-732 =1-1967839 
4 111 

13 1 1- 1967960 
-0920612 
-0920636 



log 1-2361 



76 

70^ 
60 
70 



Thus v^l5-7324= 1-236122. 



11. log 1034-3 
9 


= 30146465 
379 




log 


35324 

6 


=5-5480699 

74 


6 


25 


3 






3 1 5-5480773 


3 


l-iSD 

2 13-0146871 






1-8493591 


log 2273-5 


1-6073435 

1-8493591 

8-3567026 

=3-3566960 








4 


76 
76 











Thus the product is 2273-64. 



12. Let a =1-0366270 and 6=-7503269; then a^-b^={a + b)(a-b), and 
a + 6 = 1 -7869539, a-b= -2863001. 



log 1-7859 = -2618571 

6 122 

3 7 

9 _ 2 

log -28530 =1-4653018 



1 1 



1-7071722 
log -50963 1-7071698 

24 
2 17_ 

70 
8 69 

Thus the difference is -5096328. 
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13. log a; =? log 34-7326 + 1 log 2-53894 - i log 4-39682. 





log 2-5389 = 
4 


•4046456 
68 




^1 


-4046624 


add 


•0674421 
•7958146 


log 7-2988 = 
9 


•8632667 

-8632515 

52 

54 


Thnsa;=7-29889. 




14, log -0037258 

6 
9 


= 3-6712196 

12 

7 

1 



06 



add 



log -046800 



3-5712216 
1-7605167 

2 1 3-3217382 
2-6608691 

= 2-6608655 
36 



log 4-3968 = -6431367 

2 20 

•6431387 

log 34-732 =1-5407298 

6 76 

1-6407373 

3 

4-6222119 

-6431387 

5 1 3-9790732 

•7968146 



subtract 



log^56301 =1-7506161 



7 6 

8 



1-7605167 



70 

7 67 

Thus the mean proportional is -04580037. 

ic Ti. V *t, .J V. V. -03761786 

15. If X be the required number, we have j?= , ^ ^^ ^ , 



•037517 =2-5742281: 
8 93; 
6 70 

2-5742381 
1-2791230 


log -43607 =1-6395562 

5 50 

2 2 

8 

r6395616 
2 

i-2791230 
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1-2951161 

-19729 1-2951051 

100 

4 88 

120 

5 110 





Thus «= •1972945. 
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16, If X be the required number, we have 

29-302664 x -33025107 



56712-43 



log 29-302 
5 
6 
4 


= 1-4668973 

74 

8 


9 
59 


log -33025 

1 

7 


= 1-5188428 

13 




92 



log 66712 =4-7536760 

4 31 

3 2 



4*7636783 



subtract 



•9867498 
4-7636783 



4-2320715 

log -00017063 = 4-2320664 

161 

6 152 

90 

3 7^ 

Thus the fourth proportional is -0001706363. 



17, Let X be the required number, then 

a;=N/(-035689)* x (2-879432)T. 



log 2-8794 



-4593020 
46 

30 

•4593068 

3 

14 fl-3779204 

•0984229 

1-7105069 



J log 



= g (2-5626344) 
=1-7106069 



log -64406 = 1-80892 63 

36 

5 34 



Thus the geometric mean is -644066. 
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Thus the fourth proportional is 9-52912. 



18. Here 


^_(7836 


-43)ix(357-814)i 
(32-7812)i 




log 7836-4 
3 


=3-8941166 

17 

4 13-8941183 






log 32-781 =1-5156222 
2 26 




3 1 1-5156248 


add 


-9735295 
•5107315 






-5052083 


subtract 


1-4842610 
-5052083 






log 357*81 =2-5536625 
4 49 


log 9-5291 


-9790527 

= -9790519 

8 






5 1 2-5536574 
•5107315 


2 


9. 









19. log sin 27° 13'= 1-6602550 

^x2466 = 491 

1-6603041 
1-8414768 

1-5017809 

log -31752 = 1-5017711 

98 

7 % 

20 
1 14 

Thus the required value is -3175271. 



log cos 46° 2' =1-8416096 

subtract ^xldlO= 327 
dU = 

1-8414768 



20. 



cot 97° 14' 16"= - cot 82° 46' 44", 
sec 112° 13' 6"= - sec 67° 46' 55". 



log sec 67° 46'= -4220725 

^x3092= 2834 

•4223659 

1-1038011 

r6261570 

log -33586 = 1-6261464 

116 

9 116 

Thus the required value is -336869. 



log cot 82° 46'= 1-1046420 

^x 10103= 7409 

r-1038011 
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21. log sin 20° 13' = 1-5386375 

I? X 3429 = 1143 

log sec 42° 16' = -1306403 
an 

-6>11^^ = ^^ 

1-6693495 



logout 47° 53' =1-9662154 

1 e 

subtroAit ^ X 2540 = 636 

oU 



add 



1-9661619 
1*6693495 



1-6255014 
log -42218 = 1-6254977 
87 
3 31^ 

60 



Thus the required value is '4221836. 



22. 


log 324-13 


=2-6107192 




log sin 


113° 14' 16" 




6 
8 


80 
10 


7 




= log sin 66° 45' 44", 




log 417-24 
3 

1 


=2-6203859 
31 

1 





logt 


dn66°46' =1*9632168 
^x543 = 398 




6-1311174 






1-9632666 


1-9632666 




log 12427 


6-0943740 
=6-0943663 








2 
2 


77 

70 

7 

7 











Thus the required value is 12427-2. 

23. Here a = -?^ , and sm B= sin 60° 46' 42". 
sin 5 



log sin 36° 16' 
|xl787 



log 378-25 
log 250-23 



= 1-7612851 

= 983 

1-7613834 

1-9408130 

i-8206704 
= 2-6777789 

2-3983493 

= 2-3983394 

99 

120 
121 



log sin 60° 46' = 1*9407634 

1^x708 = 496 

1*9408130 



Thus a =260-2367. 
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24. (1) log tan ^=g (log 6 -log 12) 

log 6= -6989700 
log 12= 1-0791812 

3 1 1-6197888 

log tan ^= 1-8732629 

log tan 36° 45' = 1-8731668 

961 

2^x60-22". 
.-. ^='36° 46' 22". 



(2) (3 sin ^ - 1) (sin ^ + 1) =0. 

.-. sin^=^ or -1. 

log sin ^= -log 3 

= 1-5228787 

log sin 19° 28'= 1-5227811 

976 

3^2 X 60-16". 
/. ^=19° 28' 16". 



25. a; = Bin 23° 18' 5" x cot 38° 15' 13" x cos 28° 17' 26". 



log cot 38° 15'= -1032884 

13 
subtract ^ x 2598 = 562 

-1032322 

1-9447579 

log sin 23° 18'= 1-5971965 



x2932= 



244 



60 

1-6452110 

log -44178 = 1-6462061 

49 

5 49 



logcos28°17'=I-9447862 

subtract Sq x 680 = 283 

1-9447579 



Thus a; =-441785. 



26. 



log cos 32° 47'= 1-9246535 
2 

r-8493070 

log cot 41° 19'= -0 559928 

3 fl-9052998 

1-9684333 

log sin 68° 25'= 1-9684286 

47 



47 
499 



x60"=6". 



Thus ^=68° 25' 6". 
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EXAMPLES. XVL a. Paqb 166. 

1. First Bide=i(i:i^^l<i::^=^(^-^-^U. 



2. Fir8tBide=.^ A-;)<\;^^ ^A^^^'"^^ 

A 

3. First Bide = ^-°°''^ = !!!l| =tJ^'sJ) ^ S^ 

1 + oosS ^-^ 6c '*(,-c)(,-a) 

_a (g~d) _ fl(a+c-&.) 
'"c(»-a)"' 6(6 + c-a)- 

4. First Blde=^<'-^)('-'') + "('-')<'-''> 

_ (g-c){g-d4-g--a} _ c(g--c) _ 

c — ^ — «-c. 

5. Each of the expressions reduces to / \*"'^M*T^m^"'w ^ 
o. w"2 Y ,(,-b) V24x7 a' . 

'• 2 V (»-o)(»-6) ' 

8. First eide='iL-g)±l(»-6)+«(»-'') 

ahc 

9 . First side = -^^ . ^"^^ + two similar terms 

a he 

(6-c)(«a-a«) ^ . ., . 
= 7 + two smiilar terms 

_ 8^{{h-c) + {c-a)+{a--h)}-'8{a{h-c)k-h{c-a)-\-e{a-h)) 

abc 
=0. 
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EXAMPLES. XVI. b. Page 169. 



1 Bin^- P^E^^'Z3.-. /I^- /I 

C 1 

logsin- = -(log7-l) 

= 1-9225490 

log sin 56° 4r = 1-9225205 

diff. 285 

propi. increase=— _x60"=20-6"; 



... r.= 66O47'20-6", and C= 113° 34' 41". 



827)17100(20-6 
1654 



J:_ /(g-6)(g-c) _ /I6x24_ /128 
2. *a^2"V «(«-«) ~ V 67x27" V 603* 



log tan 4= 1-6634464 

=logtan24°44'13"; 
.-. ^ = 49° 28' 26". 



log 128 = 2-1072100 
log 603 = 27803173 

2 )1-3268927 

1-6634464 



3 cos5- /i(iZ^_ / 15x5 
'^' ''°®2-V c« ~V2x2x4x 

logcos-=log5-2log2 

= 1-9463950 

log cos 27° 53' = 1'9464040 

diff. 



5 

6~4^2* 



90 



90 



log 5 =-6989700 
^ log 2 = -7526750 



prop^. ijicrease = ^^ x 60" = 8-07" ; 
od9 



/. f = 27° 53' 8-07", and B=66°46' W. 



1-9463950 
30 

^60^ 

223 ) 1800 ( 8-07 
1 784 
1600 



^— ^ 
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' ah "" V 5x6"" V 10* 



C 1 

log COS 2 =2 (log 6-1) 

= 1-8890767 

log cos 39° 14^= 1-8890644 

diff. 113 

113 
prop*, decrease = j^^ x 60" = 6-6"; 



.-.^=39° 13' 63-4", and 0=78° 27' 47". 



us 

60 
1032 ) 67800 ( 6-6 
6192 
6880 
6192 



. ^ G /(8^a)(8-h) /•76x2 /2:' 

5- *^^2=V s(s^c) =V T75- = VI0' 

log tan ^ = i {2 log 2 - 1} =i (i-6020600) 

=1-8010300 
log tan 32° 18' =1-8008365 



diff. 



1936 
1936 



prop^ increase =Q=3^ x 60" =41-5"; 



2 



=32° 18' 41-6", and (7= 64° 37' 23" 



1986 

60_ 

2796 ) 116100 ( 41*6 
11184 
4260 
2796 
14640 



_ . G /{8-a)(8-b) fS^ /T 

«• *^°2=V4(/h) =Vl5ir8=ViO 

logtan^=-i=I-500000 

logtan 17° 33' =1-500042 
diff. ■ 



42 



42 



prop^ decrease = Joq x 60" = 6 -7" ; 



42 
60 
430 ) 2620^ 6-7 
2195 



- = 17° 32' 54-3", and C = 35°6'49". 
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7. Iieta=4, 6 = 10, c = ll. 

C /iV^) /26 3 1 /rs /) 



30 

28 • 



C 1 
log COS -g = ^ (log 3 + 1 - 6 log 2 ) 

= 1-8364707 

log cos 46° 47'=r8366378 

diff. 671 

fi71 
prop*, xjicrease = =^jg x 60" = 30". 



l + log3 = 1-4771213 
61og2 = 1-8061800 

2 ) 1-6709413 

1-8354707 



P= 46° 47' 30", and 0=93° 85'. 



8. tan|=^/^^)4^) = 

log tan ^ = - log 2 =1-6989700 

log tan 26° 33'= I-6986847 

diff. 2853 

2853 
prop*, increase = 



W^l 1 



21 X 8 "" 2 • 



3159 



of 60" = 54-2". 



.-. :^=26°33'54-2", and B=53°7'48". 



2853 

60^ 

3160)171180(64-2 

16795 

132S0 

12686 

5040 



Again tang=^A-^)(^-:^)=,/ 

(J 
log tan -s- = 2 log 2 - log 7 

= 1-7569620 
log tan 29° 44' = r-7567587 



6x8 _4 
21x7'"7* 



diff. 



2033 



prop*, increase = ^^^ x 60" =41-5. 

/. ~ = 29° 44' 41-5", and (7=69°29'23" 
.'. J:=67°22'49". 



2 log 2 = -6020600 
log 7 = -84509 80 

1-7569620 



2033 
^ 

2933 ) 121980 ( 41*5 
11782 
4660 
2933 
17270 
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„ ^ h /(t-a){s-~c) /3 6 2 / 



S 1 
log tan - = - (log 5 - log 3) 

= •1109244 

log tan 52° 14' = -1108 395 

diff. 849 

849 * 
prop^ increase =2qk x 10" = 19*5"; 



log 5 = -6989700 

log3 = -4771213 

2 I -2218487 

•1109244 



435 

. B 
• 2 



= 52° 14' 19-5", and B = 104° 28' 39". 



,0 /{8-b){8-a) /I 3 2 2 1 

Again tan « = ^ / -^ / > = a. / kX 7,x k ^ e= ' i- • 

^ 2 V «(«-c) V 2 2 9 6 J3x6 



log tan 2= "2 (log 3 + log 5) 
= 1-4119544 
logtanl4°28'=I-4116146 



diff. 



8398 



3398 
prop', increase = -^=r- x 10" = 39 ' ; 

.-. ^=14° 28' 39", and C= 28° 57' 18". 
.-. ^=46° 34' 3". 

EXAMPLES. XVI. c. Page 173. 



. A-B a-h ,G 1 ^_^- 2 ... 
tan— jr— = —-, cot o = ^<^°* 30° =T7:>/3- 
2 a + 6 2 5 10^ 



logtan -^ =log2 + -log3-l 

= 1-5395907 
log tan 19° 6' = 1-5394287 



diif. 



1620 



log 2 =-3010300 

it log 3 =-2385607 

•5395907 



prop*, increase = .-_ . x 60" =24". 

4Uo4 
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/. —^ = 19° 6' 24", and ^±^ = 60° ; 



/. ^ = 79° 6' 24"; B=40°63'36". 



2. 



2 c + a 2 10 



C — A 
logtan -g— = 3log2-l+logcot32°30' 



= 0989027 

log tan 61° 28'= -0988763 

diff. 264 

264 
prop*, increase =kf5o ^ ^'= ^"» 



C-A 
2 

C+A 



= 51° 28' 6", 
=67° 33'; 



3 log 2= -9030900 

logcot32°30'= -1958127 

1-0989027 



.-. C= 108° 58' 6" ; il = 6° 1' 64". 



^ B'A b-a ,C 6 ,^ 
*^-2-=M:^^°*2=r2N/^- 

logtan— 2-=l-31og2-ilog3 

= 1-8683494 
log tan 36° 49' =1-8583357 



diff. 



137 



137 



prop*, increase =^gg2 ^ 10"= -5"; 



B-A 



= 36° 49' 0-5", 



^log3= '2386606 

Hog 2= -9030900 

1-1416606 



^.^ = 600, 
.-. B=95°49'l"; il = 24° 10' 59". 
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log tan ?-2- = 1-2912491 

log tan 11° 3^=1- 290671 3 
diff. 6778 

/I77R 

prop', increase =^=YY x 60" =52"; 



3 log 2 -2=5-9030900 
logcot 22° 15^= -8881591 

1-2912491 



.-. ^=11°3'52-, and ^=67° 45'; 
.-. J5 = 78°48'52"; (7= 56° 41' 8". 

. G-A c-a ,B 10 ^--o„-/--„ 
tan —~ = — - cot ^ = 5H cot 17° 21' 15". 
2 c + a 2 32 

log tan ^^ = 1 + log cot 17° 21' 15" - 5 log 2 

= 1-5051500 -1-5051500 
=0. 

.-. ~ = 45°, and ^ = 72° 38' 45" ; 

.-. 0=117° 38' 45"; ^ = 27° 38' 45". 



6. tan-i^ = ^JlJ cot ^ = ^ cot 30° 15'. 
2 a-\-o 2 4 



log tan — ^ — = - 2 log 2 + log cot 30° 15' 

=i-63214 
log tan 23° 13' =1-63240 



diff. 



26 



26 



log cot 30° 15'= -23420 

2 log 2= -60206 

1*63214 



prop', decrease = — x 60" = 45" ; 
o5 

^^=23° 12' 15", and ^^^=59° 45'; 



.-. A = 82° 67' 15" ; B = 36° 32' 45". 
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7. 



. A-C a-c R 71 



log tan -g— = 1-3556602 

log tan 12^ 46^= 1 -3552 267 
diff. 4335 

prop*. increase=-, -x60"=44": 
5859 



log 71 = 1-8512583 

B 
log cot g= -2700705 

2-1213288 

log 583 = 2-7656686 

1*3556602 



^^^ = 12° 46' 44", and ^ = 61^46'; 
.-. ^ = 74°32'44"; 0=48° 59^ 16". 



8. 



. B-C h-c A 3 
*^°-2-=5+-^^°*2=r^*32°30'. 

log tan ^^ = i-9739640 

log tan 43° 18' = 1-9742133 

diff. 2493 

2493 
prop». decrease =^^xQO" =59"; 

. ^^ = 43°17'r, and^±^ = 57°30'; 
/. B = 100°47'r; 0=14° 12' 59". 



log 3= 
log5r 



•4771213 
•6989700 



1-7781513 

log cot 32° 30' = -1958127 

r-9739640 



9. Here 



°^*-^=^&*^^2=2**^2- 

A— B 
,\ log cot -g— = log 2 + log tan 15° 5' 2-5" 



=1-7316236 

log cot 61° 4r = 1-73144 36 
diff. I800 

prop*, decrease = -—- x 10"=35-r'; 
A-B 



log 2= 

log tan 15° 5'= 

2-5 
^x838 = 



•3010300 

1-4305727 

209 
1-7316236 



2^=61° 40' 24-3", and ^=74° 54' 51-5"; 
/. ^ = 136° 35' 21-8"; £ = 13° 14' 33 -a". 
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EXAMPLES. XVI. d. Page 174. 

Here A = 180° - 114° 46' = 66° 15'. 

asinC 100 sin 64° SC 



Bin A 



sin 65° 16' 



log c = 1-9526317 

= log 89-646162; 
.-. c=89-646162. 



log sin 54° 30' =1-9106860 
log 100 =2 

1-9106860 
log sin 65° 15' = 1-9581543 

1-9525317 



CBinA 270 sin 55° ^„^ . ^^„ 2 
^=-^-^=- 0^0 =270 sin 55° x-^^. 



sinO 



sin 60° 



.-. loga=l + 3log3 + logsin65°-5log3 + log2 



= 2-4071977 

log 265-38 = 2-4071869 

diff. 108 

108 
.-. prop^ increase = -^ X -01= -0064; 

.-. a = 266-3864. 



log 270=2-4313639 

log sin 55 =1-9133645 

log 2= -3010300 

2-6457584 

•2385607 



I log 3= 



2-4071977 



3. 



fcsinC _ 100 si n 62° 5' 
" sinB 



log c= 1-96749 

=log 92-788; 
.-. c=92-788. 



sin 72° 14' ' 

log sin 62° 6'= 1-94627 
log 100 =2 

1-94627 
logsin72° 14^= 1-97878 

1-96749 



4. Here ^ = 180° -148° 40'= 31° 20'. 

asinJB 102 sin 70° 30' 



b = - 



sin^ 



sin 31° 20' 



log 6=2-267 
= log 185; 

/. 6=185. 



log 102 = 2-009 

log sin 70° 30'= 1-974 

1-983 
log sin 31° 20'= 1-716 

2-267 
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A gftin c= 



asinC 



log c= 2-283 

= log 192; 
/. c=192. 



log 102 = 2-009 

log sin 78° 10^= 1-990 

1-999 
log sin 31° 2^= 1-716 

2-283 



5. Here 



a8inC _ 123 

" BinA "" J2 sin 16° 43' * 



log c= 2-6066124 

log 321-10= 2-6066403 

diff. 279 

279 
prop*, decrease = ^^ x -01 = -02066. 

Thus c= 321-0793. 



5 log 2= -1606150 



log sin 15° 4^= 1-4327777 
1-6832927 

log 123 =2-0899051 

2-6066124 



^ 6 sinJ: ^ 1006-62 sin 44° 
**"" sinB ~ Bin66° 
log 1006-62 = 3-0028656 
logBin44° = 1-8417713 
2-8446369 
log sin 66° = 1-9607302 
log a =2-8839067 

.-. a =765-4321. 



& sin C _ 1006-62 sin 70° 
^"" sinB "" sin 66° 
log 1006-62 =30028656 
log sin 70° = 1-9729858 
2-9758614 
log sin 66° = 1-9607302 
logc =3-0161212 

.-. (J = 1035-43. 



7. Here A = supplement of 75° 45' ; 

. 1662 sin 26° 30^ 

*'• sin 76° 46' * 

log& =2-8852436 

log 767-80= 2-8852481 

diff. 



diff. 45 

45 
prop^ decrease = — x -01 = -008 ; 



Again c = 



1652 sin 47° 15' 



sin 73° 45' ' 
logc =3-1016030 

log 1263-6=3-1016096 
diff. 66 

prop*, decrease = ^-7-7 x -1 = -019 : 
344 



log 1652 =3-2180100 

log sin 26° 30' = 1-6495274 

2-8675374 
log sin 73° 45' = 1-9822938 

2-8852436 



6=767-792. 



log 1652 =3-2180100 

log sin 47° 15'= l-8658868 

3-08389G8 
log sin 73° 45' = 1-9822938 

3-1016030 



.-. c=1263-68. 
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EXAMPLES. XVI. e. Page. 176. 



. . aBinB 145 . .-o-^, 



log sin ^ = 1-7293399, 
.-. ^ = 32° 25' 35". 



log 145=2-1613680 

log Bin 41° ly = 1-8183919 

1-9797699 

log 178= 2-2504200 

1-7293399 



2. 



h 127 

sin 5= - sin ^ = —i Bin 26° 26'. 
a 8o 



log sin B= 1-8228972, 
.-. -8=41° 41' 28"; 
and since a is < &, there is another 
value of Bf namely, 

B= 138° 18' 32". 



log 127 = 2-1038037 

log sin 26° 26' = 1-6485124 

1-7523161 

log 85= 1-9294189 

1-8228972 



3. 



and 



smB=- sin C = •= sin 45° = :rzr .-tjt , 
c 5 10 ^2 



log sin5=3 log 2 - 1 - 5 log 2. 



log sin -8=1-7525750. 
.-. .B=34°26' 
^=100° 34'. 



3 log 2= -9030900 

1+1 log 2= 1-1505150 
1-7525760 



sin -B = - sin .4 = i^ sin 40°. 
a 1405 



log sin 5 = 1-8923702 

log sin 51° 18' = i-8923342 
diff. 360 

prop*, increase =^7^^ x 60"= 21". 



log 1706=3-2319790 

logsin40°= i-808067 5 

3-0400465 

log 1405 = 3-1476763 



1-8923702 

.-. 5=51° 18' 21"; but since a < &, there is another value of JB, namely, 
128° 41' 39". 
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5. 



BmC=^sin-B = -^sinll2°4'=^5Cos22°4'. 



.-. log sin 0=1-8043030 

log sin 39° 36' =1- 8042757 
diff. 273 

273 
prop*, increase =y™ x 60"= 11"; 



log 394 = 2-5954962 

log sin 112° 4'= i-'9669614 

2-5624676 

log 573 = 2- 7681546 

1^8043030 



/. 0= 39° 35' 11" ; and ^ = 28° 20' 49". 



6. 



sin 0=^ sin B = i^ sin 37° 36' = 4 sin 37° 36'. 
o'4 '7 



log sin C= 1-9403352 

log sin 60° 39'= i-9403381 

diff. 



29 



29 



log sin 37° 36' = 1-7854332 

log -7= 1-8450980 

1-9403352 



prop*, decrease = — x 60" = 2 -4'. 

/. C= 60° 38' 58"; but since 6<c, there is another value of C, namely, 
119° 21' 2". Thus A = 81° 45' 2", or 23° 2' 58". 

rm /-v TT . ^ csin^ 250 1 , 
7. (1) Here Bin C=-^- = j^gX 2=1. 

.-. C=90°, and there is no ambiguity. 

3inC 
of C satisfying the data, 

(iii) Here sin C = ^r^ x o = Tc J ^"* since a>'C there is only one 
JUU J lo 
solution. 

From (ii) we have log sin C = log 5 - log 8 = 1-79588. 

.-. 0=38° 41', or 141° 19'; and A = 111° 19', or 8° 41'. 

Now in the obtuse-angled triangle we have 

^ a sin 5 200 sin 8° 41' 



250 1 5 
(ii) Here sin C=-;rjrpr x jr = - , and since a<.c there will be two values 



sin^ 
log 6 = 1-7809601 
log 60-389= 1-7809578 
diff. 23 


sin 


30° 


log 200 = 2-3010300 

log sin 8° 41'= 1-1789001 

1-4799301 


23 
prop*, increase = =;. x -001 = -0003. 
74 






log sin 30°= 1-6989700 
1-7809601 


.'. 6 = 60-3893. 
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EXAMPLES. XVI. f. Page 180. 
B /(8 -c)(s-a) _ 7374 _ /I. 

1. t^^2 = v "«(«-&) ~v 1275-V6' 

.-. Iogtan|=-^log5=-^(l-log2) 

=1-6505150 

log tan 24° ^ = 1-650280 9 
diff. 2341 

prop^ increase = ^^ x 60" = 41-4" ; 
.-. - = 24° 5' 41-4'', and B = 48° 11' 23". 

, C_ /{s -a){s-b) _ fJT5_ l\ 
**^2 " V ' M«-c) "" V 12.3" V 3*' 

.-. logtan^ = i(l-log2-21og3) 

= 1-8723637 

log tan 36° 41' = 1-8721123 

diff. 2514 

propJ. increase==^* x 60" = 57-2" ; 



/. ^ = 36° 4r 57-2", and C7=73°23'54"; 

.-. ^ = 58° 24' 43". 

.A 6 + c^ B-Q 
2. oot^ = ^— tan-^ 

512, ,„o 256, „o 
= jg2tanl2°=^tanl2°. 

.-. log cot "^ = 8 log 2 - 4 log 3 + log tan 12° 

= 1-8272293 = log cot 56° 6' 27" ; 

.-. ^ = 56° 6' 27", and A = 112° 12' 54". 
2 

/. J3 + C=67°47'6", and -8-0-24°; 

.-. 5 = 45° 53' 33", and 0=21° 63' 33". 
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95 



2 

3. sin ^ =^= , if ^ is the less of the two acute angles. 

log sin ^ =log 2 - log 7 
= 1-456932 
log sin 14° 11' = 1-455921 



diff. 



11 



11 



prop*, increase =-j^ x 60"= 6". 

.-. ^ = 14° 11' 6"; 

.-. ^=90°-14°ll'6"=75«48'54". 



4. Here a = 2183, A = 30° 22^, 5 = 78° 14', C = 71° 24'. 
g sin B _ 2 183 sin 78° 14' 
sin^ "" sin30°22' * 

log &= 3-6260817 
log 4227-4 =3-6260733 



diff. 



84 



84 



prop*, increase = r^r^ x -1 = -0815 ; 
lOo 

.-. 6=4227-4815. 



log 2183 =3-3390637 
log sin B = 1-9907766 

3-3298303 
log sin ^ = 1-7037486 

3-6260817 



. . B-G b-c ^A 1 ^--o-^ 

5. tan-- =— ^cot^ = -cotll°10'. 

.% log tan '^— = log cot 11° 10' -2 log 3 

= -70465 - -95424 = 1-75041. 
.-. ^5^ = 29° 22' 26", and 5i^ = 78°50'; 

.-. B= 108° 12' 26"; C=49°27'34". 

-, • c sin A 

Now a=— .— — ; 

smC 

.-. log a = log 2 + log sin 22° 20' - log sin 49° 27' 34" 

= -30103 + 1-57977 - 1-88079 

= •00001; 

.'. a=l, approximately. 
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6. tan ^^ = ^ cot ~ = -66234 cot 29° 21' 3". 

"• 2 a + 6 2 

Now log cot 29° 21' = -250015 

log cot 29° 22" =-249715 

diff. for 60" 300 

.-. prop* . decrease for 3" = ^ x 300 = 15 ; 
/. log cot 29° 21' 3"= -260000. 
.-. logtan^^ = l-75 + -25=0. 

.-. tan — jr — =1, so that — jr— =45°. 
Also 'ii? = 60° 38' 57" ; whence A = 105° SS' 57", B = 15° 38' 67". 



. „ hBmA 12 sin 30*' 
sinB=- 



a 9 ' 

.'. log sin B = 1-07918 + 1-69897 - -95424 = 1-82391 ; 
/. B=41° 48' 39" or 138° 11' 21", both values being admissible since a<b, 
.-. 0= 108° 11' 21" or 11° 48' 39". 



_ b sin Ci _ 12 sin 108° 11' 21" 
^^*"^ "^"""ilE^^" sin 41° 48' 39" ' 

/. log c = 1-07918 + 1-97774 - 1-82391 = 1-S 
.-. c = 17-l. 

Similarly from c = —. — ^^ , we easily obtain c=3-68. 



^ G a-b A-B 1 . ._o 1 

tan - = =■ cot — jr— = jr cot 45° = H ; 

2 a+6 2 2 2* 

log tan ^ =log 1 - log 2= 1-6989700 

log tan 26° 33' = 1-698684 7 

diff. 2853 

1 . 2853 ^^„ ^, ,,„ 

:. prop^ mcrease = _ r^^ x 60" = 54-2" ; 
olo9 

.'. ? = 26° 33' 54-2", and C = 63° 7' 48". 
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Hence ^^ = 63° 26' 6", and ^^ = 45° ; 

.-. ^ = 108° 26' 6", B = 18°26'6". 

9. (1) Leta=1404, 6 = 960, ^ = 32° 15'; 

,, . ^ bsinA 80 

then sin B= = ^ _-= -^- ., .,, ; 

a 117 cosec 32° 15' ' 

. . log Bin B = 1 + 3 log 2 - (2 log 3 + log 13 + log cosec 32° 16') 

= 1-5621316, on reduction. 

.-. B = 21°-23'; .-. 0=126° 22'. 

(2) Let a = 1404, 6 = 960, B = 32° 15' ; 

then Bm^=Q^-^^^^^,-j^,; 

.*. log sin -4 = 2 log 3 + log 13 - (1 + 3 log 2 + log cosec 32° 15') 
= 1*8923236, on reduction. 
.-. A = 51° 18', or 128° 42' since the solution is ambiguous. 
.-. C=96°27', orl9°3'. 

1-^ 
1/^ TXT v * J5-C b-c ^A h ^A 

10. WehaYetan-^ = ^^cot2=— jcot- 

l-cosrf> ,A . „0 .A 

= — ^ cot ^ = tan* J cot ^ , 

1H-COS0 2 2 2' 

1, ^ c 10 

where co8 0=^ = r-r. 

Hence log cos = 1 - log 11 = 1-958607 ; 

.-. 0=24° 37' 12". 

JB — G (b A 

Again log tan — 5— = 2 log tan ^ + log cot -r 

= 2-677782 + -495800 
= 1-173582. 

.% ?^=8°28'56-5", and 5i^ = 72°17'30"; 
2 a 

.'. jB=80°46'26-6", C= 63° 48' 33-5". 

JETs K T. K, "^ 



98 
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11. 



sin B = - sin A 



1071 . ..o 
= -§73- sin 60°;. 



.'. log sin B = 3-029789 + 1-884254 - 2-941014 



= 1-973029 

log sin 70° =1- 972986 

diff. 43 



log sin 70° r= 1-973032 

log sin 70° =1-972986 

diff. for 1' 46 



43 



prop^ increase = 7« x 60" = 66" ; 
.-. B = 70° 0' 56", or 109° 59' 4", both values being admissible since a< 6. 
12. As in Art. 196 we easily obtain 



Now let 
then 

From (1), 

Whence 
From (2), 



— ^ cot7r=tau^ 

a+h 2 

Q 

c=(a + &) sin-jrsec^ 

tan 6> = J cot 18° 26' 6", 
o 

. log tan ^=-47712 --47712=0. 
tan^ = l, and ^=45°. 
c = 9V2sinl8°26'6"; 
logc=21og3 + |log2 + logsinl8°26'6" 
= •96424 + -15052 + 1-5 
= -60476. 
.-. c = 4-0249. 



.(1), 
.(2). 



13. Here sin- 



/ {s-a){8-c) 



and s-a=549, «-c=291; 



.-. log sin - = - (log 549 + log 291 - log 1000 - log 1268). 



log 549 = 2-7395723 

log 291 = 2-4638930 

5-2034653 

6-0996806 



log8m- = 

logsin20°52' = 
diff. 



2 ) 11037847 
1-5518924 
1-5516871 



2053 



.-. ^ = 20° 62' 37'', and jy=41°46' 14". 



log 1000=3 
log 1268= 3-0996806 
6-0996806 



Diff. for 60" = 3313; 
prop^ increase =55^ X 60"= 37". 
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14. tan^ 


_^/(s-h)(8-c) 
V s(8~a) ■ 


V 


326 
976 


xl99 
x451' 




log 326 
log 199 


= 2-5132176 

= 2-2988531 

4-8120707 

5-6436263 

2)1-1684444 








log 976=2-9894498 

log 451 =2-6541765 

5-6436263 


log tan - 

logtan2P0' 
diff. 


= 1-6842222 

= 1-5841774 
448 






prop' 


Diff. for 20" = 3775; 

. increafie=-=--x60"=7"; 



.-. |- = 21°0'7", and ^ = 42°0'14". 



Again tan^ = . /(iz^Hizf) = J¥^ 
K»m Kt* 2 Y ' 8{8-h) V 976x 



199 , 
x326' 



log 199 = 2-2988531 

log 451 = 2-6541765 

4-9530296 

5-5026674 



log tan "2 = 

log tan 27° 58' = 
diff. 



2 ) 1-4503622 
1-7251811 
1-7250646 



1165 



B 



log 976=2-9894498 

log 326= 2-5132176 

5-5026674 



Diff. for 60" =3 -049; 

1 ififi 
.'. prop', increase =g^ x 60"= 23"; 



=27° 58' 23", and 5 =55° 56' 46". 
.-. 0=82° 3'. 



-- . A /{8-b){8-c) Mxli /I 

15. 8m- = ^L-4A_^=^-^— *=^-; 



.-. logBm-=-2log2 

= 1-5484550, 
log sin 20° 42'= 1-5483585 
diff. 965 



Diff. forl'=3342; 

QftK 

.'. prop', increase =^gj^ x 60"= 17-3"; 



^ = 41° 24' 35" 



1— ^ \ 
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ifl Tx ' ry ^ 28-58 
16. HereBmC = ^^^^;32l- 



log 28-68 =1-4560622 
log 57-321 = 1-7683138 



1-6977484 

log sin 29° 54' = 1-6976545 

diff. 939 



DifE. for60"=2196; 
939 



prop', increase =jrT7r^ x 60" =26". 

«1<70 

/. 0=29° 64' 26"; whence ^ =60° 5' 34". 



17. Let G be the right angle, and A = 18° 37' 29" ; then 
a 284 



Bin A sin 18° 37' 29' 



log 284 =2-4633183 

log sin 18° 37' 29"= 1-5042917 

logc =2-9490266 

log 889-25 =2-9490239 

27 

5 26 

20 
4 20 

.-. c = 889-2554 feet. 



log sin 18°37'= 1-6041106 
29 



OC 



,x8748= 1812 



log sin 18° 37' 29"= 1-5042917 



,^ ^ B-G h^c ,A 1 ,. 
18. tan^- = ^^cot2=g.N/3; 

B — G 1 
, log tan — 2 — = 2 log 3 - 3 log 2 

= 1-3354706 
log tan 12° 12'= i-33487 11 
diff. 5995 

B-G 



Diff. for 60"= 6112; 
5995 
^6112^ 



^ = 12° 12' 59", and ?4^ = 60° ; 
.'. B=72° 12' 59", 0=47° 47' 1". 
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19. Let AC he the ladder, C the window, and B the foot of the wall; 
then from the right-angled triangle ABC^ 

"^^-^ " sin 72° 16'* 

log& = l-6270686-i-9788175 

= 1-6482410 

log 44-487 = 1-6482331 

79 

8 78 

.-. length of ladder =44-4878 feet. 

20. *^^-2- = ai:6^°*2=63-9l"^*'^^^- 
log 9-99= -9996656 

log cot 17° 30' = -601277 7 

1-6008432 Diff. for 60"=2892 ; 

log 63-91 = 1-7 316693 ^317 

1-7691739 *• P^^P'- ^^^^^=2892 ^ ^^"=^^"'^ 

log tan 30° 26'= 1-7 689922 
diff. 1817 

.'. -—- = 30° 26' 38", and ^^ = 72° 30' ; 
.'. A = 102° 66' 38", B = 42° 3' 22". 

log cot 23° 37'= -3592844 

Subtract ^xSUl 1721 

•3591123 

log 11-29 = 10626939 

1.4118062 ^^' ^^' 60"=2743; 

log 38-95 = 1-5905075 ^.^ ^ .^ increase = ?ii^ 



log tan —2-^=1-8212987 

log tan 33° 31' = 1-8210574 
diff. 2413 



prop^ increase = _^ x 60" = 53". 



^-^ = 33° 31' 53", and ^" = G0° 22' 30" 
.-. B = 99° 54' 23", C = 32° 50' 37" . 
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Again 



bsinA 2512 sin 47° 15' 25-12 sin 47° 15' 



" sin B "" sin 99° 54' 23" 

log sin 47° 16' = 1-8658868 

log 25-12 = 1-4000196 

1-2659064 

i-9934760 

log a = 1-2724304 

log 18-725 = 1-2724218 

86 

4 93 



cos 9° 64' 23" 



log cos 9° 64' = 1-9934844 

Subtract ^ X 220 = 84 

1-9934760 



a = 18-7264. 



22. 



sin- 



log 1361-1 = 

2 
log 1024-4 

8 



/ {8-a){8-c) I 



/^ (g-a)(8--c) 

a^ 

3-1338900 

64 

3-0104696 

339 

6-1443999 
6-6013840 



log sin 



B 



log sin 36° 13' = 
diff. 



2 ) 1-5430159 

1-7715079 

1-7714702 
377 



1 361-12 X 1024-48 
1837-2 X 2173-84 * 

log 1837-2 =3-2641664 
log 2173-8 =3-3372196 

4 80 

6-6013840 



Diff. for 60" =1724; 

377 
prop', increase = ^ x 60" = 13" 



= 36° 13' 13", and B = 72° 26' \ 



23. 



A_ / (.-&) (.-c) _ /^ 



4405 X 14-9114 



log 6-4405 = 


-8089196 


log 14-911 = 


1-1735068 


4 


116 



log tan- = 
logtanl3°44' = 



1-9824380 

3-2052113 

2 ) 2-7772267 

1-3886134 

1-3880837 
6297 



1248 X 30-7728 

log 62-124 =1-7170377 

8 66 

log 30-772 =1-4881567 

8 113 

3-2062113 



Diff. for 60" = 5475; 

6297 
prop'. increase = ^-r=px60"=68" 
o47o 



- = 13° 44' 58", and A = 27° 29' 56" 
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^ B /U-9114 X 30-7 

Again ^^^2=V 52'1248x 6-4 



1-7728 
;-4405' 



logU-91U = 1-1736184 

log 30-7728 = 1-488167 

2-6616864 

2-5259639 



logtaiig = 

log tan 49° 27' = 
diff. 



2 ) -13572 15 
-0678608 
•0677338 



1270 



log 62-1248 = 1-7170443 

log 6-4405= -8089196 

2-5269639 



Diff. for 60" = 2558; 

, . 1270 ^^„ ^^„ 

prop*, increase = ^r-^ x 60 ' = 30 
2doo 



.-. |=49°27'30", and5=98°55'. 
/. 0=53° 35' 4". 



f,A ^ G-B c-h ,A 202-949 ^-.oofi/orr// 

24. *^^-2- = c-T5°^*2 =1X97^697°"*'' '^'^ • 



log cot 61° 36' =1-8990487 

27 

Subtract — x 2595 = 1168 

oO — 

1-8989319 

log 202-94 =2-3073677 

9 193 

2-2063189 

31763949 

log tan ^^~? =10309240 

log tan 6° 7' = 10300464 
diff. 8776 



log 1497-5 =3-1753668 
9 261 

7 203 

'31753949 



Diff. for 60" =11909 ; /. prop*, increase = ^^ x 60" = 44" ; 



, —2? = C° T 44", and —^-^ = 38° 23' 33" ; 



.-. 0=44° 31' 17", ^ = 32° 15' 49" 
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To find a, we have a- 



6 sin ^ _ 647-324 sin 103° 12^ 5^" 
' BinB 



Bin 32° 16' 49" 



Now 



log sin 103° 12' 54"= log sin 76° 47' 6". 



log sin 76° 47' = 1-9883415 



6-0^^^^ = 



30 



1-9883445 
log 647-32 =2-8111190 

4 27 

2-7994662 
i-7273911 

log a =3-0720751 

log 1180-5 = 3-0720660 

91 
2 73 

180 

5 185 



log sin 32° 15' = 1-7272276 

^ X 2002 1635 

1-7273911 



/. a = 1180-525. 



25. 



6sin^ 23-2783 sin 37° 67' 



sinB 


sin 43° 13' 


log 23-278 


= 1-3669457 


3 


56 


log sin 37° 57' 


= 1-7888666 




1-1658078 


log sin 43° 13' 


= 1-8366378 


log a 


= 1-3202700 


log 20-905 


= 1-3202502 




198 


9 


187 


.-. a = 


20-9059. 
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b sin C 23-2783 sin 81° 10' 



106 



Again 



BinB 



sin 43° 13' 



log c = 1-3669503 + 1-9948181 - 1-8366378 
= 1-5262316 
log 33-591 = 1-5262229 

87 
7 90 

.-. c = 33-5917. 



26. 



c sin B 2484-3 sin 72° 43' 25" 



sine sin 47° 12' 17" * 


log sin 72° 43' = 1-9799339 


log sin 47° 12' = 1-8655362 


|x393= 164 
log 2484-3 =3-3952040 


^xllC9= _J^31 
1-8655693 


3-3751543 




1-8656693 




log 6 =3-6095850 




log 3232-8 =3-5096788 




62 




4 54 




6 8 


.-. 6 = 3232-846. 


^.j^ _c sin ^ 2484-3 sin 60° 4' 18" 
" sine sin 47° 12' 17" ' 


log sin 60° 4' = 1-9378220 


gx727= 218 


log 2484-3 =3-3952040 


3-333U:t78 


log sin 47° 12' 17" = 1-8655693 


3-4C74785 


log 2934-1 =3-4674749 


30 


2 30 
4 6 


.-. a = 2934-124. 
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„_ . C-B c-b ,A 4367 ..-o^tr/ 
27. tan-^ = — cot- = ^^cotl5°45'. 

log tan-^^=3-6401832 + -5497060 - 3-6690378 



= -5208514 

log tan 73° 13'= -520568 1 

diff. 2833 



Diff. for60"=4668; 

2833 
.*. prop', increase = T^^ X 60" =37" 



^^=73° 13' 37", and £±:? = 74° 15'; 
.*. C=Ur 28' 37", B = l° 1' 23". 



Again 



c sin ^ _ 4517 sin 31° 30 ' 
^sinC " sin 32° 31' 23" ' 



log 4517 

log sin 31° 30' 



= 3-6648501 
= 1-7180851 



3-3729352 
log sin 32° 31' 23" =1-7 304907 
log a =3-6424445 

log 4389-8 =3-6424447 



log sin 32° 31' =1-7304148 

g^xl981= 759 

log sin 32° 31' 23" =1-7304907 



.-. a =4389-8 nearly. 



28. sin ^ = 



a sin C 324-68 sin 35° 17' 12" 



421-73 



log sin 35° 17'= 1-7616424 
12 



60 



xl784= 



357 



log 324-68 = 2-5114555 

2 •2731336 

log 421-73 = 2 6250345 

log sin ^ =1-6480991 

log sin 26° 24' = 1-6480038 

diff. 953 



Diff. for 60"=2544; 

953 
.-. prop', increase =ir^i-jx 60" =23"; 
2544 



.^ = 2 



' 24' 23", and .-. £ = 118° 18' 25" 
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c sin B 421 -73 sin 61° 41' 35" 



Again b=- 



BinC sin36°17'12" 



log sin 61° 41' = 1 -9446501 

^ X 680= 397 

log 421-73 = 2-6250345 

2-5697243 

log sin 35° 17' 12^= 1-761678 1 

2-8080462 

log 642-75 = 2-808042 1 

41 

6 41 

/. 6=642-756. 



. ^ csin^ 435-6 sin 36° 18' 27" 
29. BxnC=-^ = — 3^iT7 . 



log sin 36° 18' =1-7723314 

27 

=^xl719= 774 

log 435 -6 = 2-6390879 

2-4114967 

log 321-7 =2-5074511 

logsinO =f55i5ii6 Diff.for60"=943; 

log sin 53° 17' = 19039587 .-. prop». increase =^.x 60" = 55" ; 

diff. 869 ^^'^ 

.-. 0=53° 17' 55", or 126° 42' 6", both values being admissible since a<c. 



. ^ cBinB 1665 . ^^^ ,„, 
30. smO=— ^ = --5sm52°19'. 

log sin 0=3-2214142 + 1-8983968 - 3-1222159 
= 1-9975951 
logsin83° 58'= 1- 997587 7 I>iff. for 60"=134; 

.-. prop', increase = L—x 60" =33". 
.-. 0=83° 58' 33", or 96° 1' 27", both values being admissible since b < i 



108 SOUJTION OF TRIANGLES WITH LOGARITHMS. [CHAP» 

Now, with diagram of page 132, we have L BAC^^^V 39' 33". 
6 sin A 1325 sin 31° 39' 33" 



Bin£ 



Bin 52° 19' 



log Bin 31° 39' = 1-7199350 
33 

log 1326 



;x2049= 1127 

= 3 1222159 



2-8422636 

log sin 52° 19' = 1-8983968 

log a =2-9438668 

log 878-75 = 2-9438653 

15 

n 15 



.-. a = 878-753. 



31. Herei4 = 64°: 



P , g sin ^ _ 3795 sin 73° 15' 15" 
* sin^ "" sin 64° 26' 15" 



log sin 73° 15' =1-9811711 

^x380= 95 

00 

log 3795 = 3-5792118 

3-5603924 

log sin 64° 26' 15" = 1-9552620 

log 6 



log 4028-3 

8 

Again 



= 3-6051304 
= 3-6051218 

86 
86 



log sin 64° 26' = 1-9552469 
1-9552620 



.-. 6=4028-38. 

a8inC _ 3795 sin 42° 18' 30" 
sin^ ~ sin 64° 26' 15" * 

log 3795 =3-5792118 

log sin 42° 18' = 1-8280231 

694 



|xl388 



log sin A 

logc 

log 2831-6 



3-4073043 

= 1-9552620 

= 3-4520423 

= 3-4520319 

104 

107 



c = 2831-67. 
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32. sin B = - sin C = ^ sin 43° 12' 12". 

log 17 =1-2304489 

log sin 43° l:i'= 1-8854033 

^xl345= 269 
bO 

1-0658791 
log 12 = 1-0791812 

log sin B = 1-9866979 Diff . for 60" = 317 ; 

log sin 75° 53' =1-9866827 , . 152 ^^„ „^„ 

diff. 152 •'• ^^''^' mcrease=gj^x60' = 29". 

.-. B=75° 53' 29", or 104° 6' 31", both values being admissible since c<b. 
.-. ^=60° 54' 19", or 32° 41' 17". 

33. Let 6=2-7402, c = -7401, ^ = 69° 27' 5". 

log cot 29° 43' = -2435347 

^ X 2934= 1589 
60 

log 2-0001 = -3010517 

-5444275 

log 3-4803 = -5416167 

log tan ^= -0028108 ^^ ^^^ ^^,^^527; 

log tan 45° ir= -0027793 , . 315 ^^„ „ ^„ 

diff. 316 •'• P^°P • ^^^^^^^=2627 ^ ^^ = ^'^ • 

.-. ^^=45° 11' 7-6", and ^±^=60° 16' 27-6"; 
2 ^ 

/. B = 105°27'35", C=15°5'20". 

csin^ -7401 sin 59° 27' 5" 

^«*'^ ''^WC'^ sin 15° 6' 20" * 



log sin 69° 27' = 1-9350969 

^x746= 62 

log -7401 = 1-8692904 

1-8043935 

1-4155029 

log a = -3888906 

log 2-4484 = -3888824 



log sin 16° 6' =1-4153468 

|gx4684= 1561 

1-4155029 



82 

89 ... a=2-44845. 



110 SOLUTION OF TRIANGLES WITH LOGARITHMS. [CHAP. 

Let h = the altitude ; then h^b sin C; 

.'. log ;i=log 2-7402 + log Bin 16° 6' 20" 

= •4379823 + 1-4155029 

= 1-8532852 

log -71332 = 1-8532844 

8 

1 6 

.-. altitude = -713321. 

34. Let b = 106-25, c = 76-75, B - C = 17° 48" ; 

then cot -^r = - — tan — jr— = — -= tan 8° 64'. 

2 6-c 2 28-5 

log cot "2 = log 182 + log tan 8° 54' - log 28-5 

=2-2600714+1-1947802 - 1-4548449 
= -0000067 = log cot 45° nearly. 
.-. ^ = 90° nearly. 

oc /IN • ry cBinA 36-5 Bin 43° 15' 

35. (1) BmC=-^-= ; 

log Bin C7= 1-5622929 + 1-8358066 - 1-3010300 
= -0970695, 
which is impossible, since sin C must be < 1. 

,^. . ^ 36-6 sin 43° 15' 
(2) smC = 3^ ; 

log sin 43° 15' =1-8358066 
log 36-5 = 1-5622929 

• 1-3980995 
log 30 =1-4771213 

log sin C =1-9209782 

Thus C is not a right angle, and since a<c the solution is ambiguous. 

36-5 sin 43° 15' 



(3) smC=- 



46 



log sm C = 1-3980995 - 1-6632125 

=1-7448870 Difif. for 60"= 1890 ; 

Iog8in33°45'=l-7447390 , . 148 ^^, ,^„ 

diff. 1480 •• • P'^P • mcrease= jQ^ X 60"=47". 

.-. C=33°46'47"; /. B=102° 69' 13". 
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6 = - 



sin^ Bin 43° 15' ' 

log cos 12° 59'= 1-9887631 

13 ' 
iSu6trac«^,x292= 63 

oU 



1-9887468 
= 1-6532125 



log 45 

1-6419593 
log sin 43° 15' = 1-8358066 

1-8061527 
log 63-996 =1-8061528 

Thus 6=63-996. 



36. J^or the first part of the Example, see Art. 197. 
tan^ 



^2Vl7-32xl3-47^.^,3„3e,3^,^ 
o'oo 



log sin 23° 36' = 1-6024388 
30 



60 



x2890= 



1445 



log 2 



log 3*85 
log tan e 



= -3010300 
1-1839578 
1-087"5711 

= -5854607 



= -6021104 
log tan 72° 31'= -6017184 
3920 
/. ^=72° 31' 53". 



log 17-32 = 1-2385479 

log 13-47 =1-1293676 

2 ) 2-3679155 

1-1839578 



Diff. for60"=4410; 

392 
prop^ increase =22T ^ 60"= 53" 



Again c=(a- 6) sec ^; 



log 3-85 = -5854607 

log sec 72° 31'= -5222591 



|x4013= 



3545 



1-1080743 

log 12-825 = 1 -10805 74 

169 

5 170 

,-. C= 12-8265. 
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37. See Art. 196. 

tan<^ = f^-i-tan22°36'; 

log 44-1 =1-6444386 

log tan 22° 36' = 1-61936 45 

1-2638031 

log 10-5 = 1-0211893 

log tan = -2426138 Diff. for 60" =2930 ; 

log tan 60° 13'= -2423617 , . 2521 ^-„ ^„„ 

diff. —25X1 • • P'^^P • ^^^^^^^"=2930 ^ ^^ = ^' • 

.-. = 60° 13' 62". 
Again c = {a-h) cos -^ sec <^ ; 



log 10-6 

log cos 22° 36' 


= 10211893 
= 1-9663006 


log sec 60° 13' 


= -3038870 


|.2208 


1914 


logc 


= 1-2905683 


log 19-523 
9 


= 1-2905466 

217 
200 


8 


170 

178 


.-. c= 19-52398. 



EXAMPLES. XVn. a. Page 186. 



1. See figure on page 184. 

Let PC represent the cliff, and A and B the two objects. Then 
PC=200ft.; ZP^C=30°, aPBC=45°, 

^^ ^BP sin APB BP sin 15° 



and BP = 



sinP^B sin 30° 

PC 200 



sin PBC sin 46 ' 

il5 
Bin46sin30~ 



am Aft Bin Hit ^^ ' 
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2. See figure on page 185. 

Let P represent the mountain top, and A^ B the two positions of the 
observer. 

Then jLPAC=15°, lPBC=lb°, ^5 = 1 mile. 

Let X be the height of mountain in feet ; 

XI «« . -,-« -. «« ^B sin 15° 

thenar=PBBm75°; and PB = — . - ^^^ ; 

sin 60° 



1760 . 3 . sin 15° sin 75° _ 88 . 3 . (cos 60° - cos 90°) 
sin 60° 

= 880^3 = 1524 ft. 



sin 60° sin 60" 

880.3 



- V3 

3, Let A^ BhQ the position of the two forts, P the first position of the 
ship, and Q its position after moving 4 miles towards A ; 

then Pg=4 miles, i:gPB=30°, iAQB=4.%°\ /. zgBP=18°. 

4. See figure on page 184. 

Let P<7 ^represent the tower and ^, B the two objects ; then 

P(7=:/», i:P^C=45°-^ ZPPC=45° + ^, lAPB = 2A', 

._ PBsin2^ , __ h 

:. AB= . o — jr, and PB=- 



"sm(45°-^)' sin(45°+^)' 

, 2hBm2A _ 2;i82n2^_ 

• '*^~2sin(45°-^)Bin(45°+^)~cos2^-cos90°~ '***'"^^- 

5, In the figure on page 184, take D in AB, so that CD = CP; then 

AD=a feet, DB=b feet, PC = a; feet, suppose. 
Since iCDP=^5°= iDPC, .. DC=PC=x. 

Also AG=x + a, BG=x-h, iBPC=A. 

Now from a PA C, tan A = -^ = ^-^^ , in a BPC. 
x + a X 



ah 
ar={x + a)(x-b); whence «=-—, . 



'B.K T.K. 
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6. Let P, Q be the two positions of the observer. 
Then from the figure, since 

Z^gP=90°, lQPA=46°; 

.'. Q^ = gP=lmile. 

And a's ABQ, PBQ are equal in all respects 

(Euc. I. 4); 

.-. jLABQ=jLPBQ=120°; 
' "sin 120° ""^3~a^ 



7. Let A be the base, and B the top of the tower, and let C be the 
point of observation 40 feet up the hill. 

Then .4 C= 40 ft., ZP^C=90°-9°=81°, aBCA = 54°; :. IABC=45''; 
^^^^^^- = 10V2(V6 + l)=45-76 feet. 




/. AB=- 



sin46° 



8. See figure on page 186. 

Let PA represent the tower, and PB the flagstaff. 

Then P5=c feet, lPGA = a, Z PC-B =/3, and we have 

^_ . ccos(a + fl)sina 

a;=CP sin o= —t-~ . 

smj9 

9. See figure on page 186. 

Let PP represent the flagstaff, and PA the wall, C the point of observation. 
Let lBCP=a, lPGA = e, CA=a, 
Thentano=-5, PP=:20ft., P-4 = 10ft. 

Now tan(^ + a)= — , tan^= — ; 

a a 

ox /» X //» X 2tan^ + l 
••• 3tan<»=tan(0 + a) = -2-j^^; 

/. 3tan*^-4tan^+l=0; whence tan ^=1 or ^. 



10. See figure on page 186. 

Let BP represent the statue, PA the tower, and C the point of observation. 

Let zPCA = a, lBCP=^, PP=a? feet. 
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ThenP.4=25ft., CA=&iit,; 

25 5 1 

••• **^«=6o^l2' *"^ tan/3=-12o=:g. 



/I 5 \ 



Now ar+25=60tan(o+/3) = 60| " | = 34f; 

.'. height of statue =9^ feet. 

11. See figure and example on page 187. 

Here we have 5C7=9 ft., BD=289ft., B-B=324ft.; 







324 289 
;. tan(a4-^) = — ; tana= — ; tan^= 

X X 


9 

=— . 

X 




But 




^ , ^. tano+tan^ 
**-(«+^) = l-tan«tan^' 
289 9 
324 X "^x 298 x^ 








" X 289 9 X •a:2_289x9 

X ' X 














.' 


. 324a;2 - 324 x 289 x 9 = 298a;2 ; 










.'. 26a:a = 324 x 289 x 9 = 18^ x 


:17«x32; 






. 182x51« ^^, /50 V 1 






thusa;= 


:180 ft. 


nearly. 







12. See figure on page 187. 

Let BD represent the column, DE the statue, BG the man standing by 

the column, A the point on the opposite bank of the river. 

ThenBC=6ft., 5D=192ft., B£=216ft. 

Let^-B=a;ft., lEAD=: lGAB = d, lDAB = a. 

216 192 6 

Then tan(a+^)= ; tana= ; tan^ = -; 

192 6 

216 X '^ X 198 x^ 



X ^ 6 192 X a:2- 6x192 
1 -- X — 

X X 

From this equation we obtain a: =48*^6; 

.*. breadth of river=48<^6= 117*6 feet nearly. 

13. We have at once from a figure, 

tana=-, tanj8=-, tau7=-. 



%— ^ 
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Now a + /3 + 7 = 180°; 

.'. tana + tan/3 + tan7=tanatan/3tan7; 
a b c abc 

•■■ ~ + ~ + " = ■:;j > 
that is, {a-\-b + c)x^=.ahc. 

14. See figure on page 188. 

Let P be the top of the hill, A and B the points of observation ; 
then /P^C=46°, zB^C=16°, iPDC=75°; 

.-. lBPA=75°-^5°=^0°= IPAB; 
.'. PA = 2^B cos 30° = 600 ^3 yards ; 
. . height of hiU=PC=P^ sin 45°=250^6 yards 
= 750^6 feet. 

15. We have l CBX = 30°, lBCA = lS5°; /. iBAC=lo°; 

,„ J5Csinl36° ,^^^ ^ 2 ,^ 

.-. ^5 = . ^ ,o = 1760 X 3 X -7;r -ft. 

sm 15° >/3 - 1 

= 1760x3(^3 + 1) feet; 
/. height of mountain = .i^ sin 60° = 880 x 3 (3 + ^3) = 12492 ft. 

16. Bee figure on page 188. 

Let A, B he the two points of observation and P the top of the hill; 
then in the figure lPAC=ay Z PDC = 7, ^ J5 = C f t. ; 

.-. i:^PB=7-a, lABP=rr-{y-p), 
and ^^^ABBinjy-fi) 

sin (7 - a) 
.*. height of hill=^Psina 

= e sin a sin (7 - j9) coseo (7 - a) feet. 

17. In the figure let P be the top of the 
mountain, and A^ B the two points of observa- 
tion. 

Then AE=:EB = 800 ft. ; 

I BAE = 15°, I BED = 30°. 
Also /PDa=76°, ZP^C=60°; 
.-. Z^PD= 16°. 
From A ABE we have 

AB = 2AE cos 15°= 1600 cos 15° ft. ; 
^B sin 120° 



and from aAPB, AP= ^^t^— 
sm 15° 

= 800 V3 cot 15° = 800 ^3 (2 + ^3) ft. ; 

-*. height of mountain = AP sin 60° 

=400x3(2 + ^3) = 4478ft. 

approximately. 
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EXAMPLES. XVn. b. Page 190. 



1. In the figure of page 186 let J5P=25 ft., P.4 = 15ft., CA=x feet. 
3C_25_6 
X ~15~3 
a;2 + 102 25 



^ BG 25 5 _ 

^^'^ X = l5 = 3 tEnc.vi.3]; 



• a;3 ~ 9 
thns the width of the road is 30 ft. 



; whence a; = 30; 



2. Let G be the position of the observer, B the top of the statue, A the 
foot of the column. 

Then if CB==x feet, we have 

X 1 

that is, ,- — = 5 ; whence x=asj2, 

\Jx'+lW 3' 

3. See figure on page 189. 

Let BL be the flagstaff, LA the tower, C the observer ; 
then BL = a, LA = b, DA = GE=d, EA = GD = h; 

also BG^=CE^+EB^=cP+{a + b-h)^, 

GA^= GE^ + EA^ = d^ + h^. 

BGBL {a + h-hf + d' ' a? 

^^^ GA'LA' '' h^ + d' '~h^' 

(a + hY-2h{a + h) _ a^-h^ ^ 
h^ + d^ ~ V^ ' 

a-{-h-2h a-h 
®' ~WVd^~ ~ ~W ' 

whence (a - 6) d«= (a + h) h^ - 2b^h -(a-b) h^. 

4. See fignre on page 190. 

From 0, the centre of the circle, draw OL, OM perpendicular to AB 
and DG respectively; then L, M bisect AB, DG. Let DG=2x feet. 

Then ^ /3 = s ^ ^^^ at centre = / GOM. 

Now GD=2x=2CM=203Ita.nfi 

= 2EL tan j8 = (a + 6) tan /3, 
since 2EL = EB + EA=a + b. 

5. With the same figure and notation as in the last Example, we have 
jED=.^J5=20ft., and /3=45°. 

.-. 2x = (EB + EA)ia.n46°=2EB + 20; 
.', x=EB + 10, 
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ED , EC=EB .EA = EB {EB + 20), 
.'. 20(20 + 2a;) = (a;-10)(x + 10); 
whence a; = 50. 

Thus the height of the oolomn is 100 ft. 

6. Take the figure on page 190, interohanging the letters A and B, Then 
wo have 

lBDA= lBGA = a-p\ I ABD= l AGE = 90° - a; 
.'. lDBG=fi- lABD = a + p-dO°. 
Now from aCBD, 

pjy_ J^D sinDB G _ BD sin (a + | 8 -90^ ) 
" ainBGE ~ sinBC^ ' 

AB BmBAD _ a sin BGE 
~~ "einBDA " sin (a-j9) * 

/. CD=asin(o+/3-90°)coseo(a-j9). 

7. See figure on page 191. 

Let GB be the pillar, BA the pedestal, E the point where the pillar sub- 
tends its maximum angle 30°. 

Then using the same construction as in Ex. iii. page 191, we have 
0=30°, £^ = 60 ft. 

Z ^jBJB = Z £C7-B = I Z i?DB = J (90° - 30°) = 30°. 

CB = 2GF=2DF i&n 30° = 2 x 60 x 4^=40 J3ft. 

8. Let 0, P be the two posi- 
tions of the observer ; let 

/iAPO = e. 

Then lABP, in alternate 
segment, =S, 

,, .„ ^PsinS 
Now AB= — -, — J- 
smd 

__ csin a sin j8 

~ sin $ sin (o + 0) 

_ 2cBinasin/3 

~ cos a - cos (a + 2^ * 

But, from aOPB, o + 2^ + /3=180°; 

* .*. AB = 2c sin o sin /3/(eos a + cos j9). , 

9. Let OA be the tower, AB the flagstaff, P, Q the points at which the 
lagstaff subtends equal angles, R the point at which it subtends the greatest 

possible angle ; then since aAPB= lAQB; 

/. B,AyP,Q are concyclic and OP.OQ=OA. OB, 



Now 
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Again since ARB is the greatest angle subtended at a point in OQ by the 
str. line AB; .\ a circle can be drawn to pass through A, B and touch OQ 
at R; 

/. OA,OB = OR^; 

.'. OP.OQ = OR^; 
that is OPf ORt OQ are in geometrical progression. 



10. Here -4B CD is acyclic quadrilateral; 
AB _ BD BD 

■ sin BAD 



DC 



Bin ADB Bin BAD Bm BCD sin GBD* 
.'. ABBmGBD=:CDBmADB, 



11. 



Since ABED is a cyclic quadrilateral, we have 
lADC= iEBC=y, and lBDC=:^, 
Also iBDA-y-p, and Z^CE = ir-(a+/3 + 7). 

P^_ BD Bin ^ _ ^BBin(a + /3)8in/3 
~sin (a+/3 + 7) ~ sin (7 -/3) sin (a + /3 + 7) * 

12. Here the points P, Q, R, 8, A are concyclic, and 

lRAS=:iPAQ, 
since AR^ AS are perpendicular to ^P, ^Q ; 

/. PQ=:RS= x/400+ 100 - 2 X 200 cos 30° 

= Ay500-26cr;73 = 12-4 ft. nearly. 

13. Let ^, P be the two beacons, P, Q the 
positions of the ship at the end of 3 min. and 
21min. respectively. Let lABP-a, APBQ=e. 
Then it is easily seen that 

ZO^P= 90° + a, 
lOAQ = 90° + a + e. 
Also from the a OBQ we have 

a+^+90° + a=135°, 

PO=x, OQ=clx\ 
AP 

=AB J2 . sin a cos a 



so that 
If 

hence 



.(1). 



Again 



= AB J2 sin (a + 6) cos (o + 6) 

= -^sin2(a + ^) = -^sin(90-2a)=-y2COs2a.. 




.(2). 
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Squaring and adding (1) and (2), we have 

1 



50x«=f; 



a; = ^ mile. 



.'. the ship sails a mile in 6 min., or at the rate of 10 miles an hour. 

Again if y miles be the distance from at which the beacons subtend the 
greatest angle, we have ^ 



y^=:OP.OQ=^; 



.-^f 



/7 fift 
And the ship will travel this distance in ^ x r^r , or 3 *y7 minutes. 

2 lU 



14. Let AB be the flag- 
staff, BG the tower, D and E 
the first and second positions 
of the observer respectively. 

Then since AB subtends 
the maximum angle at E, the 
circle round ABE touches DC 
at E, so that 
Z BEC= L EAB-Q, suppose. 

.-.2^ = 90°- a; 
also lEAD=a-\-d-^ 

AE sin a 
""sm(^ + a)' 



Now 




AE = 



AB — a sing sin /3 
~'sin(^ + a) cos(^ + j 
__ 2a sin a sin /3 
"" cos j9 + sin (a - jSJ * 



sin (90°-^-^) .oos(^+/3)* 
2a sin a sin p 
■sin(2^ + o + j8) + sin(a-/3) 



EXAMPLES. XVII. c. Page 196. 



1. Let A be the top of the hill and B its projection on the horizontal 
plane through P, Q, 

Let ^5= a; yards; 

then BP=BA=x, 

BQ=BA cot SO°=x^d; 
/. 3a;2=a;a + 5(K)2; 
.-. a; = 260v'2; 
at is, height of the hill =250^2 yards =1060-5 feet. 



OKA 

AQ = 250 cot 60°==^ feet, 
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2. Let P be the top, and Q the bottom of the spire ; 
then 

Bg=250cot30°=250v'3 feet; 
.-. AB^=BQ^^AQ^ =2503 ^3 - ^ ; 

3. Let P be the top and Q the bottom of the tower ; 

then ZP^Q=60°; /. Q4 = 360 cot 60°=?^ feet and QJ5=gP= 360 feet; 

.-. breadth of iiYer=AB=^'BQ^-QA^=SeO ^\ - ^ = 120^6 feet. 

4. See figure on page 194. 

Let CD be the steeple, then iGAD = ^^°; .'. CA = CD=x; 
and jLCBD=15°; /. CJ5=a;cotl6°=a; (2 + ^3); 

/. a:2(7 + 4^3)=«« + 4a2; 
,_ 2a2 _ a2(4-2V3) . 
••'*^~2V3 + 3 ^/3 

.-. height of steeple=~^^^^ = a(3i -3-i). 

5. Let AB be the lighthouse, and let CP, DQ represent the two positions 
of the observer, M, N the extremities of his shadow at each place. 



/i-'M 




Let AB=x feet, then x : BM=:PC : CM=6 : 24; 
/. BG=BM-CM=^-2i, 
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Also X : BN=QD : DN=& : 30; 

.-. BD = BN-DN=5x-dO; 
:. 25 (a; -6)2=3002+16(0; -6)2; 
.-. 9 (a; -6)2 =3002; 
whence a; = 106 or -94; 

.-. the light is 106 feet from the ground. 

6. Let A be the balloon, and C, £, D the points of observation at which 
the angles of elevation of the balloon are 60°, 30°, 46° respectively. 

Let X yards be the height of the balloon ; 

2x 
then AB=x cosec 30° = 2a;, AG=x cosec 60° = -rx- , AD=x cosec 45° = x a/2. 

Now 2^1)2 + 2BD2 =AB^ + AC^i 

/. 4a;2+2x8802=4a;2+^; 

whence ' a; = 880 . ^ - = 440^6 ; 

/. height of balloon =440/^/6 yards. 

7. Let A be the top of the mountain, BC the base of length 2a, D its 
middle point. 

Let X be the height of the mountain ; 
then AB=AC=x cosec ^, 

-4D=a;cosec0. 
And we have AD^ + BD'^ = AB^ ; 

.'. a;2oosec20+a2=a;2cosec2^; 

a2 a2gin2^cos2^ 



a;2= 



cosec2^-cosec20 sm20-sin2^ * 
a sin cos 6 



^sin (0 + 6) sin {</> - 6) 
.: height of mountain is a sin cos 6 y^/cosec (0 + 0) cosec (</> - $), 

8. Let AB, CD be the two vertical poles, E the point in the line BD 
joining their feet at which each subtends an angle a, and F any point in 
the horizontal plane such that Z DFB is a right angle ; 
then Z CED= Z AEB = a, Z AFB=p, Z CED=y; 

and ^B=^-Bcot-4^B = acota, -BD = 6 cota; 

.-. BD = (a + 6) cot a; 
BF=AB cot AFB = acoip, DF=b coty; 
xud BD^-=BF^ + DF'] 

.-. (a + 6)2cot2o=a2cot2/3 + 62cot27. 
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9. Let A be the top of the hill, B its projection on the horizontal plane 
in which the road lies, C, D, £ the three consecutive milestones whose angles 
of depression are observed. 

Then lACB = a, iADB=p, iAEB=y, 

and ED=DG= 1760 x 3 feet. 

Let X feet be the height of the hill ; 
then since BC^+BE^=2BD^+2DE''; 

.'. a;2cot2a+a:a cot27=2x« cot2j3 + 2 x ITGO"* x S^; 
52^0^2 
~ Jcoi^~a^2 cot2^co'tS * 



10. Let P, Q be the two positions of the observer. 
Let X feet be the height of the chimneys ; 



then 



.^P=a? cot 60°=-y^, AQ=AB=x; 



x^=~ + 8(P; 



whence a; =40/^6; .*. height of chimney =40^6 feet. 
Again CQ =a; cot 30° =xJS; 

.-. CP= J'C^^P^=JS X 40^ X 6 - 802 =40-^14; 

.-. ^C=40^/14+40x/2=40(^/14+V2)=206 feet nearly. 

11. Let A be the balloon, 0, D the 
positions of the two observers, B the 
point vertically below A in the horizontal 
plane of the observers. 

Let AB = x yds. = height of the balloon ; 
then CD =500 yards, 

^C=a; cot 60°= 4»» J^D=x; 
and Ci>«=BC7« + BDa - 27?C . BD cos45°; 

A/6 
■ 3 ' 
whencfe a;«=602 (120 + 30^6) ; 

/. height of balloon = 50 ^120 + 30^6 = 696 yds. nearly. 

12. In the diagram on page 195, let AG he a, line of greatest slope on 
the hill, and let CH be the railway. 

Then lACB = a, lBCG=x, lHCG=p, and i GBG is a right angle. 
Let JB = HG = /r. 

Then BO =^1 cot a, GG = h cot p. 

.'. cos X = TTF, = cot a tan B. 
GO- 



6008=^ + x«- 
o 




124 PROBLEMS KEQUIRING THE USE OF TABLES. [CHAP. 



EXAMPLES. XVn. d. Page 197. 

1. Let Ci, Cg be the positions of the two churches, M the position of 
the man. Then MC-fi^ is an isosceles triangle and l MCiC2=S^° 17' 20". 

If X miles be the height of the balloon, we have x =^i&n 84" 17' 20". 

log tan 84° 17'= -9995353 

?5x 12764= 4256 
oO . 

•9999608 

log 2 = '3010300 

log a; = -6989308 

log 4-9996 = -6989266 

.*. the height of the balloon is 6 miles nearly. 

2. Let DC be the pole, then from a figure we have 

100 sin 6° 30'x sin 10° 45' 



DC= J5D sin 10° 45'= 

log 100 + log sin 6° 30' = j98l5729 
log sin 10° 45' = 1-2707348 
•2623077 
log sin 6° 15' = 2-9614288 
log DC= 1-2908789 
log 19-537= 1-2908579 
210 
9 200_ 

100 
6 111 



sin 6° 16' 

Again BC= CD cot 10° 46'. 

log CD =1-2908789 
log cot 10° 46' = •721676 8 
logJBC=2-0124547 
loglQ290= 2-0124154 
393 
9 379^ 

140 
3 126 

/. BO =102-9093 yards. 



.-. i)C= 19-53796 yards. 
If X feet be the required height, we have 

_ 600 sm 26° 33' 55" x sin 12° 31' 46" 

^" ^ sin 14° 2' 9" ' 

log sin 26° 33' = 1-6502868 log sin 14° 2'= 1-3846873 



gx^S^^ 



2316 



log sin 12° 31'= 1-3369062 
48 
ggx6687 4360 

log 600 =2- 6989700 

1-6868306 

i-3847630 

log a; = 2-3010676 

log 20001 = 2-3010517 

159 

7 162 

,: height =200017 feet. 



^x505l 



767 



1-3847630 
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4. Let B be the position of the boat, FG the flagstaff, CD the cliff, then, 
if CD — X feet, we have 

30 sin 44° 13' X sin 43° 48' 



sin 1° 59' 



log 30=1-4771213 

log Bin 44° 13' =1-8434666 

log sm 43° 48'= 1-8401969 

1-1607827 

log sin 1° 69'= 2-5391863 

log a; =2-6216964 

log 418-40= 2-6216917 

47 

4 42_ 

60 
6 52 

.-. height =418-4046 ft. 



AlsoBD = a;cot44°13'. 

log a; =2-6215964 

log cot 44° 13'= -0118766 

2-6334730 

log 430-00= 2-6334685 

.'. distance =430 ft. nearly. 



5. With the figure on page 184 we have 
i4B = 5280ft., ZP.40=6°, zPBO=10°, / .1PB= 6°, JBP=^B, PC =PB sin 10°. 

* .-. log P0= log 5280 + log sin 10° 

= 3-7226340 + 1-2396702 

= 2-9623042 

log 916-86= 2-9623030 

12 

2 10 



Again 



4 19 

/. PC= 916-8624 ft. 

PC7=BPcoslO° 
= 1 X cos 10° miles 
= -9848078 miles. 
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6. Let B be the point in the road which is vertically below the observer 
A, Let DC be the telegraph post, and let a horizontal line through A meet 
DC'mE, Then zD^£ = 17° 18' 36", Zi4CJB=8°32'15". 



CB = 16 cot 8° 32' 16". 

log 16=1-1760913 

log cot 8° 32' = '8237761 

1-9998674 

15 



subtract 5- x 8601 



2160 



log OB = 1-9996624 
log 99-92 = 1-9996524 

CB= 99-92 ft 



DA^=jB.4tanl7°18'35" 
= CB tan 17° 18' 36". 
log CJ5 = 1-9096624 
log tan 17° 18' = 1-4934097 

OK 

1^x4448= 2695 
60 

log DjB = 1-4933216 

log 31-140= 1-4933186 

30 

2 28_ 

20 

1 14 

• .-. D£= 31-14021. 
Thus CD = 46-14021 ft. 

7, Here we may take the third figure on page 131. Then -4 (7= 60 miles, 
CB^= CB^ = 30 miles, i Ci4B2= 20° 16'. 

sin .IBiC = 1^ sin CAB^ = 2 sm 20° 16'. 

log 2= -3010300 

log sin 20° 16' = 1-5396663 

1-8405953 

log sin 43° 51' = 1-8406908 



46 
1315 



46 
x60"=2"; .-. JBiC=43°61'2". 



Z^CB,=23°36'2", Z^CJ5i = 180°-04°7'2". 



Now AB.^= 



30 sin 23° 35' 2" 



sin 20° 16' • 
log sin 23° 35'= 1-6021495 

^x2893= 96 

log 30= 1-4771213 

1-0792804 

log sin 20° 16' = i-5396653 

log ^£2= 1-5397151 

log 34-050= 1-5397032 

119 
9 113 

60' 
5 63 



_ 30sinGi°7'2" 
^"" sin 20° 16' * 
logBin64°7'=l-9640904 

Ax 613= 20 

log 30= 1-4771213 

1-4312137 

log sm 20° 16' = i-6396663 

log ^^1= 1-8916484 

log 77-919= 1-8916434 

60 

9 60 



.-. JBi=77-9199 miles. 
TbuB the train miiiBt travel at the rate oi U-550^1^ twX^^ ot *i&-^'\^^ TSfiJ** 
per hour. 

\ 
\ 
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8. Let C be the doorstep, E the point of observation on the roof; then 
GE = h. Let AB be the spire and let ED drawn horizontally meet ABinD; 
then I ACB = 5a, lAED = ia. Also iEAC=a. Let^B=ar. 



Then 



X = AC Bin 5a= 



fe sin (90° + 4a) 



sin 5a 



sin a 

= h coseo a cos 4a sin 5a. 
CB = x cot 5a=h cosec a cos 4a cos 5a. 
Li the particular case 

a = 7° 17' 39", 4a = 29°10'36", 5a =36° 28' 15". 



log 39 = 1-5910646 
log sin 36° 28' = 1-7740459 



gxl709 = 



427 



log cosec 7° 17' 39" = -8963210 
log cos 29° 10' 36" = 1-9410743 



log a;= 2-2026485 
log 159-42=2-2025428 



log cosec 7° 17'= -8969627 
6417 



39 
subtract ^x9S7S 



•8963210 
log cos 29° 10'= 1-9411166 
423 



subtract -^r: X 705 
oO 



1-9410743 



67 
2 55_ 

20 
1 27 

Thus the height =159-4221 feet. 



Again 



log 39 = 1-5910646 

log coseo 7° 17' 39" = -8963210 

log cos 29° 10' 36"= 1-9410743 

log cos 36° 28' = 1 -9053656 

2-3338255 

15 
subtract ^x934 234 
oU 



log CB = 2-3338021 
log 21567 = 2-3337897 
124 
6 121^ 

30 
2 40 



Thus the distance =215-6762 feet. 
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EXAMPLES. XVin. a. Page 206. 

1. Area=sx300xl20sinl60°=300x60xs=9000sq. feet. 

2. 2s = 171 + 204 + 196 = 570 ; 

/. area= V285 x 114 x 8rx90= Vr()aT<672'x272= 16390. 

3. Let a = 70, 6 = 147, c = 119 ; then s = 168. 

• T, 2 / -.aQ OQ oi — 777 2x12x7x49 84 

••• ^^-^=-70-xil9^^'^'^^'^''^^^= 70x119 =86- 

4. Let a =39, 6=40, c=26, and denote the perpendiculars by|ii, i^j, jJj. 
Then area = ^62 x 13 x 12 x 27 = 12 x 13 x 3. 

2A „, 2A 117 2A 936 

-M>i = -=24, P2=-^=-5-, l'8=T=2r- 

^ , 302 Bin 22J° sin 1124° 30* sin 22 J° cos 22*° 30^ „^^ ,^ 

5. Area = . . ^or o = ,, . ..p — = -r- = 225 sq. ft. 

2 sin 136° 2 sin 45° 4 ^ 

6. The diagonal bisects the parallelogram; 

.'. area=: 42 x 32 sin 30° ^672 sq. feet. 

7. Let a yds. be the length of a side. 

Then area = a^ sin 160° = ^ ; 

a? 
:. ^ = 648; /. a=36 yards. 

.'. length of a side is 36 yds. 

8. 13 + 144 16=42; 

.-. A=,^21 X 8 X 7~x 6 = 4 x 3 x 7. 
_ 13x14x15 65 ^, 



r=A=4. 
21 



9. 17 + 10 + 21 = 48; 



.-. A=V24x7x 14x3=4x3x7. 
.-. r,=^=12, r2=A=6, r3 = | = 28. 

10. a-a = -=12; «-6=- = 8; «-c = - = 4; .'. a = 24; 

n ^2 ^3 

/. a = 12, 6 = 16, c = 20. 
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8-0 8-C 



12. »(.-a)tan^=,(,-a)^<'-^^i^=^,(,-a)(»-6)(.-3) = A. 

13. rrjCOt^rr-. . ^ =A. 

^ 2 « »-a A 

14. 4jRr«=-r- . — .«=a6c. 

A « 



A8 _ A3« 

■ (T- a) (7^6) (8 ^ ~ A2" ' 



15. ^1^2 ^8= /. ^\ K — ^».w7-rr=TQ-=^=''«^- 



16. r cot - cot 2 = ^ . cot 2 cot 2 = ^ =^1. 

cos 2 cos- 



17. First side=r (| + g + |) =^« = ^- 



18. ^i^2+n-3-(^_^j^^_^j + ^y3^p ^2 

= 28^-{a-\-b + c)8 + ab = ab. 

20. ^1 + ra= 4B sin -^ cos — cos -jr- + 4Ji cos -^ sin — cos jr 

Z Z i a Z a 

= 4J2cos— . sin — jr — =4jJcos2^ 

= -r— 77.COs2- = CCOt— . 

Sin C 2 2 

J ji ^ n A 

21. As in Ex. 20, rj - r = 4iJ sin - . cos — ^— = 412 sin^ - , 

2 2 2 

^2 + ^3 = 4-RC0S2-. 

•*• (ri-r)(r2 + r3) = 4i22sinM = a2. 

22. By the formulsB of Art. 212, we have 

ri ,B G .A ^A B .C 

-^=cot2-cot2 ; ••• riCot2=rcot-cot2 cot^. 

1 1 1 _8-a + 8-h + 8-C _^8-28 _8 1 

rj rg r.{ A A A r 

H. E. T. K, 9 
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24. V3+Vi + ^-i^2= (^_^)(g_^ ) + - + " =*(^-«) + '" + '" 

= 38'-{a + b + c)8=s\ 

i A 

25. AsinEx. 21, r2 + ?8=4J2cos2^, ri-r = 4iJ sin^-. 

•• ri + r2 + ;'8-r=4J2 ^cos2-+8in2-j=41J. 

26. ri + r2= 4iJ cos2 ^ , rg - r = 4J2 sinS ^ . [Ex. 21.] 

cos^ — - sin- ^ J = 4iJ cos (7. 

27. 6* sin 2C+c^ sin 2B=26 sin . 6 cos + 2c sin^ . c cob£ 

= 26 sin C (6 cos + c cos B) = 2a6 sin C= 4A. 

28. (a + 6)Bec— ^ = 2i2 (8in-4 + sin^)sec — 

.^ , A + B A-B A-B ._ C 
=4iJsin — ^ — cos — s~"^° — ci-'^^^^^n' 

29. aa- &2=4i22 (sin^^ -sin2B)=4i22sin {A^B) sin (.4 -B) 

= 4i22sin C 8in(il -B)=2iJc sin (il -B). 
sin^^-sin^jB sin ^ sin B 



30. First side =412*. 



2 * %vdl(A-B) 



__ 4R^ sin {A +B) sin ^ sinB 
2 

2iJ sin ^ . 2B sin B . sin O o6 . ^ . 
= 2 = -2-sinC=A. 



31. (1) We ha,ve2A= api = bp^ = cp^; 

" Pi P2 Ps" 2A A"r' 

Pi P2 Pz~ 2A ~ A "rj' 

32. (7-1 - r) (ra - r) (rj - r) = 64i23 sin^ ^ sin2 ^ sin^ ^ [Ex. 21] 

J 2 2 

=4i2r«. [Art. 212.] 
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34. 4A (cot A + coiB + cot C) = 26c cos ^ + 2ca cos B + 2ab cos G 

= 62 + c2-aa+c2 + a3-62+a3 + 62_c2 
=aa + 62+c2. 

_ b-c c-a a-b _ {b-c)(8-a) + {c-a)(8-b) + {a -b)(8-c) 
Ti r^ r^ A. 

8 (b - c + c - a + a - b) - {a {b - c) + b {c - a) + c {a - b)} __^ 
~ A ~ * 

36. a%h^ (sin 2^ + sin 25 + sin 20) = 4a26 V sin ^ sin B sin C 

=^, be Bin A, ca sin £ . ab sin C 
==32 A*. 

37. acos^ + 6cos5 + ccosC=2J2 (sin^cos^ -f sinBcos^ + sinCcosC) 

= R (sin 2A + sin 25 + sin 20) 
= 4R sin ^ sin ^ sin O. 

38. a cot ^ + 6 cot J5 + c cot 0=2J2 (cos il + co8 JB+cos 0) 

=2i2f l + 4sin^ sin^ ein^j 

=2(R+r). 

. A 
sin ~~ 

39. (6 + c)tan^=2i2(sinB+sinO)— ^=4l2cos^^cos:5i^ 

cos^ 

=2J2(cosJ5+cosO); 
.-. {b+ c) tan ^ + two similar terms = 4iJ (cos ^ + cos JB + cos 0). 

-4 J5 O 

40. ^ (Bill -4 + sin jB + sin 0) =4r cos — cos ^r cos ^ 

Z Z " 

^^^ , A , B . G A B G 
= 16ic sm -5 Bin — sin 5- cos ^ cos — cos ^ 

= 2R sin ^ sin ^ sin O. 
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41. OOS'-ir + COs2- + COs2-=:-(3 + COS-4+COsB+ COS C) 
It a a a 






T 

= 2 + 2^- 
EXAMPLES. XVm. b. Page 210. 

1. By Art. 214, the area = - . 10 . 9 . sin 36° 

=45 X •588=26-46 sq.ft. 

3 

2. By Art. 215, the periineter=2 . 15 . - . tan 12° 

= 45 X -213 = 9-685 yds. 
The area=15 . ? . tan 12° =15^^^ = 7*18875 sq. yds. 

3. In fig. of Art. 215 let ^B=2a;=8ide of regular hexagon. Then 

Oi)=a;cot30°=a;^3. 

.*. area of inscribed circle = ^ttx^. 

Again, in fig. of Art. 214, if AB be the side of the hexagon, 

OA^AJy cosec 30° = 2a;. 

.'. area of circumscribed circle =47rx^. 

.'. ratio of areas is 3 to 4. 

4. With fig. and notation of Art. 217, 

area of pentagon = 5^ D . 0T> = 5H tan 36° ; 

22 

.-. 250 =5r2 tan 36°; 7rr2=_x50cot36°==216-23Bq. ft. 

6 . Area of circle = in^ = 1386 ; whence r = 21 . 

By Art. 214, perimeter = 16r sin 22° 30' = 16 x 21 x -382 = 128-352 in. 

6. Area of circle = in^ = 616 ; whence r = 14. 

By Art. 216, perimeter of pentagon = 2 . 5 . 14 tan 36° = 140 x -727 

= 101-78 ft. 

7, Aiea of circle = irr^ = 2464 ; whence r = 28. 

Now in Art. 214, if ^B is a side of the quindecagon, OD = 28, and 
diameter of required circle = 2^ = 20D sec 12° = 2 x 28 x 1-022=67-232 ft. 
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8. Let r be the radius of the circle ; then 
for the pentagon, 50 = - r^ sin ~ , 

12 IT 

for the dodecagon, area=-^ r^ sin ^ ; [Art. 214] 

^ area of dodecagon _ 12 sin 30° 

•*• 60 T • sin 72° * 

.-. area of dodecagon = 60 cosec 72° = 60 x 1-0515 = 63-09 sq. ft. 

9. Let the perimeters of pentagon and decagon be denoted by 10a and 
106 respectively. Then as in Example 2, page 209, 

area of pentagon =6a2cot ^ , 

area of decagon = —^ cot r^ ; 
.-. 2a2 cot 36° = 62 cot 18°. 

Now cotn8°=l±^:=J_i. = |-^^^^ 

4 

4 

cotn8° _20 
•'• cot2 36°"" 4~ 
a»_V5 a_4/6 

• b'^~ 2 ' ^"^ 6~72' 

10. Let 2na be the common perimeter, so that 2a, a are sides respec- 
tively of the two polygons. 

Area of polygon of n sides =-7 . 4a2 cot — . 

4 . 71 

271 IT 

Area of polygon of 2;i sides =-^ . a^cot^; 

.*. ratio of areas = ( 2 cos — sin -- ) : ( sin - cos ~- ) 
\ n 2nJ \ n 2/4/ 

= ( 2 cos - sin ;^ ) : ( 2 sin -^ cos^ -^ ) 
V n 2nJ \ 2)1 2nJ 

= (2cos^):(l + oosl). 
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11. In the fig. of Art. 214, if AD=a, OA = JR, we have R=a coseo - . 
In the fig. of Art. 215, if OD=rf we have r=a cot — . 



( cos-^ 

.IT . IT 

sin - sm - J 

n n' 



a(l + cos— ) 2a cos* H- 

V n J 2n ^ IT 

= > ^ = =acot;r-. 

_ . IT IT -. . T IT 2n 

2 sin ;r- • cos — 2 sm X- . cos ;r- 
2n 2n 2n 2n 

12. Let pt hi d represent a side of the pentagon, hexagon, and decagon 
respectively inscribed in a circle of radius r; then 

|> = 2r sin 36°, ^ = 2r sin 30°, d=2r sin 18°. 

=4r2 (-^^^l^) =^r^ Bin236°=i?2, j-gge Ex. Art. 126.] 

13. ^1 = i wr2 sin — , B. =nr^ tan - , [Arts. 214, 216] 

A^ = l 2m . r2 sin- , B^=2nr^ tan ^ . 
^2 n ^ 2rt 

.-. A.B.=^-nh^.2 sin - cos - tan - = wV* sin^ ~ = A^, 
^ ^ 2 n n n n ^ 

Thus A^ is the geom. mean between Ai and 5^. 




''^"'rn 1 2 



2nr2 sin ^r- cos ;r- nr^ tan ^r- ^ 
2n 2n 2n 

Thus Ba is the harm, mean between A^ and B^. 
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EXAMPLES. XVin. c. Page 218. 

1. Required distance 

A ^^ . A . B . G A ,^ . B . C 

= r cosec ^=4R sin ^ sm ^ sm -^ coseo — =4i2 sin — sin jr. 

2. IiA=ri cosec -jr- = 4i2 sm — cos -^ cos — cosec -J7=4ii cos -jr- cos - , 

(D\ T> AC 

90° - -^ J =ri sec -^=4jR sin — cos — , 

(G\ C A B 

90° - ^ j = rj sec — = 4i2 sin — cos — . 

3. (1) From the fig. of Art. 219, we have 

1,, ^^ l.p C C 

area =2 Iih • ^3^=2 ^^ ^^ 2 * ''* *^^®®° 2 
n 

= 2Rr^cot - = 2R8, 
z 

(2) Area= 21i8 = 2R . - = -A cosec — cosec -^ cosec -jr . [Art. 212.] 
T z z z z 

4. We have II j = 10 cosec IIiC = IC cosec — . 

.-. rlli . Jig . 1/3=412 sin ^ sin ^ sin -^ . 14 . IB . IC . cosec ^ cosec ^ cosec - 
= 4J2. 14. IB. IC. 

5. Perimeter of pedal triangle =i2 (sin 2 A + sin 2B + sin 2C) 

= m sin A sin B sin C. 
In-radins of pedal triangle 



R . 
= 2R cos A cos B cos G. 



= 4 . - siu (90° - A) sin (90° - B) sin (90° - C) [Arts. 225, 212] 

z 



/I \ 9 , ^ , ^ cos 4 COB ^ COS C 

' or b^ c^ a h c 

_ 26c COS A + 2ca cos B + 2ab cos C 
"■ 2abc 

^ b^ + c--a^-{-c^ + a^-b^ + a^ + h^-c ^ __ a^ + b^^ 
2abc ~~ 2abc 
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52 _ ^2 b^-c^ 
(2) — „- g+ + = cos^ + + 

~ 2abc 

=0. 

7. Let />i ) />2» />8 be the radii, then 

R G H K 

/>! = 4 — . sin -jr- cos — cos -jr- = 2i2 cos ^ sin B sin C. [Arts. 226, 212.] 

8. (1) acosil, bcosB, ccosC, 180° -2il, 180° -2B, 180° -2(7 are the 
sides and angles of the pedal triangle of the triangle ABC, Hence in any 
formula connecting a, 6, c, A^ B, C, we may replace the sides by acoSil, 
b cos B, c cos C respectively, and the angles by 180° - 2^, 180° - 2B, 180° - 2C 
respectively. 

J R G A T\ O 

(2) a cosec ^ , b cosec - , c cosec - , 90° - ^ , 90° - ^r , 90° - -jr are 

a It It i a a 

the sides and angles of the ex-central triangle of the triangle ABC. Hence 
the proposition follows. 

9. We have 5/2 = 722 -2i2r [Art. 228]. 

. . i22 - 2J2r must he positive ; that is J2 - 2r must he positive. 
Hence B. can never exceed 2r. 

10. If i2 = 2r; 

we have 51* = B^ - 212r = ; 

.'. the centres of the circumcircle and in-circle coincide, and hence the tri- 
angle is equilateral. 

11. -S'/2 + 5Ii2 + 5l22 + -SV=JR2-2i2r + i22+2i2ri + B2 + 22?ra + B2 + 2J2r3 

= 4^2 + 272 (rj + rg+rg-r) 

= 12i22 [XVin. a. Ex. 26]. 

12. (1) a.^l2+&.BI« + c.Cl3=r2acosec2^ + + 



i(*-&)(«-c)'^ ■^- •[ 



— abcfi^ 

abcrH abcr^s^ 



= abc. 



{8-a){8-b){8-c) A2 
(2) a . Al^^-b . BIi^-c . GI^^=r^ (acoseca:| - & seoS^- C£ 

-abcr^ [—1—--1 L_l 

""'^ \{s-b)(8-c) 8(8-b) 8{8-c)l 

_abcrj^^8j-{8^-^)^-^^} _abc7^^ 

~" 8{8-b)(8-c) " A2 -«^^- 
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13. (1) Wehave^=^. 

OG OH OK _ sum of areas of A ' OBG, OAC, OAB _ 
. '' AG^ BH'^ CK" aABC 

(2) Since A, H, Oj K are concyclio, HK=AO sin A; 

xi. ,^ a COB -4 ^ . 

thus AO=z—. — —=acotA. 

sin A 

.*. OG -^ a cot A = OG + AO=iAGt and the result required is reduced to 
that abready proved in (1). 

14. Circum-radius of a AHK= -— . — : = -^-^ — -.- =RcosA; 
^^' 2sin-4 2sin-4 

.*. sum of circum-radii of a M HK, BKGy CGH= R (cos il + cos B + cos C) 

^/ ^ . A . B , G\ 
=22 ( 1 + 4 sm 2 sin - sm -^ j 

=R + r. 

15. We have A^^-^^ 



2-2~¥~ 2~2V2" 2/* 

3~2 2 ~ 2 2 (2 2\2 2)] * 

2 ,1 ^^ ^^ 2» 



1 + 2 
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sinularly b„=| + ( -l)-^^ (^' s) ' 

When 71 is indefinitely increased, then ^„=B^=C^=— . 

16. (1) 0^2= 1^2 -8122 cos ^ cos J5 cos C [Art. 230] 

= 222 + 2223 (1 + cos 2^ + cos 22? + cos 2C7) 
= 9/22- 2222(1 -cos 2^ + 1 -cos 2B + 1 -cos 2C) 
= 9J22 - 4/22 (gin2 ^ + sin2 B + sin2 C) 
= 9222-a2-62_c2. 

A B C 

(2) We have ^0=2i2 cos A ; 14 = r cosec ■^=412 sin ^ sin -jr ; 

o 2 2 

lIAO=(00P-B)-^=^; 

:. OP=41?'oosM + 16JJ»sin«f sin''^- leB^cos A sinf sin ^oos ^-^ 

a 2 2 2 2 

( B G B C\ 

= 4R2 I oos2 il + 4 sin2 — Bin2--co8-4sinBsinC-4ooSilsin2— sin* — J 

= 4222 ( cos2 A+S sin2 ~ sin* - sin* - - cos 4 sin 5 sin C j 

= 2r2 - 4222 008 A (sinB sin C - cos 4) 
= 2r2 - 4i22 cos ^1 cos B cos C. 

(3) We have 

' A B C C — B 

40 = 222 cos i4; Ii4=ri co8eo—=4i2 cos -jr- cos- ; 2fi40=---- ; 
2 2 2 2 

.-. 0Ii2 = 4i22 cos* A + 16i22 cos* ^ cos2 - - 1612* cos A cos - cos ^ cos — ^ 
2 2 2 2 2 

(HO H C \ 

cos* 4+4 cos2 — COS* "5 - 4 cos 4 cos* — cos* -5 - COS 4 sin B sin (7 j 

= 422* ( cos* 4 + 8 sin2 — cos* - cos* - - cos 4 sin B sin | 

= 2ri2 - 4222 cos 4 (sin J5 sin C - cos 4) 
= 2ri2 - 422* cos A cos B cos C. 
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17. Let R\ p, p^f p^i p^ represent the circum-radius, the in -radius, and 
the ex-radii of the pedal triangle; then, since Ay B^ C are the ex-centres of 
the pedal triangle, we have, as in Art. 229, 

f=R'^ + 2R'p^; al8oB'=f . 

.-. /2 + ^8 + 7i2 = si^'a + 212' (/>! + Pa + pg) 

= 3i2'a + 2R' (4i2' + p) [XVIII. a. Ex. 26] 

= llR'^ + 2R'p 

= IIR'^ -h 8i2'2 Bin ^ sin ^ sin f 
2 Z Z 

■ = 11 J?'^ + siZ^a cos A cos B cos G ; [Art. 224] 

... 4 (P +g^ + h^=. 11 Jja + 8R^ cos A cos B cos G, [Art. 226. ] 

EXAMPLES. XVm. d. Page 223. 

1. Let r be the radius, and a, 6, c, d the sides of the quadrilateral. 

Then we have 2S=ira+rb + rc+rd; 

S 
.'. r=-. 
<r 

2, Let ABGD be the quadrilateral having sides 

AB=BC=3; GD=DA=4, 

Then lBAC= iBGA; jLDAC=^ iDGA; 

I BAD + L BGD = 180° ; .-. lBAD= I BGD = 90°, 

and the A " BAD, BCD are identically equal. 

Thus it easily follows that the bisectors of the l* BAD^ BCD meet on 
BD which bisects the angles ABG^ ADG. 

.'. a circle can be inscribed in the quadrilateral. 

If r be its radius we have 

r (3 + 3 + 4 + 4) = 2 (area of quadrilateral) = 2.4.3. 

Also radius of circumscribed circle = ^ BD = ^ ^B^ + 4^ = - = 2 J . 
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3. Let ABCD be the quadrilateral, and let 

AB = 1, BC = 2, CD=4, DA = S. 
Then AC^=5-4:CoaABC=5 + 4 cob ADC; 

also AC^=25- 24 cos ADC; 

.'. o + 4cos ADC =25 -24 cos ADC, 

.*. C08^DC7= — = -; 
28 7 

and area of quadrilateral = ^4 x 3 x 1 x 2 = )s/24 ; 

.*. radius of inscribed circle = —^- = '98 nearly. 

4. Let ABCD be the quadrilateral, and let 

AB = eO, 5(7=26, CD=62, D^ = 39. 
Then ^^2^602 + 262 -. 2 . 60 . 26 cos^J5C=52 X 132 - 2 X 60 X 25C0S ^BC7; 
also .4(72=622+392-2 x 52 x 39 cos ^DC= 62 x 132 + 2 x 62 x 39oos^BC; 

.-. cosABC=0, that is /.ABC=90°; 
and hence the i ADC =90°; 

.'. ^(72=60« + 252=62xl32; /. AC=Q5; 
. ^^^60x62 + 39x25^^3^^^^^3 

DO 

Also the area= 728x63x86x49=62 x 72=1764. 

5. Let ABCD he the quadrilateral, and let 

AB = 4, BC=5, (7D = 8, DA=9. 

Then since AB-\-BC=:9, AC must be less than 9; 

/. diagonal BD= 9; 

^A A "^ ' A sill 

a cos ^ = Q ; /. sm ^ = - - ; 

9 9 

C0SC=1; .-. sinC = «-^(H; 
.'. area = i(a<iBin^ + [»csinC) = 18'^J'^ + 20. -^=2v'774-6Vll. 
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6. Since the quadrilateral is such that one circle can be inscribed in it 
and another circle circumscribed about it, therefore 

. ad-bc , . .2 J abed r » x ^o i -r. -i 

cos A = -3 — — , and sm A = — ^ — r— ; [Art. 234, Ex.] 

ad + bc ad + bc '■ "* 

f . 

:. area = ^ [ad sin -4 + 6c sin C) = ^Jabcd, 

If r be radius of inscribed circle, 

^(a + 6 + c4-d) = area = s/abcd, 

_ 2 tjabcd 
~'a + b + c + d' 

7. We have S^ = {(r- a) (<r -b){<r- c) (a-d)- abed cos^ a ; [Art. 232] 
.*. S is greatest when cos a=0, since <r, a, 6, c, d are constant. 

But a is half the sum of two opposite angles ; 
/. area is a maximum when the sum of two opposite angles is 180°; 
that is, when the quadrilateral can be inscribed in a circle. 

8. 23 + 29 + 37 + 41 = 130; 

.-. maximum area= V (65 - 23) (65 - 29) (65 - 37) (65 - 41) sq. inches 
= 6x6x4x7 sq. inches = 7 sq. feet. 

9. We have cosJB= J^, . . ,, ; [Art. 233] 

2 (ao + cd) 

, JB l^cosj _ {c + d f-{a-by 
•*• **^ 2 "" 1 + C0S5 ~ (a+6)2- (c-d)2 

_ (a + c + d - b) {c + d+b - a) _ ( <r -a){(T- b ) 
~ (a + & + c-d)(a + 6 + d-cj ~ (V - c) (c - rfj ' 

10. See figure on page 220. Let / DP A =/3 ; 
then a^ = AP^ + PB^ + 2AP . PB cos j9 ; 

c2= DP2 + P(72 + 2DP . PC cos /3 ; 

62= BP2 + PC2 - 2PP . PC cos /3 ; 

d2=2)p2 + p^2 _ 2DP . P^ cos ^ ; 

... (a2 + ce) _(fc2 + ^2):=2cos /3{^P(DP + P^) + PC(DP + PP)} 

= 2AC,BDcosp=z2fg cos ^. 
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11. Area = ^ AG. BD Bin p [Art. 231] 

= -^{(a2 + c2)~(62+d2)} tan/3. [Ex. 10.] 

12. We have a + c = b-^d; .: (a-d)^=(b-cf. 
Also a^ + d^-2adcoBA = b^ + c*-2bccoaC; 

.-. by subtraction, ad (1 - cos A) = bc{l- cos C) ; 

that is, ad - bc = ad coa A -be COB C; 

.-. aH^ (1 - cobM) + &2c2 (1 - cos2 q = 2abcd - 2abcd cos A cos (7; 
or a^d^ sin2 A + 6 V sin' C = 2a&cd - 2a6cd cos ^ cos C. 

.-. (25)2 - 2abcd sin -4 sin C = 2a6cd - 2abcd cos -4 cos C 

.-. AS^=2abcd{l-QOBA + C) = 4abcdBin^'^~, 

2 

.. S=^abcdBin — ^ — . 

13. If j8 be the angle between the diagonals, we have 

8=:^gBmp, 
.'. /2flf2-45f2=/Vcos2/3 

= \ {(«^ + c*) - (6^+ da)}a [Ex. 10] 

=j(2&d-2ac)2, since a + c=6 + d; 
that is, 4S^=Pg^ -(ac- bd)K 

14. (1} By Euc. VI. n, we have 

(ac + bd) Bmp=fg ^np=28=(ad + bc) sin A, 

^ (a' + c2)^(&8 + d2) 
2 (oc + 6d) 
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yo) lan 2 " l + cos/3 "" (c + a)^- (6- d)3 ' (6+d)3- (c -0)=^ 

(& + d + c-a)(& + d-c + a) ( c + a-h + d) (c-{-a + b-d ) 

~ {c + a-b + d)(c + a-\-b-d)' {b + d + c-a)(b + d-c+a) 

^ (<r-a)(<r-c) ^^ (<r - ?>) (o- - d) ^ 
((T - 6) (<r - <i) ' (<r-a)((r-c) * 

16. S=^fgBm^ 

= 4 j4f^9^-(a^ + c'-b^-d^)K [Ex. 10.] 

16. See figure on page 220. 

^P A^PJ5 AilPD A DAB ad 



We have 



PC aCPP aCPD aDCP be' 
ad 
ad + bc ' 

ad + bc 

AT> vr- ^^^ Af^- ^^^^ (ad + bc) (ac + bd) 
^'^^"(ad + bc)^ ~(ad + bcY * ab + cd 

_ abed (ac + bd) 



' {ab + cd) {ad + bc) 



EXAMPLES. XVni. e. Page 225. 

242 + 1212 + 1460=2904; 

.*. area = ^1462 x 1210 x 240 x 2 sq. yds. 
= 8x3xl21xl0sq.yd8. 
8 X 3 X 121 X 10 



4840 



-= 6 acres. 



- ?9^^^ 22i°sin67i° _ 200^ 008 45° 
2. Area- 2 sin (22^° + 67i") ~" 4 

10000^2 14142 __^ , 

= 2'— = —2" "" ^^^ ^'^* ^'^®' 
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- --- , A 2A 2A 
3. We have — = — - = : 

8-a 8-0 8-C 



.'. 6 = 


=c, and 


8- 


-6 = 2(»- 


a); 




c + a- 
2 


■b 
a 

2r 


-h+c-a 
= 26-a; 


» 



that is, 

that is, 3a =45. 

4. If a, &, c are in a. p., we have a4-c=26; 

1 1 _«-a4-»-c_2(«-6)_ 2 
i^ r^" A ~ A~"~ri' 



•'. ^i> ^2» ^8 ^^® ^^ H* ^• 



5. Wehave«=-4-- + ^. 
a; y z 

... area = . /(i + ? + lf)f . If . f = ^ A + ^ + f . 

fi We have sin (^•- ^) ^ sin^ ^ sin(B4-C ). 
sin(5-C7) sin (7 sin (4 +5)' 

.-. sin (A - B) sin (^ +B) = sin (B - C) sin (B + <7) ; 

or sin2^ - sinaB=sin2J5 - sin^C; 

/. a2_2^=52_c2. 

that is, a^, 6^^ c* are in a. p. 

7 First side = ^sin^ + 5sin.B + csin C _ a^ + h^ + c* _ g^ + fe^ + c^ 
sin -4 + sin B + sin (7 "" a + 64-c ~ 2« 

OL A H C 

8. First side = -. — . (a 4- 6 + c) sin ^ sin ^ sin - 

Sm A a i 6 

__abc ^ {8-a){8-h){8-c) A2 
-2A-^' ^c T^"^- 

9. By Ex. 20, XVIII. a. we have 

ABC 
first side = abc cot — cot — cot — 

=.abc /ZJSE^) g(g-^) s{8-c) 

V {8-b){s-c)' {8-c)(8-a) ' {s-a}{s-b) 

= ^^ = 4i?s2 :^ 411 ^r^rs + r^r^ + r^r^), [XVIII. a. Ex. 24.] 
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10. tan^ + tan2+tan^=-i + -«4-f=^-^— '^ 

^ ri + ra + rg [XVHI. a. Ex. 24.] 

11. First Bide= be ^ /ZUEKL + ca ^ / IjVEKL 

V(a-6)(«-c) V {8-c)(8-a) 

. I «(«-c) 
= - {6c (s - a) + ca (« - 6) + ai» (» - c)} 

= T {(^^ + ^^ + a6) « - 3a&c} 

_abc8^ n 1 1_3\ 

"" A \a 6 c a/ 

^„,/l 1 1 3\ 

\a c 8/ 

12. First 8ide=(^ -^ )=(a) 

_4« / 8-a + 8-b + 8-c \_4 /I 1 1\ 
"" A • V -^ ) '^ r [r^'^ r.;,'^ rj ' 

13. We have -=6, 2«=70; .-. A=6x36. 

8 

Let a, 6 be the sides containiDg the right angle; 

then ^a6=A=6x36; /. a6 = 12x35; 

also oa + 62=c2={70-(a + &)P; 

/. = 702- 140 (a + 6) + 2a6 = 702- 140 (a + 6) + 12x 70; 
/. a + & = 41 = 20 + 21, 
and a6 = 12x 35 = 20x21; 

,*. the two sides containing the right angle are 20, 21, and the hypotenuse 
= 70-41=29. 

14. It is easily seen from a figure that ^ = tan A ; 

... 5 + 5 + £=2(tan^+tanB + tanC) 

= 2 tan A tan B tan C= -rr-^ . 
4/gh 

H. E. T. K. ^^ 
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15. Let r, / be the radii of the inscribed circles; then since the peri- 
meters of the triangle and hexagon are equal we have 

6rtan^=12r'tan^; 

whence 3r=2/; 

xr^ _4 
'*• 7rr'a""9' 
. . areas of inscribed circles are as 4 to 9. 

16. Perimeter = jB (sin 2^ + sin 2i? + sin 2(7) = 412 sin -4 sin B sin (7 

_. a b c _dbc 
2R'm' 2B""2i22* 



17. Area 



= l4i2cos|4Bcos| sin (90° -:|) 

A S C 
= 822* cos ^ cos ^ cos ^ 

= 2J?2(8m^ + sinB + sinC) 

T>/ I V abc(a + b + c) 
=R{a + b + c) = ^^ '. 

18. Let 0^ , O3 be the two circumcentres ; then OiO^ is at right angles 
to ^C at its middle point. Draw O^Ni , O^N^ perpendicular to ABi ; 

then O1O2 = N^N^ cosec A = i^C-^ . 

Z sin A 



19. Let/, g be the diagonals; then by Euc. vi. d., 

(ac + bd) sin i3=/^ sin ^= 25f. [Art. 231.] 

25 



.*. sin/S= 



ac + bd' 



20. We have r . IIj^=r. IC cosec IIiC=JCr cosec ^=1C , IB. 

a 

:. r^II^ . 11^ . II^=IA^ . IB* . JC2. 

21. Sum of squares of sides of ex-central A 

= 16-R2 ^cos2:| + cos2| + cos2 2'\ 

= 16i22 ^^2 + 2 sin :^ sin |^m ^\ [XH. d. Ex. 13] 

= 32122 + 32122 sin 4 sin f sin ^ 
A 46 S 

=S2R^ + SRr=SR (412+r). 
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22. Since a circle can be inscribed in the quadrilateral, 

.'. a-\-c = b-\-d; 
and since a circle can be circumscribed about the quadrilateral, 

__ {a + c)^'^{b + d)^-{-2(aC'^hd ) 
~ 2{ac + bd) 

_aC'^bd 
"ac + bd' 

23. (1) We have 2P + 2.j = b^ + c^; 

2m^ + 2,^ = c^ + a^; 

4 

2n2 + 2.-i- = a2 + 62; 
4 

/. by addition, 4 {P + m^ + n^) =S{a^ + h^ + c^). 

(2) First side =-{(b^- c^) (262 + 2c^ - a^) + two similar terms} 

=^[{2(6*-c*)-a2(62_c2)} + . .. + ...] 

= 0. 

(3) 4Z2=262 + 2c2-a2; 

.-. 16 (Z4 + m4 + n*) = (262 + 2c2-a2)2+. .. + ... 

=9(a*4-M+c4), on reduction. 

24. We have ri + ra + r^ = 4i2 + r [XVIII. a. Ex. 25], 

^1^2 + ^2^3 + '3^1 = «^ [XVIII. a. Ex. 24], 

rir2rs=r«2; [XVIIL a. Ex. 15] 

.'. the equation whose roots are Vi, r^i r^ is 

25. Let PQ be the tangent to inscribed circle parallel to JBC, and draw 
AHD at right angles to PQ and BC ; 

then A,^£P^Q^^^^^^^^^r^ 



>-\ AD ) 



~\ 8 '2a) ~ «2 • 

_Aj__A 
(»-a)2 s2 

= (7^2 =(^2, by symmetry. 
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Otherwise. Let the sides and perimeter of triangle APQ be denoted by 
ftj, ftj, Ci^ 28^; then, by Art. 213, 8i = 8-a. 

-^ a b c 8 A-, A __ 

^"* a-, = 6l = o- = r/ ••• .7 = ?- [Eno.vi.19]. 

26. -^-^^ is perpendicular to the bisector of the angle A ; 

.*. MN is parallel to IJ[^ ; 

thus the sides of the a LMN are parallel to the sides of the ezcentrfd A and 
the triangles are similar. 

Also MN=2 (« - a) sin — ; 

TTtrxr TiTXT xrr 2 (« - a) siu ^ . 2 (« - I*) sln - 

A LMN _ MN . NL _ ^ ' 2 ^ ^ 2 
^^* 2*8 8 1 422 cos-. 4R cos - 

_ {8-a){8-h){8-c) _ __A2_ _ _J-2 

4JCh ■"4J2V"4]R-^* 

27. We have / PBC=^ L PCB=A; .-. / gPjB= 180° - 2A. 

Similarly / PgU = 180° - 2J5, / gi2P= 180°- 2 C. 

^ . ,^ ^CsinJ5 5sinJ5 b 

Again ^<?=;t 



similarly AJl = 



Bin AQC 8m2B 2cosJ3* 

c 
2cosC* 



6 c 5 cos C+c cos JB 



"2cosjB 2cosC 2cos-BcosC 2co8£oosC7 

A A 

28. (1) We have pc sin ^ 4-i?fe sin - = 2A = &c sin ^ ; 

A 
.'. p{b + c) = 2bcooB-^\ 

1 ^_b + c_lfl,l\ 
>^'^^2" 2fe^""2U^/' 
•Ml 1 J5 1/1 1\ 1 C 1/1^1\ 

similarly ^^os-^ =2 (^ + aj ' r '°^ 2 = 2 U ^ SJ * 

1 ^1 jBl Clll 

.-. - cos 77 + - cos TT + - cos ^ = - + |- + - . 

J? 2 q 2 r 2 a b c 
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ABC 
Sa^b^c^ cos -^ cos — cos - 

(2) "We have pqr= ;. 

^ ' ^^ (b + c)(c + a)(a + b) 

_ 2tf '5V ( sin ^ + sin 5 + sin G) 

(b + c){c + a)(a + h) 

_ 4A abc (a + b + c) 

'"(6 + c)(c + a)(a + &)' 

pqr _ abc{a + b + c) 
" 4A "~ "(6 + c) (c + a) (a + b) ' 

29. Let O be the orthooentre ; then G, 7/", £^ are the middle points of 
OL, OMj ON respectively; therefore the sides of the aLMN are double the 
sides of the pedal triangle and parallel to them. 

Therefore also the angles are eqnal to the angles of the pedal triangle. 

(1) Area of A LMN=- . 2a cos ^ . 26 cos 5 . sin (180° - 20) 

= 4a6 sin G . cos A cos B cos C= 8A cos A cos B cos C, 

(2) AL=AG-\-OG=i csinJB+ ccosBcotC 

_ ccob(B~C) _ a cos {B - (7) ^ 

"" sinC ~ sinii ' 
.-. AL sin ^ + JBAf sin B + C^sin C=a cos (B - C) + 5 cos {G-A) + c cos (4 - B) 

= 2i? {sin FTC cos B^+.. . + ...} 
=B [(sin aB + sm2C) + . .. + ...] 
= 2R [sin 2^ 4- sin 2B + sin 2C] 
= 872 sin A sin B sin G. 

30. Let P be the centre of the circle inscribed between the in-circle and 
the sides AB, AG ; then 

(1) — — ^=sm7r; 

1 - sm -^ 

/. r„ = r . i=r tan^ ^L_l . [Compare XI. f. Ex. 15.] 

1A 4 

+ s.n- 

,-. ., T-A ir-B tr-C ir 

(1) Also -J- +_j- +.-_ =_; 
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31. It is easily seen that the triangle XYZ is the same as the triangle 
PQR in Ex. 27. 



.'. Perimeter = 



.+o^ 



2 cos B cos C 2 cos C cos A 2 cos A cos B 
_ E (sin 2A + sin 2J5 + sin 2C) 



2 cos A cos B cos C 



'■ = 2i2 tan A tan J5 tan C. 



Area 



'2*2 cos B cos C ' 2 cos C cos -4 



. sin 2C 



= 1 «^siPJ^ ^ , = iznan ^ tanBtan (7. 

4 cos A cos i? cos C 

32. Let Xrz be the triangle formed by 
the tangents, and let the perpendiculars 
from X, y, Z to the chord be represented by 
x^y^ z respectively. 

Then the area of 

^XYZ= aBXC- AACY+ aAZB 

= lx,BG-ly,AG+lz.AB, 



Now pr Y = ?v) » ^^^^ OCX is a right angle. 
,. GX DB DB . ^ X, ^ V 



are concyclic. 




DC.DB 



.: aBXC=^ . DG , DB {DC - DB)=:^-^-^^—^ , if a, 5, c denote the dis- 
tances of Aj Bj G from D. 

.-. area of AXrZ= ^^ (^'"') "^^ <^ -^ ^±^g^^^) 

_ c6 (« - Zy) + 6a (Z) - ff) + ac {a - c) 



(c - Z/) (& - «) (a - c) _ BC . CM . ^C 



2p 



2p 



for C'^ =c - a= - (tt - c). 
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MISCELLANEOUS EXAMPLES. F. Page 228. 

1. We have cos (a + /3) = cos (180° - tTS) = - cos (7 + 5) ; 

.-. cosa cos/S-sin asin/3=sin7 sin 5-cos7Cos5; 
/. cos a cos /3 + cos 7 COS 5 = sin a sin j8 + sin 7 sin 5. 

^ ^. , .^ COS (15° -vl) sin 15° -sin (15°-^) cos 16° 

2. First side = ^^ — . ^-^5 r^ 

*■• sin 15° cos 15° 

2sin^ . . . 

sm 30° 

3. , . , ^ ^ cos-isinBsinC+l-cos^^ 
. cot ^ 4- sin -4 cosec B oosec C = ; — ^i— — jt-- — 7i 
sm A sm B sm C 

_co8A {sinBsinC + cos(B + 0)} + l 
~ sin A sin B sin C 

_cofiA cos^cosO+l 
"" sin ^ sin £ sin C * 

which is symmetrical with respect to -4, 5, G. 



4. Wehave smB=-^=^ ^ =72' 



/. B= 45°, or 135°; [Art. 148. (iii)]; 

.*. C=105°, or 15°; 

a sin C . - _o j • i eo 

-=4 cos 15°, or 4 sm 15° ; 



sin^ 

/. c=V6 + V2, or ^^6-^2. 

5.(1, wehave cotisotan36o=|^i^|^: 

_ sin 54° + sin 1 8° 
~ sin 54° - sin 18° 



_ V5 + l + (^5-l) _ 
~V5 + 1-(V5-1)"^ 



(2) sin 36° = sin 144°, and sin 72° = sin 108°; 

.-. first side =4 (2 sin 72° sin 36°)2=4 (cos 36° - cos 108°)2 

=4 (cos36°+sin 18°)^ =4 (^^ + ^^T~T 
= 5. 
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6. log 2 = -30103; /. log 4 = -60206 
log 3 = -47712; .-. log 9 = -95424 

log 11 = 1-0413 9 
2-69769 
.-. log -0396 = 2-69769; 
.-. log (-0396)90= -180 + 63-7921 = 127-7921; 
.-. number of ciphers before the first significant digit in (-0396)** is 126. 

7. Let P, Q be the two positions of the observer ; 
then ZQPB=30°, z gJ5P=45°, PQ=60 yards; 

,P^=50sin^| = ^0N/2(y^^^^^ 

sin 45° 2 ^2 ^^ 

8. First side=2+-{cos2a + cos2/3 + co8 27 + cos2(a + /8+7)} 

= 2 + cos (a + /3) cos (a - /3) + cos (a + /3 + 27) cos (a +/3) 
= 2 + 2 cos (a + j8) cos (jS + 7) cos (7 + a). 

siii^ 40° + cos* 40° 2 

9. (1) tan40°.fcot40°= .^^^qo^^^oo = 2 sin 40° cos 40° 

= -^-^0=2 sec 10°. 
sin 80° 

2 

(2) tan 70° + tan 20° = tan 20° -I- cot 20° = ^. ^ , as in (1), 

=2cosec40° 

10. (1) First side = 2 sin 4a - 2 cos 6a sin 4a 

=2 sin 4a (1 - cos 6a) =4 sin 4a sin^ 3a 
= 16 sin a cos a cos 2a sin* 3a. 

(2) First side = sin -=- - 2 cos -=- sin - 
\ / 7 7 7 



=--2 sin -(cos --cos — j 

. . IT . 29r . 39r 

= 4 sin - Bin -— sin -=- 
111 

. . IT . Stt . 39r 
= 4 sm - sin -=- sm -=- . 

7 7 7 
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11 We have sin C-'-^^ - J-Zl^l - .1 . 

.-. C=45° or 135°; [Art. 148, (iii)]; 

.-. ^ = 105° or 15°; 

_ csin^ _ (6-2^3)^2(^3 + 1) ( 6-2^^3)^ 2(^3-1) 
•• "*" sine ~ 2V2 '^^ 2^2 " " ' 

that is, a= 2 ^3, or 4 ^3 - 6. 

12. Let C be the rock and A, B the two positions of the ship. 
Then we have lBAC= lBCA = 67i° ; 

.*. BC=B^ = 10 miles, 
and AC=2AB sin22i°=10 ^2-^2 miles. [Art. 251.] 

,« -r,. X -J sin^JB-sin^C 

13. First side = = ^ + ...+... 

*" oosB+cosC 

^ cos^C-cos^B 

"cosBTcoTC 

= (cos C- COB B) + ... + ... 

=0. 

14. We have 



cos ($ - a) cos ($ + a) cos * 
4 cos ^ cos a __ 2 
" cos 2^ + cos 2a "" cos ^ * 
.-. 2 cos^ ^ cos a = 2 cos* ^ - 1 + 2 cos^a - 1 ; 
.*. cos* e (cos a - 1) =cos* a - 1 ; 

.*. cos* ^= cos a + 1 = 2 cos* ^ ; 

whence cos ^ = J2 cos ^ . 

15. We have sin a cos a = sin* /3 

=|(l-oos2/S); 
.'. COS 2/3=1-2 sin acos a = (cos a - sin a)* 
= 2cos*/'^+ay 

16. See figure of Art. 223. 

OG=BG cot BOG=BG cot C=c cosB cot C 

= 2BcosBcosC; 
similarly Oif = 2B cos O cos ^4 , 0K= 2R cos A cos B. 
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17. Wehavecos^ = 



1-e cos u 

1 - cos _l-e cos M - cos u + e _{l-\-e){l- cos m) ^ 
1 + cos ^ ~ 1 - e cos u + cos m - g ~ (1 - <?) (1 + cos u) * 



.-. tan| = 



/l + e . « 



18. The sum of the squares on the sides containing the right angle 

= 4(l + sin^)2 + 4:(l + cos^)2 + cos2^ + sin2^ + 4cos^(l + sin^) + 4sin^(l + cos^) 
= 8 + 8(sin^ + cos^) + 4 + l + 4(sin^ + cos^) + 8sin^cos^ 
= 9 + 12(8in^ + cos^) + 4(l + 2sin ^cos^) 
= 9 + 12(8in^ + cos^)+4(8in^ + cos^)2 
= {3 + 2(8in^ + cos^)P. 

.*. hypotenuse =3 + 2 (sin 6 + cos 0) . 

19. In the figure of Art. 227 let O be the centre of in-cirde of Iil^h- 
and Oj the centre of the ex-circle opposite to I^, Let R' be the circum- 
radius of Ii/g^g. 

Then, as in Art. 220, OOi = 4J2'sin^^^ 
but Z Vila = l-i; &nd R'=2R; [Arts. 221, 222] ; 

.-. 00^=&R sin (j -j) = ^R sin ^^ . 

20. The sides of the ex-central triangle of the triangle ii/2^8 ^^^ 

4E'cos^^, 4J2'cos^^^, 412' cos ^!^, [Art. 221], 

that is, BiJcos— . , SR cos — j— , 8E cos — j- . 
4 4 4 

21. We have 

(1 + cos a) (l + cos/3) (1 + cos 7) = (1 - cos a) (l-cos/3) (I-COS7); 

.'. cos - COS g COS ;^ = ± sin - sin 5 sm ^ ; 

d <a Z £t Z a 

.'. each expression = 8 cos^ - cos^ ^ cos^ ^ 
Z 2 '2 

OL B y . a . 3 . y 
= ± 8 cos - cos g cos ^ . sm - sm g sm ~ 

li o a a a a 

= dbsm a sin /3 sin 7. 
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22. Let a, /3, 7, d be four angles such that a + i8 + 7+5 = 180° ; 
then cos (a + j8) = cos (180° - 7 + 5) = - cos (7 + 5) ; 

.*. cos a cos /3 + cos 7 cos 5 = sin a sin /3 + sin 7 sin 5; 

similarly cos j8 cos 7 + cos 5 cos a = sin /3 sin 7 + sin 5 sin a ; 

00S7 cos a + cos /3 cos 5 = sin 7 sin a + sin /3 sin 5 ; 

.'.by addition we have the sum of the products of the cosines taken two 
together equal to the sum of the products of the sines taken two together. 

23. (.1) I/1./I2. 1/3=472 sin 4. 4JR sin ~.4J2 sin ^ [Art. 220J 

z ^ Jd 

= 16JR2.4J?8in48inf sin^ 

(2) IIi2 + J2/32 = 16122 gin2 ^ + 16JR2 cos2 ^ [Arts. 220, 221] 

= 16122. 

24. (1) Let a, /3, 7 be the angles ; 

oB „(7 ^A . B + C B-C ^A 

cos* — + OOS2--COS2— l+COS COS— o C0S2- 

then cosa^ —"B-C = , B d 

2 COS -jr- cos TT 2 cos — cos -- 

z z z z 

sm — cos — jr— + sm* — 2 sm ^ cos - cos ^ 
z 2 2 Z Z Z 

2 cos TT cos — 2 cos ^ COS — 

z z z z 



= sin:|=cos/^90°-:|y 



Thus the angles are 90° - ^ » 90° " f » 9<^° - ^ • 
z z z 

(2) Here 

_ s in2 2B + sin2 20 - sin* 2^ _ 1 -cos 2 {B + C)co82{B - C) - sin* ^ 
^°^°^~ 2 sin 25 sin 2C ~ 2 sin 25 sin 2C 

_ - coa 2 A cos 2 ( i? - C) + cos 2 A 
~ 2 sin 2B sin 2G 

^ -co82A{co82(B-C)-cos2{B-hC) }_ _^^^2A 
2 sin 2B sin 2C 
Thus the angles are 180° - 2J, 180° - 25, 180° - 2C. 
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25. The expression 

= {sin (^ + a) + sin (^ + /3) }2 - 2 sin {6 + a) sin (6 + p) 

- 2 cos (a - j8) sin {0 + a) sin {0+p) 
= J2 sin ^^ "^^ "^ ^ cos ^^1 -2sin(^ + a)sin(^ + /3)(l + cosiiTJ8) 

^4cos2^ {sin2?^i^-sin(^ + a)8in(^ + /3)} 

= 2 cos2 -"^ {1 - cos (2^ + a + j8) - cos (a-/3) + cos(2^ + a+/3)} 

= 2 cos2 ^5^ (1 _ cos^T^), 
which is independent of 0, 

26. See figure on page 220. 

Since the quadrilateral is described about a circle, 

/. a + c = b + d; that is, a-d = b-c. 

Now a^ + d^-2ad ooa A =BD^=b^ + c^-2bc cos G; 

.'. (a-d)^ + 2ad(l-coeA) = (b-c)^ + 2bc{l-<iOBG); 

A C 

.'. fldsin^ — = 6csin2 — . 

Z a 



27. I^et the tangent parallel to jBC meet AC vol M\ and let AQ^ the 
perpendicular from A to BG^ meet the tangent in X\ then 

•p AM ^AX _ AG-2t 
a" AG" AG" AG 

A 8 

a b c 8 8 8 

= 3-?f=l. 

8 
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28. Take the figure of Art. 199. Then we have 

L PAB = 13° 14' 12", Z PBC= 56° 24' 36", Z BPd = 43° 10' 24". 

Also PC = 1666. Let AB=x ft. 



_ P^ sin 43° 10 ' 24" 
^"~ sin 13° 14' 12" " 

log sin 43° IC =1-8351341 

|xl347= 539 



log PB 

log sin 13° 14' 12' 

logo? 

log 5617-4 


=3-2741376 

3-1093256 

' = 1-3597858 

= 3-7496398 

= 3-7496353 

45 

46 


•0793468 

log 1566 =3-1947918 

log PB =3-2741376 

log sin 13° 14' =1-3596785 

1^x5369= 1073 


6 


1-3697858 



PB = 1566 cosec 56° 24' 36". 
logcosec56°24'= -0793961 

subtract ■^xS'd9= 503 
oO 



Thus x= 6617*46 ft., whence it easily follows that the speed of the train 
is 21-3 miles per hour. 



29. Let A represent the harbour, C the fort, B the position of the ship 
when 20 miles from C. 

Then ^0=27-23 miles, C£=20 miles, z 0^5=46° 8' 8-6". 

27-23 sin 46° 8' 8-6" 



sin B = 

log 27-23 =1-4350476 
log sin 46° 8' =1-8579078 

*^^xl215= 174 



600 
log 20 



1-29297^ 
= 1-3010300 

log sin JB =1-9919428 

log sin 78° 69^= 1-9919220 

208 



20 



Diff. for60"=246; 
.-. prop*, increase = ^j^ x 60" = 50-7" . 



.-. B= 78° 69' 50-7", or 101° 0' 9-3", both values being admissible since 
a<6. 

Hence with the third figure of page 131 we have 

Z ^0^1=64° 52' 0-7", Z ^02^2=32° 51' 42-1". 
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[CHAP. 



In aAGB^, 
ABi= 



20 Bin 54° 52^ 0-7^^ 
8in46°8'8-6" * 



log sin 54° 52' =1-9126551 

log 20 =1-3 010300 

1-2136861 

log sin 46° 8' 8*6" =1-8579252 

log^J?, =1-3557609 

log 22-686 = 1-35575 79 

30 

2 38 

.-. ^Bi= 22-6862 miles. 



In aACB^, 
AB. 



20 8in32°5r42-r 
sin 46° 8' 8-6" 



log sin 32° 61' =1-7343629 

gjxl966= 1372 

log 20 =1-3010300 

1-0365201 
log sin 46° 8' 8-6" = 1-8579262 
log AB^ =1-1776949 

log 15 -052 =1-1776942 



^Bo= 16 '062 miles. 



Thus the time taken is approximately 2*27 hours or 1*6 hours; that is 
the ship will he 20 miles from the fort in 2 hrs. 16 min. or in 1 hr. 30 min. 



EXAMPLES. XIX. a. Page 235. 



1. sin^ = -=sing; 



8in^=-^ = smj; 



3, cos^=- = coSx^; 



e=2mr:L 



3* 



5. cot^= -V3 = cot f - ^j ; 6. sec^= -/^2 = sec 



0=nir- 



4. tan^=^3=tan5-; 
o 

.-. e=nir + '^. 

ST 
4 ' 



^ = 2wir± 



3t 



"2' 



.-. cos ^ = =t 



n/2' 

^=2w7r±-r» or27i7r± 
4 



('-?)■ 



Both of these are included in n^r =*= -: 



8. tan2^=-; 



,. tan^=±-^3 = tan(±^); 



.-. $=mrJb-^ 
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rt 2^ 4 10. cos^=co8a; 



... cot<?=±-i=cot( 










f 


-ii-X 


11. 


tan2^=tan2a; 


db 


D' 




'. tan^==i=tana = tan 


12. seca^ = sec2a; 






13. 


tan2^=tan^; 


.-. tan2^=tan2a; 








/. 2e=mr + e; 


.-. ^=W7r±a. 








.'. $=mr. 


14, coseo3^=ooseo3a; 






15. 


cos 3^= cos 2^; 


.-. 3^=nT + (-l)" 


3a 


f 




.-. 3^ = 2nir±2^; 


.-.e^^iH-i)" 


a. 






^ « 2nir 
.*. d = 2mr. or — - 
6 



16. sin 6^ + sin ^= sin 3^; 17. cos ^ - cos 7^ = sin 4^ ; 

.*. 2 sin 3^ COB 2^= sin 3d; .-. 2sin4dsin 3d=sin4d; 

/. sin 3^=0, 1 

- .-. sin 4^=0, or sin 3d = ^ ; 

or cos2d= s, 

whence d = -r- , or nir db ^^ . 

O D 



18. sin4d + sin2d-(sin3d + sind) = 0; 

.-. 2 sin 3d cos d - 2 sin 2d cos d=0 ; 

5d d 
/. 2 cos d . 2 cos -^ sin s=0; 

.'. cosd=0, or cos-^ = 0, or Bin- = 0. 



- (271 + 1)^ (2w + l)7r 

0=- o~^—i or ^^ — ^— , or 2mr, 



19, As in Example 18, we obtain 

4 cos d cos 4d cos 2d = ; 

whence eJ^!^ , or (^iLtll - , or &^^ . 

A 4 o 
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20. Bin 50 cos ^ = sin 6^ cos 20 ; 
.*, sin 6^ + sin 4^ = sin 8^ + sin 4^; 
.-. sin 8^ -sin 6^=0; 

/. 2 sin ^ cos 7^=0; 

.*. sin^=0, or cos 7^=0; 

, „ (2»+l)ir 

whence ^=wir, or ^ — :rr^ • 

14 

21. sin 11^ sin 4^ + sin 6^ sin 2^=0; 
.-. cos 7^ -cos 15^+008 3^ -cos 7^=0; 

.. 2sin9^sin6^=i0; 

whence ^=-Tr- , or -j^. 

y o 

22. \/2 cos 3^ - cos ^ = cos 50 ; 

.-. V2 cos 3^ = 2 cos 3^ cos 20 ; 

/. cos 3^=0, or cos 2^=-^; 

23. 8in7^-x/3oos4^=sin^; 

/. 2 cos 4^ sin 3^ =^3 cos 4^; 

.-. cos4^=0, or sin3^=^; 
whence 0=^^ — - -'- , or — + ( - 1)»» -■ . 

24. l + cos^=2sin«^; 

/. l + cos^=2-2cos2^; 
/. 2cos'^ + cos^-l = 0; 

/. cos^=-l, or 2*, 
/. ^=(2n + l)w-, or 2n7r±J. 

25. tan2^ + sec^ = l; 
.-. sec2^ + sec^-2=0; 

.*. sec^= -2, or 1; 

2ir 
.-. ^=2nT±— , or27Mr. 
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26. oot2d-l=cosec^; 
.*. 00860* ^-cosec^- 2=0; 

/. 00860^ = 2, or —1; 

27. cot ^- tan ^ = 2; 

/. cot2^-l = 2oot^; 
/. cot 2^=1; 

28. 2oos^=-l; .-. ^=2nT±^ (1), 

2sin^=V3; /. 0=:nir + {-l)^^ (2). 

From (1) we see that the multiple of ir must be even, and from (2) that 
the sign before the second term must be positive when the multiple of ir is 
even; 

/I « 2ir 

29. seo^=^/2; /. ^=2nT±| (1), 

tand=-l; /. 0= mr-j (2). 

From (1) we see that the multiple of ir must be even, and from (2), that 
the sign before the second term must be negative; 

/ ^=2nir-7. 
4 



EXAMPLES. XIX. b. Page 237. 
1, tan 2?^= cot g^; 

.*. tanj)^=tan f ^- g^ j. 

/. pe = nir + ^-q0; 

. (2n + l)7r 

• 2(i> + g)- 

B. E. T. K, V^ 
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2. 


sinm^ + cosn^=0; 




.-. cosn^ =cos f ^ + m^ j ; 




.-. n^ = 2ic7r±(^ + m^j; 




. (4k + 1)x ^ (4.-1)^ 
•• ''""2(n-w) ' 2(»+m) 


3. 


cos^-^3sind = l; 




1 z. n/3 .. 1 




.-. cos(^+|)=cos^; 




...^+|=2n.i|; 



^=2nir, or 2nir--Q-. 
o 



4, sind-V3co8^=l; 



f. t\ 2t 



/. ^ = 27Mr + |, or 2nir--^; 



thatxB, ^ = 2nir+2, or (2w+l)ir+^. 

5, oos^=V3(l-sm^); 

/. gCOfii? + Ysin^=^; 



■('-i)= 



ooBg; 



/. ^=2rMr+2» or 2wT + ^ 



\ 



[chap. 
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6. Bine+fjSeoBe=^2; 



5ir IT 

/. ^=2nT+j^, or 2nir-j^. 



cos ^ - sin ^ = -.- ; 

-^0O8^--^2^^=2, 



COS 



.-. ^=2nT+^, or 2nT-^. 



8, COS d + sin ^+^2=0; 

/. cos(d-|)=-l; 



$=2nir-^-r , or 2nT--7-. 
4 4 



9, coBeod+oot^=V3; 

/. l+ooB^=V3sin^; 

1 J^ . 1 

,. -cos(?-^B"i^=-25 



cos 



whence ^=:2nir+ 5 , or (2n - 1) ir ; 

o 

which may be written $ = 2nir + 5^ , or (2n + 1) ir. 

10. cot d- cot 2^=2; 

/. coseo2d=2; 

2 ^^ ' 12- 



W—^ 
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2sin^sin3^ = l; 
.-. cos 2^ -COS 4^=1; 

/. cofl2^=2co82 2^; 

/. cos 2^ = 0, or - ; 



[chap. 



.-. $ 



_ (2n-fl)r 



, or TlTTdb 



6* 



12. 



sin 3^=8 sins^ 

3 sin ^ - 4 sin*^ = 8 sin"^ 

,\ sin ^=4 sin* ^ 

.-. sin^=0, or ±j 
.*. 0=nTi or ?Mr± 



13. 



whence 



tan ^ + tan 3^=2 tan 20 ; 
sin 4d _ 2 sin 2$ ^ 

" 008 3^008^"" COS 2^ ' 

/. 8in2^=0; whence d=-^, 

008^2^=008^008 3^; 
2 cos' 2^=008 4^+cos 2^=2 008^2^ - 1 +co8 5 
.*. 008 2^=1; 

nv 



.'. all the values are included in ^=-^ 



14. 



cos ^ - sin ^= cos 2^; 
.-. 2sin-^sin-=smd; 

.'. sin;5=0, whence 6==2mr, 

a 

. S0 

sin ^=008-; 



2=2n.=i=( 



/9r_3^\ 
'-\2 2)' 

-0=2mr- 
,'. the values of may be written 2nir, nir + ^ » 2nT+ ^ 



= nir+j, or -^=2w9r-^; 
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15. cosec^ + 860^=2^2; 

.*. sin ^+008^ = 2/^2 sin ^ cos ^; 



,(.-i). 



2 sin ^ cos d = sin 2d; 

.-. d-^=2/i7r±^|-2d\; 

whence 0=——- + -^ , or 27it+ -t . 

d 4 4 

16. sec d-cosecd =2/^2; 

/. l-sin2d=8sin2dcos2d=2sin22d; 

/. sin 29= -1, or ^; 

.-. 0=n^-^, or ^ + (-l)«j2. 
The equation may also be solved in the same way as Ex. 15. 

17 _1 L.=2. 

'' cos 49 cos 29 ' 

cos 29 - cos 49=2 cos 49 cos 29 

=cos69+co8 29; 

.-. cos 69+ cos 49 = 0, 

2 cos 59 cos 9=0; 

.-. 9 = (2w+l)|, or 59 = (2n + l)|. 

18, cos 39 + 8 cos*9 = 0; 

.-. 4 008^9= cos 9; 

.*. cos 9=0, or db-; 

a 

that is, the values of 9 are ^. , W9r± ~ . 

19. 1 + x/3 tan* 9 = (1 + ^3) tan 9 ; 
.-. (<^3tan9-l)(tan9-l) = 0; 

.-. tan 9=1, or -^; 

.*. 9 = n9r + j, or wr + g-. 
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20, tan8^ + cot8^ = 8cosec3 2^ + 12; 

.-. sin* e + COS* ^ = 1 + 12 sin* e cos* 6 ; 

/. sin*^ - sin2 ^cos*^+oos* ^ = 1 + 12 sin* e cos* d; 

/. l-3sin2^oos«^ = l + 12sin8^cos8d; 

.*. sin* ^ 008*^(4 sin ^cos^+l)=0; 

whence sin 2^=0, or - ^ ; 

21. sind=V2sin0, /^3cos^=/^2cos0; 
/. by squaring and adding we have sin* ^ + 3 cos* d= 2, 

that is, 1 + 2 cos* ^=2, whence cos ^ = db -^ ; 



bj,or 27Mr±^T-jj; 



/. d=2rMrdb-, or 2?Mr±( 

both of which are included in ^=rMr ± 7- . 

4 

Again, we have cos 0=^ cos ^ = rt^ ; 

.'. 0=2nir±|, or 2nir±fir-n» 

which are both included in = nir ± ^^ • 

b 



22. cosec^=/^3coBec0, cot ^ = 3 cot 0. 
By squaring and subtracting we have 

1 = 3 (cosec« 0- 3cot*0) = 3 (1-2 cot*0) ; 

1 IT 

.-. cot 0= ± -75 ; whence 0= wir it - . 
Also cot 0= rt^3 ; whence ^=wT±p- . 

23. sec = x/2 sec 0, tan <p=»JS tan 0. 

Subtracting the square of the second equation from the square of the 
first, we obtain 

1=2 sec* ^-3 tan* ^=2- tan* ^; 



/. tan9=dbl; whence ^=nT± J. 
\lso tan 0= ±/^3 ; whence 0=wir± r^ . 
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24. If + ^ = nir + (-l)^^; 

then sinf ^+jj = sin^; 

.-. cos g-<>-^) =008^-1); 



<'-l> 



coa^; 



Which proves that the same series of angles are given by the two equations. 

25. In the figure on page 252 let OE be drawn bisecting the angle 
PjOPg, and let the angles PjOJE, P^OE each be equal to a; 

then the formula l^n+jWjza comprises angles whose boundary lines are 

OPj^ or OP^. 

Again in the formula f n - j j w+(-l)*(|-a) the terms nir + (-l)*~ 

comprise angles whose boundary lines are OF, whether n be odd or even. 
Hence the whole formula comprises angles formed by starting again from 

OY and turning through an angle - ^ - ( - 1)** a ; that is, - t =^ «. 

Hence the second formula also comprises angles whose boundary lines 
are OPj or OPJ^, 

EXAMPLES. XIX. c. Page 242. 

12 13 

1. Let ^=sin-i:r-; then cosec^= — . 

lu 12 

..^ 169 , 26 

17 17 16 

2. Let ^= cosec-i -^ ; then cosec ^ = -^ , and cot ^ = -5- . 

o 00 

.-. ^=tan-i^. 
15 

3. Let = tan-i x ; then tan e=x; 

.-. sec2^=l + tan2^ = l + a:''^, 
that is, sec (tan-^ x) = ^1 + x^. 
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2tan-i|=tan-i. 



: tan 



-1? 



9 



[chap. 



5. 



4 3~ 1 

tan-^- - tan~i 1 = tan-i — ^= tan"^ = . 



2 94 9 7 

6. tan-1 — + cot-i -=- = tan-i ~ + tan-i 4t 

11 I 11 24 



1 + 1 
. ,, 11 ^ 24 ^ ,1 
= tan-i L = tan-i ^ . 

^"132 



4 15 



+ 1 



7. oot-i|-cot-i^=cot-i|^=cot-ig. 

8 3 



2 

8. 2 tan-i ^ + tan-i 1= tan-i — L. + tan-i ~ 
6 4 1 4 

26 



=tan-i~+tan-i 

liQ 



1 i 
. ,12'*'4 ^ ,32 



^-48 



43* 



1 1 

9. tan-i i + tan-i ~ = tan-i 2_^ = tan-i 1. 

5 1 fill 

Again, tan-^ -+ tan-i -- = tan-^ ^ =tan- ^ 1. 

o 11 6 

66 
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I 1 

1 1 1 7 8 1 

10. tan-^ - + tan-i _^ taui-^ — = ta^-l j + tan-^ jg 

i. Jl 

X 1 3 ^ ,1 , ,, 11 "*" 18 
= tan-i — + tan-i =-q = tan'^ i 

II lo ^ o 

198 

= tan-i^=cot-i3. 
o 



11. 



tan~^ = + sin-i v= tan"^ ■= + tan"^ 7 
6 5 5 4 

3 3 
* . g"^4 , .27 



12. 



2 cot-i 1=2 tan-i 1= tan-i — ^= tan-i ^ . 



1- 



25 



16' 



16 
,16 ^ ,240 . , 240 

77!^ 1^1 Vl61*+240a 



'225 



J 240 
289* 



14. Let sm-ia:=^; then sin ^=a:, cos ^=^l-a?2. 

/. sin (2 sin-i a:) = sin 2^ = 2 sin ^ cos ^ = 2a: ^^1 - x^. 

15. Let sin~i x/—k- =^> then Bm$= ./ -^ , 
Now cos 2^= 1 -{l-x)=x; whence 26 = cos""* x. 
That is, cos-* a; =2 sin"* ^ —^ • 
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16. Let tan-i^^- = ^; then tan ^= ^^-. 

«« 1-tan'^ a-x , «. _, «-« 

Now cos 20=^ - i- • .» = —r- ; whence 2^= cos ^ — -- . 

That is, 2 tan-^ a /- = cos-i ^^-^ . 

1 1 

17. 2 tan-i I + tan-i ^ + 2 tan"! ^ = 2 tan-i ^-1 + tan-i i 

■^"40 

2 

113 1 

= 2 tan-i - + tan-i - = tan-^ ^-— + tan"^ = 

t> 7 - 1 I 

9 

3 1 

= tan-i .^ tan-i - = tan"^ = tan'^ 1 = j • 

4 7 - o ^ 



18. Let ^=sin"^a, 0=cos~^6; 

then sin^=a, cos^=/^l-a^ cos 0=6, sin 0=^1-62; 

/. cos(^-0) = cos^cos0 + sin^sin0=6 ^/l-a^+o y^l-ft"; 
.-. sin"i a - cos~^ 6 = ^ - 0=cos-i {6 Jl-a*+ a JT^}. 

[In some of the examples which follow diagrams may be used with advan- 
tage as in Examples 2 and 3 of Art. 249.] 

4 2 3 2 ~ 2 

19. sin-i -= + cos-i -jz; = cot"i 7 + cot-i 2 = oot-^ «i^ = cot~^ TT . 

5 Vo 4 3 11 

20. cos-i| + 2tan-iJ = cos-i|+tan-i^ 

^ , ^/65«"3632^ , _, 6 
= *^^ 63— +^^ 12 

=tanig3+tanij2 
^ ,192 + 315 . ,507 ^ ,3 

= sm ^-=, 
o 
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21. tan-im+tan-in=tan-i '""^^ 



1-mn 
1 — mn 



1-mn 



22. Let 

then we have 



sJim+ny+il-mn)^ 
. 1-mn 

= COS"^ — ; 

V(l+wa)(l+n2) 

,20 ^ , -.16 ^ 
008-^2^ = ^, tanig^=0; 

sm^=29, Bm0=gg, oos0=gg; 



Vl+m*+n*+m*n* 



/z, ^x /, ^ . • /, • ^ 20 63 21 16 1596 



.20 



,16 ^ ^ ,1696 



that is, 

23. Letco8-i a/3=^, then ooa^= y/-, 
Now cosf^-^j = 



^73- 



6 



6 



'-/i 



2 3 



3'4 

_ V6 + 1 

"2^3 • 
^ T ,/\/6 + l 

^-6=°^^" V3-' 



3 '4 



that i8, 



1 /?.oo8-i^^?±i-^ 
V 3 ""^^ 2^3 - 6 • 



24. Second side =2 






= tan(tan-ij^) 
=tan(2tan-ix). 



25. Second side = tan"^ a - tan~* b + tan~^ 6 - tan~^ c + tan"^ c 

=tan~^a. 

26. Let tan-ia;=a, tan-^i/rrjS, tan-'^«=7; 
then a + j8 + 7 = ir; 

/. tan a + tan j8 + tan 7 = tan a tan j8 tan 7 ; [Art. 136, Ex. 2.] 
that is, x+y-{-z = xyz. 
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27. We have w=cot~^ JcoTa - cot"^ * / 

V cos a 

1 + 1 
V cos a 



=oot-i — — iil =cot-'l^^£2i? . 

, 1 - COS a 

/cos a 



. „ 4 cos a 

.*. COt*W=; 



"(l-cosa)2' 

.*. cosec*w=l + cot2M=( ^ -] ; 

\l-co3a/ 

1-oosa . „« 

.-. sinii=r =tan2-. 

1 + cos a 2 



EXAMPLES. XIZ. d. Page 244. 

1. sin"^ X = cos~^ X = sin""^ Jl-x^ ; 

, 1 

/. x=^l-x^; whence a: ==fc—F2« 

2. tan-i X = cot-* a; = tan-* - ; 

X 

.'. x=-; whence x= ±1. 

X 

3. tan-i (a; + 1) - tan-i (a; - 1) = cot"! 2 ; 

2 1 

.-. tan-i —^ = tan~i ^ ; whence x = ± 2. 

4. cot-i X + cot-i 2a:=-^ ; 

4 



.'. cot" 



., 2j;«-1 _3^. 



2a:2-l Hit 

.-. 2a;2+3a:-l = 0; whence ar= -=-^4^ • 

4 

6. sin-* X - cos-* a; = sin"* (3a; - 2) ; 

.-. sin (sin-* x - cos""* a:) = 3a: - 2 ; 

/. ay^- Jl-x^. >JlT^=3x''2; 

*l*atis, 2a?a-l = 3a;-2; 

.-. 2a:2-3a; + l=0; whence x = l, or 5. 

2 
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6. COS"* X - sin"*^ X = cos"^ x ^3 ; 
.*. cos (co8~^ X - sin"^ x) = x^%; 
.'. X j^JlT^+x sJl"X^=xj3; 

that is, 2x fJl-x^=x^S; whence «=0, or ±-. 

n X 1 x-1 ^ , x + 1 T 

7. tan-i — - + tan-i — -^ = j ; 

a;-2 x + 2 4 

a:-l a; + l 
, x-2 "^ x + 2 IT 

x2-4 

.-. 2a;*=l, or ^=±-75. 

8. 2cot-^2 + cos-^^=coseo~^«; 

a 

/. cot-1 -T + cot-^ 7 = cosec"^ X ; 
4 4 

.-. cot~^ =coseo-~^j;; 

o 

2 
.-. cot-^ ~ ST = cosec"^ X = cot~^ A/ic' - 1 ; 
•*• 242'=^ "^' whence a:=±2^. 

9. tan-i X + tan"i (1 - a:) = 2 tan-^ ^x-x^ ; 

.'. tan-i. _.=tan-i,j-5i_— 3; 

:. I=4(a;-aj2); whence «=s« 

,l-a2 .1-62 

cos i^_,-cos-i^-j-p=2tan-ia;; 

1 2a ^ ,26 
/. tan-i^—^.-tan-i j--p=2tan-ia;; 

/. 2 tan-la- 2 tan-i 6=2 tan-la:; 

.*. tan"i a - tan-^ 6 = tan-^ x : whence a; = ^ "" , . 

1+06 



10. 
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11. 
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1+a* l-x^ 1 + 6* 

.2a ^ , 2x , ,26 

2 tan~^ o + 2 tan-^ x=2 tan~i 6 j whence x = 



[chap. 



l + a6 



12. 



13. 



where 
14. 



whence 

tilAt IB, 



^ 1 x^-1 . 1 2a: 4t ^ 
^°*"'-2r+*^ 5^1 + T=^^ 



2 tan- 



tan 



, 2a; 4ir ^ 
2a; 2ir 



l-a;2- 3 » 
tan~i»=^; whenoea;=V^. 
26 



2a6 



aa+62 
5+sin~^ 



26 
= sin-^ — — = tan~^ 



a^ 



a 
a* 



, 2a6 . . 2cd ^^ ,6 «x ^d 
a^ + 6'* c^ + a* a c 



=2tan-i 



h d 
a c 

ae 
bc + ad 



=2tan-i ^. 

ac-bd 

a; a;*+y' 

2/=6c + a(2, a;=ac-6d. 

sin [2 cos-i {cot (2 tan-i a;)}] = ; 
sin ["2 cos-i jcot /^tan-i j^)[ 1=0; 



• Bin[2cos-il^^=0; 
l-a;« A /l-a;2V ^ 

a;=±l, or l-a;«=±2a;; 
a;=±l, or ±(l=t^2). 
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15. 2 tan-1 (cos 0) = tan-^ (2 coseo 0) ; 

2cos^ 



1 - cos* $ 
2 cos g _ 2 
sin"^ ~8in^' 

/. cot^=l; whence ^=nir + T« 
4 

16. sin (it cos ^) = cos [w sin ^) ; 

/. IT sin ^= ;r- ± IT cos ^; 

.*. sin^=fccos^=^; 

.-. 1 ±2 sin ^ cos ^ = 7; 
4 

a 

.-. sin 2^= ±7; 
4 

2^=:±sin-4. 
4 

17. sin (t cot ^) = cos (ir tan ^) ; 

.*. irtan^=2nir±(— -Tcot^ |; 

/. tan^dbcot^ = — s— ; 

sin*gdbcos*g _ 4n=fcl 

•*• mnW " 4 ' 

4to+ 1 
that is, either cot 2$ or oosec 20 is of the form — -z — . 

4 

18. tan (fl- cot 0) = cot («■ tan 0) ; 

.*. irtan^=n7r + ^-w- cot^; 

... tan2^--^tan^ + l=0; 



... tfln6>^ ^^-^^=^-^<^^-^^^'-^^ 
4 

_ 2n + l ^ V4n* + 4n-15 
■"4 4 • 
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19. 



tan- 


1 

x + - 


=tan- 


13; 




.. —1= 


:3; 






. X 








1-- 








y 








3a; + l 






•• y-T- 


r^' 





thus we see that the only positive integral values which x may have are 1, 2 ; 

when x=l, y = 2; 

when a?=2, y=7; 

and these are all the positive Integral solutions of the equation. 



we have 



NEOnS EXAMPLES, a. 


Page 246. 


and 8in£ sinC 
a ~ b ^ e ' 




a b c 
4-5-6 = 




*'°^^= 26c =60 = 16- 




'^■^- 2ca -48-16- 




^ o« + 6»-c» 5 2 
'^^=- 2a5 =40 = 16- 





That is, the cosines are in the ratio of 12 : 9 : 2. 

2. (1) 2cos8^ + sin2^-l = 0; 

.*. 2 cos' ^= 1 - sin« ^=008* ; 

oos^=0, or s; 

^ (2n + l)ir . ^fl- 

(2) sec8^-2tan2^=2; 

.-. sec»^=2(H-tan2^)=2seca^; 

.*. sec ^=2, since sec ^=0 is inadmissible ; 

.-. ^=2nT±^. 
o 

8, tan j8= 2 sin a sin y coseo (a + 7) ; 

... 2cot^=?^^^!i^=cota + cot7; 
'^ sinasm^ 

/. cot a, cot /3, cot 7 are in arithmetical progression. 
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A A i X 4AV 1 1 1 \ 

4. 4r(r, + r, + r3) = — (— + — ^-4---) 

= 4{(s-6)(«-c) + (.s-c)(«-«) + («-a)(*-6)} 

= 4(6c + ca + a6)-4«2 
=4(6c + ca + a6)-(a + 6 + c)2 
= 2 (6c + ca + a6) - (a« + 6^ + c'-^). 

11 

5. (1) tan-ii-tan-ii+tan-i^=tan-i5_l+tan-i^ 

o 5 7 - 1 7 

^ + 15 
=tau-^ - + tan~* - 

1 1 

* -1 8*^7 . , 3 

1_Jl 
66 



/o\ / . _i3 . , 8\ 4 15 3 8 



_36 

. _, 3 , . _, 8 ,36 

Tc . ,36 
= 2-^^^ 85- 



A cos^- /iliZf)- / 333x74 _ ,/6 
°' 2"V aft ~V 185x222" V 10' 

log cos ^ = i (log 6 - 1) = ^ (1-7781513) 

= 1-8890756; 

log cos 39° 14^ = I -8890644 
diff. 112 

112 

prop^ decrease = ^^r^jr x 60" = 6-6". 

.-. ^=39° 13' 63-5", and C = 78° 27' 47". 
H. E.T.K. ^?^ 
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7. tan (a + d) = n tan (a - 6) ; 

tan(a + ^)_ 
tan(a^(9)~^' 

tan (a + ^) - tan {a-6) _n-l • 

" tan (a + ^) + tan (a - ^) " w+ 1 ' 

sin 2^ n-1 
that IS, —. — jr- = — -^ . 

sin 2a 71+ 1 

8. 8i22=a2 + ^+c2; 

/. 2 = sin2^ + sin2B + sin2C 

= 2 - cos (^ + B) cos (ii - B) - C082 C 
= 2 + 2 cos A cos B cos C; 
.*. coSiicosBcosC=0; 
that is, one of the angles of the triangle is a right angle. 

9. Area of inscribed polygon = nr^ sin — cos — ; 

n n 

Area of circumscribed polygon =nr2 tan - ; 

.'. we have cos'' - = -j; 

n 4 

IT JS 

.'. cos- = ^; 
n 2 

w=6. 

10. Let P, Q be the positions of the boats ; then we have 

jlPBA= AQBG=4:5°y ZPCJ5 = 15°, zgCD=76°. 

But PBQ is a right angle ; 

.-. PQ2=PP2+ QP2^2002(12 + 4) = 200«X42; 
.. PQ = 800. 
Again, the distance of P from AB=:PB sin 45° = 200 ys - 1) 

= 146*4 yds., 
and the distance of Q from AB=QB sin 75° = 200 (^/3 + l) 

= 646-4 yds. 
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EXAMPLES. XX. a. Page 255. 

A A 

1, When ^ lies between - 135° and - 180°, sin -^ is negative, therefore 

in the first formula of Art. 254, the negative sign must be taken. 

2. 2" lies between 135° and 180° ; and therefore 

A A 

sin -jr is positive, cos — is negative. 



. A /l-eosA / 169 5 



A /IH 






+cos^ ^ / • 169 12 
13* 



A A 

3. Here sin -^ is negative, and cos — is positive ; 



. A 
sm^ 



A. 161 

/l-co8.i_ ./_289_ 15 
""V ""2 "V —2 "17' 

/rjei 

A_ /l + cosA ^ I 289 8 
2 ~ V 2 ~ V 2 " 17 * 



A A . A 

4. When TT lies between 135° and 225°, cos ^r > sin — and is negative; 

. A A ,. ^—, 

:. sm-jj + cos — = - i^l + sin^, 

and sin o - cos — = + ^1 + sinA 

A A A 

7, When — lies between 45° and 90°, sin - > cos ^ and is positive ; 



. A A ,- ^-^ l\ 24 

••• sm2+oos2 = x/l + sm^ = ^l + 2g 

and sin ^ - cos ^ = /^l - sin 2 = .1 1 



7 
'5' 



241 
25 ~ 6 ' 



. ^ 4 4 3 

••• «^^2=6''°^2=5- 
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A A A 

8. When — lies between 136° and 180°, cos -->sin - and is negative ; 
•2 2 J 



. A A 

.-. Bin 2 + cos ^ = 



n '—. /. 240 7 

, . A A iz ,--: /- . 240 23 

and Bm--co8-=Vl-8m4 = ^l+— =-; 

. ^ 8 A U 

••• «^^2=l7»"°'2 = -l7- 

9, (1) We have 

sinA+Go^A- ^l + sin2il (i), 



sin^-cos/f = - ;^l-sin2-4 (ii). 

From (i) we see that of sin A and cos^ the numerically greater is positive. 
From (ii) we see that cos A is the greater. 



2nir--and2nir+? 
4 4 



Now cosii is greater than sin^i and positive between the limits 

•--and2nirH 
4 

(3) We have 

sin^+coSi4= -,^1 + sin 2-4 (i), 

sin ^- cos -4= + Ayi-sin2ii (ii). 

From (i) we see that of sin^i and cos^ the numerically greater is 
negative. 

From (ii) we see that cos A is the greater. 

Now ooSii is greater than sin^l and negative between the limits 

2nir + -j- and 2n'ir + -r-. 
4 4 

A A A 

10. I^ 2 ~ ^^^* ®"^ 2 ^ ®^^ 2 *°^ ^^ positive ; 

.-. sin-+cos-=,yi + sini4, 

. A A /, ^, 

sm — - cos — = /^ 1 - sm ^ . 

A 

.-. 2sin— =^l + sin^ + Vl-sin^l. 
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11. tan 7i° = --.^!,- = coseo 15° - cot 16° 

Bin 15 

_ 2^2 JS + 1 

=V6 + x/2-2-V3; 

cot 142i° = ii^^^o- = cosec 286° + cot 285" 
'' sm 286° 

= -coseo 76° -cot 75°= - -^^ ^ j|ri ~ (^ " v^^) 

= -^/2(V3-l)-2+^/3=^/2 + V3-2-V6. 

12. sin 9° = I { V3lV5 - V^^V^ } [Art. 260.] 

= ^ { V5'236080 - V2-7639320} 



= i {2-288... -1-662...} 
•626... 



= •156.... 



13. (1) As in Art. 251, 2 cos ^= ^2 + V^ ; 
o 

but. 4sin2^=2-2cos|=2-V2+V2; 

.•. 2sin^=72-x/2+^2. 

(2) tan 11° 15' = ^ '.^^l^r^ = cosec 22i° - cot 224° 
sm iBA^ 

--^ JL_-W2W?_(^2-M) 



^2^2 x/2-1 s/2 

= V4 + 2x/2-(^2 + l). 

14. (1) cos^ + sin^=V2cos (^-^y 

As 6 increases from to -j- , the expression is positive and increases fror" 
4 

1 to V2. 
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As 6 increases from t to -j- , the expression is positive and decreases from 
V2 to 0. 

As $ increases from -j- ^^ ~r ' ^^^ expression is negative and increases 
numerically from to - s/2. 

As d increases from ~t~ ^^ ~I~ * ^^^ expression is negative and decreases 
numerically from - ^2 to 0. 

As d increases from -^ to 2ir, the expression is positive and increases from 
Otol. 

(2) sin^-V3cos^ = 2Qsin^-'^^cos^^ = 2sin^^-|y 

From ^=0 to ^ , the expression is negative and decreases numerically 
from - x/3 to 0. 

From ^ = -t0 5^ + — ,or-^, the expression is positive and increases from 
0to2. 

From = -^ to 7^ + -jr, or-^, the expression is positive and decreases 

O 2 o o 

from 2 to 0. 

•n /> '^''' i 'T 47r IItt ,- . . ^. _ , 

From ^ = -n- to — + -— , or —^ , the expression is negative and increases 

O a O O 



numerically from to - 2 

From e= ^- 
o 

from - 2 to - ^^3 



From d= ft— to 27r, the expression is negative and decreases numerically 



ii: /1^ rru • SluZ^ + COS*^ 1 

15. (1) The expression = -r-^ w. = - -^ . = - sec 20 

^ *^ sm^^-cos^^ cos 2d; 

= - sec0, where <f>=26. 
We have therefore to trace the changes in - sec <f>, from 0=0 to 2ir. 

From to - , the expression is negative and increases numerically from 
■ 1 to - oo . 

From - to TT, the expression is positive and decreases from oo to 1. 
From IT to , the expression is positive and increases from 1 to oo . 
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From -;r- to 2ir, the expression is negative and decreases numerically 
from - 00 to - 1. 

/o\ mu • 2sin^(l-cos^) . -^ 

(2) The expression = =r—. — r-jz ;,; = tan^ - . 

^ ' ^ 2sm^(l + co8^) 2 

$ T 

Now ^ varies from to - , so that the expression is positive and increases 
from to 00 . 

EXAMPLES. XX. b. Page 260. 

1. Here tan-^ is negative; hence in the formula ^ — ^ , the 

A tan A. 

numerator and denominator must have different signs. But when ^ =320°, 

tan^ is negative; therefore we must take the sign which will make the 

numerator positive, 

^ A -l+Ayi+tan^ 

.-. tan — = f — . 

2 tan^ 

3. tan ^ = ± /^/ rr— , and since tan A is positive the radical must 

V 1 + cos 2A ^ 

have the positive sign prefixed. 

. . /13-12 1 

••*^"^=Vl3TT2 = 6- 

A /l + co8^ A A 

4. cot TT = ± A / 1 r ; ^^^ when — lies between 90° and 136°, cot -jr 

2 V 1 - cos -4 2 2 

is negative ; 



^A /5-4 1 

°°*2 = -\/5T4=-3- 



5. The general solution of cot 2^= cot 2a is 

20 = mr + 2a ; therefore ^ = ^- (titt + 2a) , 

(1) when n = 2mi, cot 6 = cot (mw + a) = cot a, 

(2) whenn=2m+l, cot ^ = cot ( 7;i7r + ^ + a)= -tana. 

a 

6. sin^=sina; .*. 6=n'ir+(-l)^a; hence in finding sin - we have to 

o 

consider all the values of sin f -^ + ( - 1)» | J . Give to n in succession the 

values 0, 1, 2, 3,... . Prooeedmg as in Art. 264 we shall find that the first 
six angles are 

a IT a 2'jr a a 4iir a oir a 

3' 3"3' y^S' '^"ij' 3"'^3' 3"~3' 
and that the other angles are coterminal with one of these. 



184 FUNCTIONS OF SUBMULTIPLE ANGLES. [CHAP. 

-^ . 2ir a . ( /ir a\] . ir-a 

. / a\ .a 
8m(^,r-3J = 8mg; 

. /47r a\ ( /ir a\) . w + a 

^•"U ^ 3 j = ^'" r "" 1 3 + 3 j[ = - "° -3- ' 

"° (t - 3J = "'" f '- ( 3 + SJI = - "" ^ • 

Thus the values of sin ^ are sin - , sin _ , - sm — - — . 
000 o 

7, Here ^ = ?iir + a, and we have to find all the values of tan ( -^ + 5 ) • 

Give to n m succession the values 0, 1, 2, 3,... ; then we shall find that 
all the angles are coterminal with one of the following : 

a IT a 2'ir a a ^tr a Sir a 

3' 3"^3' T"^3''^"^3' y^i' y^s' 

and as in Ex. 6 it may he shewn that the tangents of these angles assume 
one of the three forms 

a , ir + a , ir — a 
tan^, tan— ^, -tan -^ . 

8, Here 3^=2nir±3a, or ^= -^ ± a, and we have to find all the values 
of Bin ( -^ ± a j . 

Now n must he of the form 3?w, or 3ni+ 1, or 3m- 1. 
If n=3w, sinf -^=taj = sin(2?wiria)= ±sina; 

•* o 1 • /2nir , \ . /„ 27r . \ . /2t \ 

if w=3?w + l, sin ( -s-±a j = sm f 2m?r + — =ta j = sin I — dba j; 

if w = 3wi-l, sin ( -^±a j=sin f 2m7r--=ta j= -sin f ^±a J. 

9, Here ii0=mr+{- l)»3a, or ^= — + ( - l)»»a, and we have to find all 
tile values of cos ]-^ + (-!)** a> . 

If 7i = 3m, cos J-^ + (-l)'*a > =cos{w7r + (-l)'''"»a}= =tcosa; 
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if n=3??i+l, cos |^+(-l)»al=co8 imir4| + (-l)*»«al 

if n=3m + 2, coa j!^+(-l)»al =cos Jwitt + y + ( -Ip^+^al 



= ± cos I 



EXAMPLES. XXI. a. Page 267. 

44 

1. Let x= distance in feet, then a; =44 cot 36'=-^, nearly, where is 

V 

the radian measure of 35'. 

mu *. ,, 60 180 44x6x180,^ 
Thatis, x=44x_x -= ^^ ft.; 

whence a; = 1440 yds. 

« TT 22 ^„„oA// 22 180x60.^ 

2. Here x = -g- cot 24' 30" = -«- x — — — ft., nearly 

= 342fyds. 

3, With the figure of Ex. 1, p. 264, we have 

PJ^= 840 tan 1° 30' = 840 x ? x :^ yds., nearly 

4, Iiet e be the required angle, then approximately 

'=*"'^^=I760?-J-^ ^^^^« 

11 180x7 ^^ . . 

X 60 minutes 



160 X 3 X 12 22 
= 6' 34". 

5. Let e be the required angle, then approximately 

•■• ' =" tBo '^ ^^^ ^ ^ muiute8= 4' 35". 
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1° 22 11 

6. The radian measure of -r = 7 — tt^k — i, = ■, s — T^yi J 

4 4x180x7 14x180 

..^ ,1° 14x180 aoK' I. ^ 

.• x= -626 cot J = — =-^ — X •626 inches, nearly 

= 11 ft. 11 in. 

7. The radian measure of 6 = „^ — =777^ — =■= .^--^^^ : 
'' 60 X 180 X 7 42 X 180 * 

11 ^ 5' 11 84 X 180 . , 
.-. x=.^ cot ^ ~ "9" ^ — 11 — "^°^®s, nearly 

= 210 yards. 

8. Let d be the difference between the latitudes, then 

"=3^0 = 34''^''°^ 

180x7x60 . , .,„„„ 
= 360x22 °»""t^=9'38"- 

9. See figure of Example 2, page 264. 

Let DC be the man, CB the tower, A the point distant 24 feet from the 
tower; 

Let lBAC=a, lCAD = d; 

+1. . 120 ^ 

then tana=7r-r=5, 

24 

. / n^ 126 21 

tan(a + ^)=2^=-^. 

■D . ^ / . M tana + tan^ tana + ^ . ^ , 

But tan(a + ^) = ^-^^^^^^^- j-^^^ , approxmiately ; 

. 21_ 5 + ^ . 
•*• 4 " 1 - 5^ ' 

whence d = j^ radians = 31*5', nearly. 

10. See figure of Example 2, page 264. 

Let DC be the flagstaff, CB the cliff, and let DG=x feet; then taking 
the angles as before, we have 

490 1 
tan a = Q^ ~ 9 ~ ^' *^^ ^ = "04 approximately ; 

.... -6 + -04 64 27 

.'. tan (a 4- ^) = = — = — : 

^ ^ 1--02 98 49* 

3; + 490 27. 

*' 980 "■ 49 ' 

whence a; = 50; 

that is, the height of the flagstaff is 50 feet. 
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11- <^) "'=111^60"'^'' = 



r ♦ /fl"! w'\ _ nir 1 _ 

•*• n=0 V~w~ / "" 180x60 "^ n ~ 



TT 

10800* 



('^**"=i8o-^r^^^^^«' 



648000 * 



j^^ / sin n" \ nr 1 r 

' ' «=0 \~n~') " 180 X 60 X 60 ^ n"" 6480 

12. s^^si^^ — ='rr2-i^ • sin— =irr2( sin • ); 

2 n 2ir n \ ?i « / 

but when n = oo , — = 0, therefore the limit of sin i is unity. 

Thus the required limit is irr^. 

14, L«. A ^^Binmg-n Hin 7^\ ^ ^^^ (rn^^B- n,jie\ 
^ tf=0\ tanm^ + tan?i^ / 0=q\ me+nd J ^ ^ 



Wl2 _ „2 _ 

— = Wi^//. 

w-fn 



15. cos g + o) = JcosO-*f sm«=i - ^=-491 nearly. 

21 22 1 1 

.•.Bin30oi0'30"=siu(^ + 3jy 

I 11 ^3 • 11 
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17. cos( ^ + ^j = *49; and cos^ = '5. 

.*. ^ is a very small angle, so that approximately 



4^' 






-ISO ''23''^^ - 65 



= 39-7' nearly. 



EXAMPLES. ZZI. b. Page 271. 

1. Let the distance be x miles; then by the rule on page 269, we have 

. 3x96 „ ,„ 
x»=— 5— =3x48; 

.'. x=12; 
that is, the distance is 12 miles. 

2. Let a feet be the height of lighthouse above the sea level ; 
then 162=y,of-a=150; 

that is, the height of lighthouse =160 feet. 

3. Let the distances in miles of the horizon visible from the masts of the 
ships be rTj , ^2 ; 

then a;,i!=3x|2§^^g. . ^^^^^ 

^2^=2^=64; .•.;.,=8; 

.'. the greatest distance at which one mast can be seen from the other 
= 0^1 + Xg = 16 miles. 
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4. Let the distances in miles of the horizon seen from the two masts 
hexty respectively, 

then a^'=^A^ = 81; /. x=9; 

also a: + y = 20; whence 2/ = ll. 

2w2 
Height of mast of second ship= -f- feet 

Q 

= -^feet=80ft. Sin. 

5. Let x,yhe the distances in miles of the horizon visible from the mast 
and the lamp respectively ; 



then 


. 3x73J 21 
^- 2 ' ••^=2' 


and 


x + y = 28; whence y = y • 


.-. height of lamp 


2y2 362 1226 
~ 3 " 6 ~ 6 "* 




= 204 ft. 2 in. 



6, From the formula on page 271, we have 

r2640_10 
: 1760 ~ 11 ' 
.-. dip of the horizon =64' 33", nearly. 



, ., . ,. ^^ . 10/2x5 

number of degrees m dip of horizon =yt a / « — ; 



7. The greatest distance at which the light must be visible is the 
distance of a point exactly opposite a point on the shore midway between 
two lighthouses, and 3^ miles &om it. 

This distance = ^l^+flj = y/^ = ^ mUes. 

/. height of lamp = | x ^ = ^ feet = 104 ft. 2 in. 
a 4 o 

8. Let the height of the hill be h miles, 

then we have 1 -si = rj •/ 2^; 

20 10 /— 
'** TT~TT'^^^' ^^6^ce/i = 2; 

that is, the height of the hill = 2 miles = 10660 feet. 
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9. Height of hiU = ^.M?^?.^.)* f^^ ^ qiq ^^ nearly. 



The dip of the horizon = — / -^-^ x ^ ^ ^^^ degrees 



^ 4 X 121^ 

3x16 ^ 3 X 1760 ' 



~12V 10 



=-^110 minutes 
= 26' 13", nearly. 



10. We have ^=tt \/2^, where 7i= height in miles, 



11. 



~11 


V 3x1760'""^^' 




10 


/ 4x^ 




""11 


V 9x1760 




X 

""66 


V ii* 




sin 4^ cot ^ 


2 sin 2e cos 2d cot 6 




vers2^cota2^~ 


2sin2^cot2 2^ 




1 


3in8 2^cos^ 8 cos* 


e 



2a 

, where a = height in feet, 



"sin8^cos2^ cos 2^ * 



Lt ( "^^^cotg \ _ j^ / 8cos*g \ 
' * «=o Vvers 2e cot^ 2'e) " e=o V cos 2^ / 



d B 

, ^ . « 2sin2- + sin^ sins + 

1-oos^+sm^ 2 2 

12 1 



l-cos5-sin^ « . o^ . ^ ' & 

2Bm2--sin^ sm--cos- 
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-a e + UK 



2 
But Lt'{ ^_^ 1 = 1, [Art. 266.] 



/ . « • V /sin -TT- cos —TT- \ 

A '-^ J" 

.'. required limit = Lt. ( cos —^ j = cos a. 

(. a-0 . a + ^v 
sm— 75— sin -X— \ 

— L,t.[ _ sin — -— ) = - sm a. 
B=a.\ 2 ) 

14. Let^B = 32, ^C = 31; 

32 1 

then ' **'^^~31~'^"^3i' 

.*. C is a little greater than 46°; 

.-. C = J + ^, where B is small ; 

l + g_32 
•'* 1-^~31' 

o 1 A' 1 7x180, 10° „.,^^„ 

•• ^ = 63'^*^'''=63^-22- d««^«e«=n =34 33"; 

/. C= 45° 54' 33", J5=44°6'2r. 

15. We have z 5P^ = a= iBAP; 

:. AB=^BP; 

AB BP sin 3a « >. • 2 a 

•'• 1^ = ^57-, = —: =3-4sin''a = 3, 

BC BC sin a 

since the object is distant and therefore a is small; 

that is, AB = SBC, nearly. 



192 DISTANCE AND DIP OF THE HORIZON. [CHAP. 

16. We shall first shew that — --—. — -r— is positive, h being the 

radian measure of a small positive angle. 

_,, . . ^. e tan le + h)- + h tan 6 (tan + h - tan 0)-h tan 

This fraction = ^ ' . ,, = — ^^ ^.^ . ,/ 

0(0 + h) 0{0 + h) 

^ sin ^ h8m0 



cosgcos(^ + fe) cosg g sin fe-^ sing cos (g + ZQ 
■" 0(0 + h) "" 0(0 + h)cos0ooB{0 + h) ' 

Now E^>^if/,<^ [Art. 272.] 

n 

and cos (^ + ^) < 1 ; 

/. 0ain h>h sin cos (0+h); 

XI, A • XI. * ^- • • -x- J tan(g + ;i) tang 

that IS, the fraction is positive, and .*. — ^^ — - > — r— . 

tan g ^. „ . 
. . — - — continually increases as increases. 


»„. ^ - tang , 1 /, IT tang 
When g = 0, —T- = l; when g=^, — — =oo. 
^ 

Thus the proposition is established. 



MISCELLANEOUS EXAMPLES. H. Page 283. 

1, cos 2a + cos 2^ + 2 cos (a + ^) = 2 cos (a + /3) {oos(a-^) + l} 

= 4 cos (a+iS) cos^^^-^ , 
sin2a + sin2^ + 2sin(a + /3) = 2sin(a+/3){cos(a-/3) + l} 
= 4sin(a + /3)co82^^; 

.*. hypotenuse = 4 cos^^^— ^ /^cos^ (a + ^) + sin^ (a + /3) = 4 cos^— ^ . 

2. If the in-centre and circum-centre are at equal distances from BC^ 

A Ti C 

we have B cos ^ =r = 412 sin — sin — sin — ; 

^ Z a 

:. cos A =cos A + cos B + cos - 1 ; 
.-. cosJB + cosC=l. 
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3. Let be the required angle ; then we have 

tan (45° + ^) =2; 

.-. log tMi (45° + $):= -3010300 

log tan 63° 26' = -3009994 
di£F. 306 

306 
.-. prop*, increase = ^^^ x 60" = 6-8" = 6", nearly ; 

.-. 45° + 5 = 63°26'6"; 
/. required angle 18° 26' 6". 

4. Denote each expression by E ; then 

JB3=(1 - sm«a) (1 - Bin2j8) (1 - sin27) = cos2aco82j8coBa7; 
that is, £= ±cosacos/3cos7. 

5. liei Pii p^\>Q i\iQ dl'&io.n.QQ^ of the chords from the centre, and let r 
be the radius; then 

^i=rcos36°; 

similarly 1>2 = '* cos 72° ; 

.'. distance between the chords =p^ - 2^2 = '* (^^^ ^^° *" ^^^ 72°) 
_VV5 + 1 V5-l \_r 
\ 4 4 j-2- 

Also the sum of the sqnares of the chords =4?^ sin' 36° + 4r» sin' 72° 

6. Let A be the point at which the railways meet, then we have to solve 
a triangle in which ^ =60°, a =43, &=48. It is easy to see that the solution 
is ambiguous ; hence from the third figure of Art. 148 we have 

CD=48 sin60° = 24;^3, ^D = 48 cos 60°=24. 

Also 520 = ^43^- (24^3)2= Vm=ll. 

.\ ^^1 = 24 + 1 1 = 35 miles, 
^Bj = 24 - 1 1 = 13 miles. 
H. E. r. K, "^ 



194 MISCELLANEOUS EXAMPLES. H. [CHAP. 

7. a = C08~i - + cos-i ? : 

a 

.•.•"■-5'~-*-('-S)('-S)' 

/. l-co82a=-2 ^cosa + fs; 

a^ ah Jy' 

that is, 8m''a = -,--^oosa+^. 

A Ji O 

8, Wehave i) = 412cos 2 , g=4jRcos~, r=4JScos-^; 

a 2E8m-4 . ^ 

= 1. [Ex. 13, p. 120.] 

0. Let P be the top of the tower, and let x be its height ; 

then PA = -^ , PB=-^t 

sin a sifetjS' 

and PA^-\-OA^=PO^=PB^ + OB^\ 

^ _ (gg - &«) sing a sin^ /3 _ {a ^ - IP) sin' a sin' /3 
** ^ ~ sin^a-sin'/S ~ sin (a+j8) sin (a-j8) ' 

_ j^a' - 6- sin a sin /3 



hence the height of the tower 



^Jam (o +j8) sin (o - &) 



10. This example follows readily from the results proved in Examples 
18, 24, 25 of XVIII. a. 

r»+ri«+r2^+r32=r(ri + r2+r8-r)2+2r(ri + r3+r3)-2(r2r8+rjri+rira) 

= 16222 + 2 {{r^r^ + rrg) + {r^r^ + rrj) + (rgrj + rr^ ) 

-4(ri7'a + r2rj+r,ri) 
= 16122 + 2 (a6 + 6c + m)-4s2 

^16i2'-a2-b2-ca. 
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11. (1) Let lBAD = e\ then lCAD=A-0; 

sin {A - ) _Cp _BD_ sing 
*• sin(^+B)""^D"^D"sinB' 
Bm(A-0) _ 8m{A + B) 
sin ^ ~ sin B ' 

.-. cot^-cot-4 = cot-4 + cotB; 
that is, cot BAD = 2 oot A+ cot A 

(2) Draw AM perpendicular to BC, then 

o * jT^n 22)Jlf 2DC-2MG 
2cotADC=^^^-^^— 

_( BC-MC)-MG _BM MC 
AM "am" AM 

= cot B- cot C. 

12. Seefig. of Art 223. 

_, a BG + GC BG ^GG ^ ^., „ 

...^ + 5_^ 2tanC, 

and - + - + -= 2 (tan ^ + tauB+tant7); 

p q r 

... 4/^-+- + -V8taii^tanBtanC7 

EXAMPLES. XXTTT. a. Page 291. 

1. Here the common difference is 2a; 

„ sinwa . a + 2n-la sin^na 

.'. S=.—. sin jr = — . . 

sm a 2 Bin a 

2. Here the common difference is - /3 ; 

sin -jf . = ^ sm -jf cos ( a jr- fl 

2 a + o-w-1/3 2 V 2 W 

.-. /S=— — cos j: -= ^ ^ <^ . 



sm ^ sin ^ 



VV-^ 
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3. Here the common difference is — ; 



n 



sin- a + a-(«-l)- 
.*. S= sin , : 



'k£L 



sm — sin r- 

2n 2n 

4, Here the common difference is -r ; 

. fiT -K n-K .WIT (n+l)y 
.'. S= — ^ cos - = — — — ^^ . 

. TT 2 . T 

2ir 

5. The common difierenoe is -r^ and the nvunber of terms is 9 ; 

. 9t . 18ir . / ir\ 

•••^=— T°°'i9=r-T= ,. r ^ *2- 
'•"19 ^-^W '''"'19 

6. Here the common difference is ^r^ and the nmnber of terms is 10 ; 

sin — 2 sin — 

21 21 

7, The common difference is - ; 

n 

^.^ (n-l)r 

p 2n . ir + (n-l)T 

.• 5= sm ^- ^ — 

. T 2n 

sm jr- 

2n 



= \ > ^ 8m-=cot^. 
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8, The common difference is — ; 

n 

. (2n-l)ir 



S= cos ^— ^-rr ^ *— 

. T 2n 

sin- 
n 

sin(2ir--) ,. _. 

V nj (4/1-2) IT T 

= 1 r cos ^ — jr— ^ — = - cos - . 

.IT 2n n 

sin- 
n 



9, The common difference is - a ; 



„ sinna . na + (n-2n-l)a 



«°2 



10. The series may be written 

sin ^ + sin(T + 2d) + sin (2ir + 3^) + sin (3«-+4^) + ... 
n jir + e) 



Bin- 

o 2 . d + n-lir + ne 

^= . T + ^^^ 2 

sin-g- 



. n(7r + d) . f{n + l)0 {u-l)w\ 

. TT+e 

sm — ^ 

11. The series may be written 

cos a + cos (ir + a - ^) + cos {2'ir + a-2^) + ... 

. n{Tr-B) 
sm — ^^ ^' 



... S= 2_ ,,, a + (n-l)(^-^) + a 

2 



sm ^ 



sm — ^' cos 



j^^(n-lH.-;.)| 



. ir-/S 
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12. The series may be written 

ooso+.oos(^ + o-/3 j + cos(ir + o-2/3) + oos(-^ + o-3/3j + ... 

2a + (H-l)(|-j3) 



sin^Jl^) 

Sin — j-^ 
4 



. n(ir-2/3) f . (n - 1) (ir - 2/3)1 
sin ^ ^^ COB -^a+ ^^ '-^ ^f 



sin — -7- 
4 



13. -5=- {(cos d - cos 3^) + (cos ^ - cos 56) + (cos ^ - cos 7$)+...} 



=^{ncosd-(cos3^+cos5d+cos7d+...+oos2n+ld)} 



ncos^ sinnd , . ^. ^ 
= -T--2iE-o'«'«("+2)''- 



14. ,Sf = - {(sin 4a - sin 2a) + (sin 8a - sin 2a) + (sin 12a - sin 2a) + ... } 

= " {(sin 4a + sin 8a + sin 12a + . . . + sin 47ia) - n sin 2a} 

sin2na . „, . -> w sin 2a 
2sm2a ' 2 



ft 1 sin(2a-a) 

15. sec a sec 2a = jr- = cosec a . -7,' 

**" cos a cos 2a cos a cos 2a 

= cosec a (tan 2a - tan a). 
Sfmilarlj^, sec 2a sec 3a = cosec a (tan 3a - tan 2a) , 



sec na sec (n + 1) a = cosec a { tan (n + 1) a - tan na) 
By addition^ iS=cosec a {tan (n+ 1) a - tan na]. 
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16. cosec 9 ooseo 8^ = ooseo 26 (cot 9 - cot 8^), 
coseo Sd cosec 50 = coseo 26 (cot S6 - cot 56), 
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cosec (2n - 1)^ coseo (2n+ 1) ^=coseo 2d {cot (2w - 1)^ - cot (2n + 1) ^}. 
By addition, iSf=: ooseo 26 {cot 6 - cot (2n + 1)6}. 



17. 



tan ^ sec a = tan a - tan ^ , 
t»n|seo5=taii^-tan|, 



a a a ci 

tan zr;r 860 ^r-^ = tan T-— ^ - tan zr- . 

2** 2**^ 2**~* 2** 



By addition, 
18. 



5 = tana-tanir-. 
2* 



cos 2a cosec 3a = 



cos 2a sin a 1 sin 3a - sin c 



sin 3a sin a 2 * sin 8a sin a 



= 5 (cosec a - cosec 3a), 



cos 6a cosec Oa = » (cosec 3a - cosec 9a), 



cos 3*-^ . 2a ooseo 3* a = ^ (cosec 3'*~"^ a - cosec 8* a). 



By addition, 
19. 



S = - cosec a - cosec 3" a. 



sin a sec 3a = 



sin a 2 sin a cos a 



cos 3a 2 cos 3a cos a 



__ sin (3a -a) 
""2 cos 3a cos a 



= - (tan 3a - tan a), 



sin 3a sec Da = ^ (tan 9a - tan 3a), 
sin 3»-i a sec 3» a = s (tan 3** a - tan 3»-i a) . 



By addition, 



,9=jr(tan3*»a-tana). 
2 



200 SUMMATION OF FINITE SERIES. [CHAP. 

20. Let AB be the diameter, Pj, Pj, Pa-.-P^-i the points of division of 
the arc of the semicircle starting from the end B ; then 

^Pi = 2acos^, u4P2=2acos^,...i4P„_i = 2aco8- ''^- 



2n' "^ "2n' • *»-* 2n ' 

.-. sum of distances = 2a <cos r^- + cos -^ + cos ;;- + ... + cos ^ ^ ^ > 
( 2n 271 2/1 2n ) 

2a sm i — 7-^- 

4n IT 

= ^^^— ^— cos - 
. T 4 

sm-T— 

471 

IT 

4n 
= a(cot^-l). 

21. Let P^, Pg, P3... be the angular points of the polygon beginning 
with that nealrest to XX' in the quadrant XOY. 

Let |>i, l>2» i's • • ^6 perpendiculars from Pj, Pg, Pj... on XX', 
and ji, ^21 ?8.-. be perpendiculars from P^ Pj, Pj... on 77 . 
Let z PiOX=^, and let r be the radius of the circle; 

then i?i = rsin^, 2)2=^8in(^ + -^ j . i»3 = ^sinf d + — j , ... ; 

.-. Sp=^r jsin^ + sin f ^ + — j+ sinf ^ + — ) + ... to « terms| 

2d + (71-1)-*" 

sinT . ^ w _ 

=r Bin ^, =0. 

. IT 2 

sm — 
n 

Similarly Bq-^. 

EXAMPLES. XXin. b. Page 294. 
1. 2Sf=l+cos2d+l + cos6d + l + cosl0d+... 

, 8in27id 2d + 2d + 0i-l)4d 

=■71 + —;—— cos i- i — ; 

sm 2d 2 ' 

„_7i sin 47id 
■' 2'*'Tsin2d' 
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2. 2S = l-cos2a + l-cos2(a + - j+l-co8 2(o + — j + ... 



4a + (7i-l) — 
Bin IT n 

= n- — cos ^ =yi. 

. IT 2 

sin- 
n 



3. 25=l + cos2a + l + cos2(a-^^+l + cos2fa--^j + ... 



4a- (71-1) — 

Bin IT ' w 

=n+ cos ^ =n. 

. X 2 

Bin- 
n 



4. 4S=3 sin d - sin 3^ + 3 sin 2^ - sin 6^+3 sin 36 - sin 90 + .'.. 

= 3 {sin ^ + sin2d + sin 3^ +...}- (sin 3^ + sin 6^+ sin 9^+...) 

^^'""T . (n + 1)^ ^'''X . 3(n + l)^ 
=__sin^-^J--__.sm^^ ; 

sin - Bin — 

^ . 71$ . (n + l)$ . Sn$ . 3(71 + 1)^ 
3 sin -g- sm ^ sm — sm ^ 

•*• ^= ~^ "^5 • 

4 sin- siny 

5. 45=3 Jsina + sin (a + -^)+sinf a+ - j + ...y 

- jsin3a + sin3 (a + — ) + sin3(a + -^j + ...}- 
2a+(7l-l)— . „ 6a + (n-l) — 
^ Bin TT . ^ n sm 37r . n 
= 3__8m 5 -j-sm 

Sin - sm — 

71 n 

=0. 
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6. 45 = 3 -joos a + cos (a ] + cos fa ) + . . . > 

+ cos 3a + cos 3 la J + cos 3 (a ) + ... 

2a-(n-l)— . ^ 6a-(n-l) — 

„ sm T ' n sm 3ir ' n 

= 3-^ COB 5 + -37°°^ 5 

Sin - sm — 

n n 

= 0. 

7. We have tan d = cot d - 2 cot 26, [XI. d. Ex. 18.] 

2 tan 20= 2 cot 2^ - 22cot 2^ 6, 
2Stan2a^=22cot 22^-23 cot 2»^, 



2»*-i tan 2»-i ^ = 2*-' cot 2*»-i d - 2»* cot 2»* ^ ; 
by addition, S = cot ^ - 2» cot 2» ^. 



2 cos a cos 2a 2 cos 2a cos 3a 2 cos 3a cos 4a 
= - {sec tt sec 2o + sec 2a sec 3a + sec 3a sec 4a + ... } 

= ^ cosec a {tan (n + 1) a - tan a } . [XXIII. a. Ex. 15.] 

9. sin« d sin 2d = ^-^ (1 - cos 2$) ; 

• Q/i • o/i sin 2d 8in4d 
.*. sm2dsin2d = — ^ j- . 

Replacing by 2d, we obtain 

1 • 9n/i • >!/» sin4d sinSd 

2 sin2 2d sm 4d= — j ~— . 

«• M 1 1 • 5^/1 • o/i sinSd sinl6d- 
Similarly, j sm^ 4d sm 8d = — ^ -— ; 



1 • 2on-i/» • o«/» sin2«d sin2«+id 
2;i=i«"^'2«-id8in2nd=— g;^ ^^j:^j— ; 

sin 2d sin2««»-id 



.*. by addition, 8=- 



2»»+i 
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a 

10. 2 008 e sin^ - = cos ^ (1 - cos d) = l- cos" ^ - (1 - cos ^) ; 

B 

.'. 2 cos $ sin" o =sin' 0-2 sin*- . 

n 

Beplacing ^ by ^ , we obtain 

2»co8^sin2^=2sin2|-22sin2|2. 

ff ft {i ff 

Similarly, 2' cos p sin' ^=^^ sixfl ^ - 2> sin* g, ; 



2-C08 J-_, sin« |,=2"-> 8in» .^^ - 2« sin» |,; 
/. by addition, .Sf = sin^ ^ - 2" sin" - . 

11. We have 

X X 

tan-i - /— TiT-;— Q= ^^^^ .i = tan-^ - - tan-i -— ^ , 

n(n + l) + ar" ~ a;-* n n + 1' 

■^n(M + l) 

and hence tan"^ , — ; 5 = tan~^ x - tan-^ - ; 

1.2 + x^ 2 

tan~^ ;= tan~^ — tan~-^ - : 

2.'d + x^ 2 3' 



tan-i _—- — — - -^= tan-i - - tan-^ -—^ ; 
?i(7i + l) + a:- n n + 1 

X 

,\ by addition, S = tan~^ a- - tan~* — , • 

•^ 71+1 

12. tan^ = „= tan 1 r^^ j^ — ;, , 

l + » + n2 l + n(;i + l) 

= tan-^ (n + 1) - tan-^ n. 
.-. tan-i - — - — L„= tan~i 2 - tan~i 1 ; 

1 + 1 + 12 

*^^~^ 1 + 2 + 22^ *^"~^ ^ " *^^'^ ^ ' 



tan-^ ^ ^= tan-i (n + 1) - tan"* n ; 

l + n+7z2 ^ 

/. S = tan-i (n + 1) - tan-i 1 = tan'^ (n + 1) - ^ . 
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li. lan 2 + n2+n4-'"" l + (l+n+rfi) (I -n + tfi) 

=tan-' (1 + n + n*) - tan"' (1 -n+n»). 

•■ ten-' 2 + 1^=**°"'^-**°"^' 



2n 

.-. S = tan-i (1 + n + n2) - tan-^ 1 
=tan-i(l+n + 7i2)-|^. 

= tan-i (n2+n) - tan2(n2-n). 
.-. tan-ij— ^-j^=tan-i2-tan-i0; 

tan-ii--^-;^4=tan-i6-tan-i2; 



2n 

tan~^ ^ s i = tan~^ (n* + n) - tan^ (n^ - n) ; 

.-. 5=tan-i (na+n). 

15. Let be the point on the oircumference of the circlei and P, Q, 
J2... the vertices of the polygon beginning with that nearest to 0. Let L 
be the other extremity of the diameter through 0, and let z OLP=0\ 

then 0P=2;-sin^, Og = 2r sin (^ + ^V 0Je = 2rsin ^^ +^\, ... 

.'. sum of the squares of the chords 

= 4r2 isin^^ +sin2 ($ +1 j + sin«(^^ + — ) + ... to n termsl 

= 27-2 |i-cos2^-cos2(^^+- j -cos2/^^ + — ^-...l 



=27^r2 - 2r*^i22cos 

IT 

sm - 
n 

= 2W7^. 



(2^+(^-1),t) 
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16. Let be the centre of the inscribed circle, and let z PONi = 0, 
where ON^ is the perpendicular from O parallel to PA^; let OP=x ; 

then PA^ = r-x COB df P-42=r-fl;co8 ( ^+- ) , 

PA^=r -X cos (0-\ — ) , P^4=r -a; cos I 6+ — ) , ... 

= nr-x -Icos^+cosf ^H j + cos (d-\ ) + ... ton termsv 

= nr. [Art. 297.] 

Similarly P^2 + ^^4+--- + ^^2n 

=nr-x -!cosf^ + - j + cos (d + — \ + ... to n termsv 

17. Let Q be the other extremity of the diameter through P, and let 
/ PQAi=0, and let r be the radius of the circle; then 

PA,=2rsin0. PA,=2r sin {0 + ^^ P^3 = 2rsin((?+^J , ... 

.'.PA^ + PA,+ ...^PA^^^ 

= 2r|sin^ + sin(^ + 2|^)+sin(^ + 2^J + ...ton+lterms| 



sm ^-^r — \~- 
= 2r_2LtlBin 






andP^2 + ^^4+-+^-^2n 



nir 

BIUt 



^ 2n + l .1/^^ IT (2w-l)ir\ 

Sm^r a ^ ' 

2»+I 

. (n+l)T 

- 2» + l . /^ nT \ 
= 2r sin( + - . ). 

T \ 271 + 1/ 

2n+l 

.-. P^i + P^8+-+^-42n+l = -P^2 + ^^4+.-.+P-4^. 
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18. Let ^1, j?2» Psy-Pn ^6 *^6 perpendiculars; then as in Ex. 16, we have 
p^ = r-rcoB6j j>2=r-rcos( ^ + — j , j>j=r-r cosf ^ + — j, ... 

(i) 2^p^={r-rcoB0]^+ <r-rcoale + —j[ +... to w terms 
= nr^-2r^ icos^ + cos /^^ + — j + ...I 

+ r2 LoB^e + ooB^(e'i-—\-\-..X . 
Now cos^ + cos( ^+~ j + ...=0; [Art. 297.] 

/. 2jp2=7ir2+-5- jn + cos2^ + cos2^e? + — j + ...| 






(ii) 2|>^= nr* - 3r* -jcos ^ + cos [ ^ + —) + .. . to w termsl 
+ ^in + cos2^ + cos2C^ + — ^ + ...1 
--J -jScos^+Scosf ^+— j + ... 



+ cos30 + cos3 






since all the series of cosines vanish by Art. 297. 

EXAMPLES. XXIV. a. Page 301. 
1. We have 

-cosa + r-sma = -, -cosj8 + t sin j8=-: 
a c a ^ b ^ c 

and the required result follows at once by cross multiplication as in Ex. 1, 
p. 297. 

4. cos(a + /3)=cosacos/3-sina sin/S 

^ "( in Example 2, page 297. 
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_ 3a-/3_ l + cofl(a-/3)_ l + coBaoos^+sinasin/S 

5. cos -g-- - - - 

_ (a^ + b^) + (c^ - b^) + (c^ - a«) 

""a^ + bs' 

6. sin 2a + sin 2^ = 2 sin (a + ^) cos (a -j8). 
From Example 4, we find that sin (a+p) = -^ — j^; 

and cos(a-^)=^,^ + ^^3^,= ^,^^, . 

7. sin'a + 8in2j8= (sin a + sin j8)^ - 2 sin a sin /3 

8. Here a and p are solutions of a cos ^ + & sin ^ = c ; hence as in 
Example 4, we find 

cos (a + /3) = ^3 g , and therefore sm (a + )8) = -j— ^^ . 

A • * . xo Bin(a + )8) 

Again, cota + cot/8=-7^-^ — "^ 



sm a sin /3 
_ 2a& c» - «2 

9, By squaring and adding, we have 

2 + 2co8(^-0) = a2+62. 



[See p. 298.] 



cos (0 + 4>) = ^2^-^-2 . [Ex. 4, p. 299.] 



And 2 cos cos = cos {$ + 4>) + cos (^ - 0) ; 

2 (a? - b^\ 
.'. 4co8^cos0=-V-rQ- +a2 + &^-2 
a* -ho* 

__(a2+62)2_4ft2 

10. cos 28 + cos 20= 2 cos (d + 0) cos {0 - 0) 



a^ + h^^ 



as Iq the preceding example. 
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11. tang+tan»="°l''+») 

^ COS ^ COS 

~a2 + 52 : 4(a2+62) ' 
[See Ex. 4, p. 299 and Ex. 9 above.] 

. + 4> _ . e-\-d> 

4> ^^^-2- 2«^^-2- 

12. tan^ + tan^=: ___=__ _. 

COB - COS -^ COS -jr-^ + cos — ^ ^ 

On multiplying numerator and denominator by 2cos— ~ , this last 
fraction becomes 

2 8in(g + 0) 



1 + cos {0+<p) + cos + cos <p * 



By substituting for sin {0 + <f>) and cos {0 + 0) the values found in Ex. 4, 
p. 299, we obtain 



4a5 /, aa-62 \ 



which reduces to 



a^ 4- 62 + 2a* 

13. The expression = sin* a - cos* ^ - cos* 7 + 2 cos a cos /8 cos 7 

= - cos (a + /3) cos (a-)8)-cos27+ {cos(a + /8) + cos (o-)8)} COS7 
= - {cos (a + j3) - COS 7} {cos (a-^)- cos 7} 

=4 sm — ^— ^ Bin — ^' sm *^ sm - ^ ^ ; 

from which the second part of the question easily follows. 

14. The expression = sin* a + (sin* /3 - sin* 7) + 2 sin a sin /8 cos 7 

= sin*a+ sin(j8 + 7) sin (/3-7)+Bina {sin (j8+7) + sin03-7)} 

= {sin a + sin (jS + 7)} {sin a + sin (/8 - 7)} 

. . a + /3 + 7 /3 + 7-a . a + /3-7 a-B + y 
=4 sin — g — - cos ^- — jj — sm — g — '- cos g — '- , 

« A A A 



= - 4 COB I ^ — ^ + - ' 
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15. The expression = sin^ a - (cos^ fi - sin*y) - 2 sin a sin /S sin y 
= 8in2 a - cos (P+y) cos (/3 - 7) - sin a {cos (/? - 7) - cos (/3 + 7) } 
= {sina + cos()8 + 7)} ■{ sin a - cos (/3 - 7) } 

= - |cos^^-aj+cos(j84-7)| jcos f| + a j + cos (/3-7)| 

[)eos(^-±p.-^)cosC-±|-.l) 



,„^ 1-cos^ l-cosa + cos/3-cosacosi3 
2 1 + cos^ l + cosa-cos/3-cosacos/3 

(l-COSa)(l + cos^) g g 

(l + cosa)(l-cosj8) 2 2 



17 tan2 ^= ^s^^^s^^i^ = 2 sing sin ^ , 

''''• l + cos(g + /3) i + cosgcos/3-singsin/3' 



, , «/» l + cosgoos j8 + smgsin/3 

.-. l + tan^d=:; ^ — -. :— ^; 

1 + COS g cos /3 - sin g sin ^ 



cos® — ^ 



that is, 



«""^-l + cos(g + ^)- „«+g- 



cos^ 2 



Taking the positive value of the square root, we have 
^g+^ 



cos- 2 
a — S 



. a . S 

sin - sin ^ 

2 ^ _ ^ - cos ^ _ 2 2 

•'• *^^ 2~i + cos^" g /8' 
cos- cos ^ 



b: £. T. K. 



V^A 
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sin a cos ^ 



18. Here tan ( 



' cos a + sin /3 ' 



3 sin^acos2/3 _ (cos a + sin j8)'^ -f (1 - cos^ a) (1 - sin^ /8) 

.-. sec ^-■'• + (cogtt + gin^j2- (cosa + sin^)2 

_ 1 + 2 cos a sin /3 + cos^ a sin^/S 
~ (cosa + sin/8)2 

Taking the positive value of the square root, we have 

^ cos a + sin fl 

cos 6 = q-, ~- . 

1 + cos a sin j8 

1 - cos ^ _ (1 - cos a) (1 - sin /3) 
1 + cos"^ ~ (1 + cosa) (1 + sin^ 



(l-cosa)|l-cos(|-i3^| 
(1 + cosa) |l4-cosf|-/3jj 



tan2^ = tan2^tan2 



19, This identity will be established if we shew that 

Ssin*-4 sinJ9sinO=2sinid[ sin B sin(7(l + cos^cosJ3cos(7), 
that is, if S sin^ ^1 = 2 (1 + cos ^ cos JB cos C) . 

Now sin2 A + sin^ B 4- sin2 C= ^ (3 - cos 2^ - cos 2B - cos 2C) 

a 

= 2 (4 + 4 COS i4 cosJ5cosC). 

[See XII. d. Ex. 9.] 

20. Expressing a, 6, c in terms of B, this identity will be proved if we 
shew that 

Z sin ^ 008^-4 = n sin i4 (1 - 4 cos A cos B cos C). 

Now 8S sin A ao^A — 4S cos^^ sin 2^ 

= 2S(l + cos2^)sin24 
= 2Ssin2^ + Ssin4^. 
Now S sin 1A — 411 sin Ay 

and S sin 44 = - 4n sin 2A ; [Ex. 7, p. 301] ; 

.-. S sin A QO^A = 11 sin ^ - 411 sin A cos A 

=n sm A (^1 - 4 cos A cos B cos C). 
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21. 2a3 cos (B-C) = 2RXa^ sin A cos (B - C) 

=2E2:a2 sin (B + C) cos {B - C) 
= EZa^ (sin 2J5 + sin 2C). 
Now «2 sin 25 + h^ sin 2^4 =2a siu 5 . a cos B + 2b^m.A ,h cos -4 
= 2a sin 5 (a cos 5 + 6 cos ^4) 
= 2ac sin£=4A. 
Hence Sa^ cos (J5 - C) = 12EA = 3a6c. 

22. (1) We have, from the given equation, 

(& sin ^ - c)2=a2 oos2^ = a3(l - sin^^), 

or (a2 + 62)sin52^-2&csin^ + (c2-a2)=0; 

and this is the required equation since by hypothesis it is satisfied by sin a 
and sin /3. 

(2) The required equation is 

x^ - (cos 2a + cos 2)8) x + cos 2a cos 2/3 = 0. 

Now cos 2a + cos 2/3=2 cos (a + /8) cos (a - /8) 

_2|(a2-&2) 2c2-aa-b2 

[See solutions to examples 4 and 6 above.] 
Again, cos 2a cos 2/8 = cos^ (a - /3) - sin^ (a + /3) 

_(2c2-aa-^-4^ 
(a2 + 62)2 

Hence, by substitution the required equation is obtained. 

Otherwise. Let cos a = i/, then the given equation may be written 
(a2/-c)2= 62(1 -2/2), 

or (a^ + b^)y^-b^ + c^=2acy (1). 

If ar = cos2a=2co82a-l = 2y2_x, 

we have y^=——. 

Substituting in (1) we obtain the equation 

which reduces to 

(a2 + 62)2 a;2 - 2 {a^ - b^) (2c2 -a^- h^) x 

+ (a* + 64+4c4-2a262_4a2,A_«^^>^^^^ 
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EXAMPLES. XXIV. b. Page 307. 

1, S sin (a - 0) sin ()3 - 7) = S (sin a cos - cos a sin 0) sin (p - y) 

= cos ^2 sin a sin (jS - 7) - sin ^2 cos a sin (p - 7) 
=0. 

2, 2 (cos /3 cos 7- sin /3 sin 7) sin(j8-7) = 2cos()3+7) sin(/3-7) 

=-2(sin2j8-Bin27) 

= 0. 
.-. 2 cos p cos 7 sin (/3 - 7) = 2 sin /3 sin 7 sin (/3 - 7). 

3. 2Bin(j8-7)co8(/34-7 + ^) 

= 2 sin (p-y) {cos ^ cos (/9+7) - sin ^ sin ifi+y)} 

= cos ^2 sin ()3 - 7) cos ()3 + 7) - sin ^2 sin (/8 - 7) sin (p + y) 

= jr cos ^ 2 (sin 2)3 - sin 27) - - sin ^ 2 (cos 27 - cos 2/3) 

=0. 

4. cos2()3-7) + cos2(7-a) + cos2(a-j8) 

= 2 cos (/3- a) cos(a+j8- 27) +2 cos2(a- j8) - 1 
=2 cos (a- j8) {cos (a + )3 - 27) + cos (a-^)} - 1 
= 4 cos (a - j8) cos (a - 7) cos (/3 - 7) - 1. 

5, 2 sin /3 sin 7 sin ()3- 7) 

= ^S {cos O8-7) - cos (/3+7)} sin (/8- 7) 

=1 2 sin 2 (j8 - 7) - -r 2 (sin 2/3- sin 27) 

= - n sin (j8 - 7). [Art. 306, Ex. 2.] 

6. cot(a-/3) = cot{(a-7)-(i8-7)} 

__ cot(a-7)cot()3-7) + l ^ 
~" cot (/3 - 7) - cot (a - 7) ' 

hjr multiplying up and transposing vre obtain the required result. 
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7. 2SBin3asin (/8-7) = cos(3a-)3 + 7)-co8(3a+/8-7) + cos(3j3-7 + a) 

- cos (3)3 + 7 - a) + COS (87 - o + /3) - cos (37 + a - j8). 

Combining the first and fourth terms, the second and fifth terms, the third 
and sixth terms, and dividing by 2, we obtain 

S sin 3a sin (/3 - 7) = sin (a + ^ + •> ) { sin 2 (j8 - a) + sin 2 (a - 7) + sin 2 (7 - )3) } 

= 4sin(a + i3+7)nsin(/3-7). [Art. 306, Ex. 2.] 

8. 4S cos' asinip-y) -= S (cos 3a + 3 cos a) sin (j3 - 7) 

= S cos 3a sin ()3 - 7) 
. = 4 cos (a + )3 4- 7) n sin ()3 - 7). [Art. 306, Ex. 4.] 

9. 42:cos(d + a)sin(^-a)cos(/3 + 7)sin(j3-7) 

= S (sin 26 - sin 2a) (sin 2)8 - sin 27) 

= sin 2^S (sin 2)3 - sin 27) - S sin 2a (sin 2)3 - sin 27) 

=0. 

10. In the identity 26c (6 - c) = - II (6 - c), put 

a = sin2a, 6 = sin2)3, c = sin27; 
then 6-c = sin*)3-sin27=sin()3 + 7) 8in(j8-7); 

.-. 2 sin2)3 sina7 sin ()8 + 7) sin (jS ~ 7) = - H sin ()3 + 7) . II sin (j8 - 7). 

11. In the identity 26c (h -c)=- II (6 - c), put 

a=cos2a, 6 = cos2j8, c=cos27; 
then 6-c = cos2)3- 00327= -2sin(j8 + 7) sin()3-7); 

.-. - 22 cos 2)3 cos 27 sin ()3 + 7) sin ()3 - 7) = 811 sin ()3 + 7) . 11 sin ()3 - 7). 

12. In the identity 2a2 (6 - c) = - H (6 - c), put 

a = cos2a, 6 = cos2^, c = cos27; 
then 6-c=cos2j8-cos27= - 2 sin ()3 + 7) sin ()3 - 7) ; 

/. 2 2 co822a sin (18 + 7) sin (j8 - 7) = - 811 sin (^ + 7) . n Bin (j8 - 7). 
Also 2 sin ()3 + 7) sin (^ - y) = ; 

whence by subtraction, we have 

2(2cos22a-l)sin()3+7)sin(/8-7)= •8IIsiu(fi-V'><\ .IL^vvv^^^--^. 
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13. In the identity 2a» (6 - c) = - (a + 6 + c) H (6 - c), put 

a = sina, 6=sin)3, c = Bin7; 
.-. 2sin*a(sinj8-sin7)= -(8ina + sin^ + Bin7)n(sinj8-sin7)...(l). 

But 2 sin a (sin /3- sin 7) = (2); 

multiply (2) by 3, and (1) by 4 ; then by subtraction we obtain 

2 (3 sin a - 4 sin^ a) (sin )3 - sin 7) = 4 (sin a + sin j8 + sin 7) II (sin j8 - sin 7). 

14. If a + b + c = 0, then a^+b^ + c^=dabc. 

The condition a + b-\-c=0 is satisfied, if a = sin (/8 + 7) sin(j8-7), and b 
and c are equal to corresponding quantities. 

15. The condition a 4- M- c = is satisfied, if a = cos (/8 + 7 + 0) sin (j8 - 7), 
and b and c are equal to corresponding quantities. 

16. We proceed exactly as in Art. 309, and shew that 

a + ^ + 7 = ri7r; 
.-. 3a + 3j8 + 87=3n7r. 
From this relation it is easy to shew that 

2 tan 3a= n tan 3a ; 

'• l-3a;2~ "133^2 • 

17. Put a; = cot a, y = cotj8, ;e = cot7; then 

cot j8 cot 7 + cot 7 cot a + cotacot)3=l; 

cotj8cot7-l ^ /^ V 

.-. cota= r- ^-— = -cot(8 + y); 

cot7 + cotj8 ^ '^^' 

.'. a = n7r- (j8 + 7), or a + )3 + 7=nx; 

.-. 2a + 2j8 + 27=2n7r. 

From this relation it is easy to shew that 

cot 2)3 cot 27 + cot 27 cot 2a 4- cot 2a cot 2/8=1; 

. (//^-1)(^^-1) ^ {z^~ l){f - 1 ) ^ (x2-l)(//2-l) ^ ^ 
4:yz Azx 4xy ' 

.-. 2x (1 - 1/2) (1 - z^) = 4txyz, 
\ 
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EXAMPLES. XXIV. c. Page 311. 

1. If A+B + G=Oy 

then coiC=-cot{A + B)= — — -; 

COtiJ + COtil 

that is, cot B cot O + cot Ceot^+cot^ cot 5 = 1. 

The given condition is satisfied if 

^ = 2/8+7-3a, B = 2y + a-Sp, C=2a+/8-37. 

2. (1) In Example 4, Art. 133, we have proved that 

4 sin a sinjS sin7 = S sin (j8 + 7 - a) - sin (a4-^ + 7). 

In this identity first replace a, j8, 7 by j8 + 7, 74-a, a + /3 respectively, and 
secondly replace a, j8, 7 by 2a, 2/8, 27 respectively. 

Thus 811 sin (/3 + 7) = 2 sin 2a - 2 sin 2 (a + /8 + 7), 

and 4nsin2a = Ssin2(j8 + 7-a)-8in2(a+/3 + 7). 

.-. 8IIsin(/3 + 7)+4nsin2a 

=2S sin 2a + S sin 2 (/34-7 - a) - 3 sin 2 (a + /3 + 7) 
= 2S sin 2a + S { sin 2 (/3 4- 7 - a) - sin 2 (a + /3 + 7) } 
= 2S sin 2a - 2S cos 2 (j8 + 7) sin 2a 
= 2Ssin2a{l-cos2(j84-7)} 
= 4Ssin2asin2(/3+7). 

(2) In the first part of this Example, we have seen that 
8nsina = 2S8in()3 + 7-a)-2sin(a + /3 + 7). 
By replacing a, /3, 7byj8 + 7-a, 7 + a-j8, a + ^-y respectively, we have 

4n8in(/3 + 7-a) = Ssin(3a-/3-7)-sin(a + /3 + 7). 
/. 4nsin(^ + 7-a) + 8IIsina 

= 2Ssin(j8 + 7-a) + Ssin(3a-j8-7)-3sin(a + /3 + 7) 
= 2Ssin(/3 + 7-a)4-S{sin(3a-)3-7)-sin(a + j8 + 7)J 
r^2S sin (/3 1-7 - a) - 2 S cos 2a sin (/3 + 7 - a) 
= 2S siu (/3 + 7 - a) {1 - cos 2a} 
= 4S sin2 a sin (j8 + 7 - a) . 
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3, (1) This is equivalent to proving that in the pedal triangle 

a'2-&'2=2i2Vsin(^'-J5'). 

Now in any triangle 

a2_ 62^4R2(sinM - sin^JE?) 

= 4i22sin(^+I?)sin(^-J5) 
= 212 . 2R sin C . sin (.1 -B) 
= 2i?csin(^-J5). 

(2) This is equivalent to proving that in the ex-oentral triangle 
a^a - 6i2=2i2iCi sin (A^ - B^). 
This identity has been proved in (1). 

(8) This is equivalent to proving that in the pedal triangle 
2 (t' + cO tan^=-lR'Scos^'. 

Now in any triangle 

A A 

S {b + c) tan -= 2jRS (sin B + sin C) tan -^ 

. B+C B-C . A A 

= IRS sm — • - - cos ^- sm — -r- cos ^ 

=4EScos — —- cos — 3~ 

= 22iS(cosJ5 + cosC) 

= 4R (cos A + cos B + cos C). 

4, We have sin* 2^ = 4 sin'-^ a sin* 7 = (1 - cos 2a) (1 - cos 27) ; 

o«o f-, cos2d\/, cos2^\ 
.M-cos*2^ = (^l-^-^^)(^l-^; 

••• ^^«2^ (ci^ + c-^^s) =^"^' "' (^ + cos-2^-cos 25) ' 

^^ cos 2/8 + cos 25 
.-. cos 2^= ^ 



"l + cos2jScos2d' 

1 - cos 2g _ ( 1 - cos 2 j9) ( 1 - cos 2d ) ^ 
•• 1 + cos 2d ~ (1 + cos 2^) (1 + cos 25) ' 

.-. tan2d=tanSjStan2 5. 
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5. We have tan2^ = tana^tan2 ^ ; 

1 - C03 7 _ 1 - COS Q 1 - COS 
" 1 + COS 7 ~ 1 + COB ^ * 1 + COS ^ 

_ 1 - COS a COS 7 1 ~ COS /3 cos 7 
~ 1 + cos a cos 7*1 + cos j3 cos 7 * 

Componendo and Diyidendo, 

1 _ 1 + cos a cos /3 cos'^ 7 ^ 
COB 7"" (cos a + cos j8) cos 7 * 



.-. cos-* 7= 



c os g + cos /3 - 1 
cos a cos j8 ' 



. „ (1 - cos o) (1 - cos j8) . iw o -ix 

.-. sin^ 7 = ^ '-^ — - — ^' — (sec a - 1) (sec iS - 1). 

' COSoCOSjS /\ r / 

6. By solving for cos ^, we have 

^ sin* Q cos* a - sin* a cos* & 

cos ^ = -T-.7^r —K ^ . 

Bin-* )3 cos a - sm* a cos /3 
By substituting l-cos*/3 for sin*j8, and l-cos*o for sin* a, we have 
_ cos* a - cos* /8 

~ (1 - cos* j8) cos a - (i - co8*o)cosj8 
_ cosa + cosj8 
~ 1 + cos a cos p ' 

1 - cos ^ _ (l-cosg) (1-C08/!J) 
i+'cos^ ~ (1 + cos o) (1 + cos /3) ' 

/. tan* I = tan* ^ tan* f. 

7, From the two given equations, we have 

taniS , , tan 7 

sec a — - — ^, and tan a= -r— ^ ; 
tan B sm ^ * 

tan*i3 tan*7 _ 
• tan*^ sin*d~ ' 

ta n*j3c o8*g tan* 7 
"l-cos*^ • i-cos*^" ' 

.-. tan* ^ cos* e - tan* 7 = 1 - cos* 6 ; 

2 1 + tan* 7 __ sec* 7 
•'• '^''^ ^-lTtan*|S~ii^*~^- 
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8. We have &ccosacoB0 + acsinasin 0-a& = O, 
and be cos j8 cos + oc sin j8 sin - a6 = ; 

whence by cross multiplication 

cos _ sin 1 



a^bc (sin /3 - sin a) ab^ (cos a - cos p) abc^ gin (jS - a) ' 
COS0 sin0 1 

a COS ~~- 6 sin — ^ c cos — — ^ 

Z a /i 

., a2co82^ + &2 8in2?^ = c*cosa^; 

.-. a2{l + cos(a+i8)} + 6a{l-oos(a + )8)}=c2{l + cos(a-/3)}; 
/. (62 + c2-a2)co8ooos)3 + (c2 + a2-62)ginasin^=a2 + 62_^, 

9. From the given equation, we have 

sin' a (cos - cos a)' = cos' a sin' 6 = cos' a (1 - cos' 0) ; 

.*. cos' ^ - 2 cos a sin' a cos - cos^ a = ; 

which is a quadratic in cos with roots cos /8 and cos y. 

.'. cos j8 cos 7 = cos* a. 

Similarly, from the equation 

cos' a (sin - sin a)'= sin' a cos' = sin' a (1 - sin' d), 

we m ay shew that sin /8 sin 7 = sin* a. 

cos fl cos 7 sin j8 sin 7 „ . „ 

.*. ^ — ■ + \~ — ' = cos' a + sm' a = 1. 

cos' a sm' a 

10. We have ft'cos/3cosa + fcsina + (A;sin)3 + l) = (1), 

and fc'cos7COsa + A;sina + (ft sin74-l) = (2); 

whence by cross multiplication, 

COS a sing _ 1 

&' (sin p - sin 7) "" k^ sin (jS - 7) + fe' (cos 7 - cos /8) ~" A^ (cos /3 - C0S7) ' 

cosg sin a 1 

" coB^'k COS /'-fl' + sin to'" " ft gin to ' 



2 ^±7 
2 



cos'"-2-^'+ JAicos^^-^ + sin^gH =A;'sm«^|^; 

.-. k^ (cos2^^-sin2^i^'\ + ^-(sin|8 + sin7) + l = 0; 
.-. A;'cosj3coS7+&(sin|3 + sin7) + l = 0. 
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Otherwise. Form a quadratic equation in sin ^ ; thus 
k* cos^ a (1 - sin2 d) = (1 + ft sin a + ^ sin ^)"; 
sin /3 + sin 7 = sum of roots of this equation 
_ coefficient of sin d 
~ coefficient of sin^ $ 
_ 2 (1 + ft sin g) A; ^ 
~ ft2(l + ft2cos2a)' 
7 / • « . X 2 (1 + ft sin a) 

•■• '<^'°^ + ^'"^)=- l + t'cos»« <1)- 

Again, form a quadratic equation in cos $ ; thus 

ft2(l-cosa^) = (l + ;fesino + ft*cosocos^)2; 
cos /3 cos 7= product of roots of this equation 
^ ftg-(l4-A;sina)g , 
-ft2-ft4cos2a ' 

,, ^ l+2ftsina-ft2cosaa ,^, 

.-. ft2cos/3cos7= -—To 5 (2). 

^ ' l + A^cos*a ^ ' 

By adding (1) and (2) we obtain the required result. 

11. We have 

sin^ a cos ^ cos <f> + cos^ a sin /8 sin + cos^ a sin^ a = 0, 

and sin^ a cos y cos <f> + cos^ a sin 7 sin + cos^ a sin^ a = ; 

whence by cross multiplication 

cos <f> _ sin 

cos* a sin^ a (sin )3 - sin 7) "" cos^ a sin* a (cos 7 - cos )3) 

1 

"" sin^ a cos^ a sin (7 - p) ' 

COS0 sin <f> 1 

fi i8 + 7~ . Q . i3 + 7~ ~ i8-7' 

cos* a cos '-— - sm* a sm "^ ' cos ^—~ 
Z 2 2 

/. cos*acosa&^4-sin*a8in2 2±7=cosa2^; 
A 2 ^ 

.-. cos*a{l + cos(/3 + 7)}+sin*a{l-cos(j84-7)} = l + cos(/3-7); 

/. cos )3 cos 7(1- cos* a + sin* a) + sin /8 sin 7(1 + cos* a - sin* a) 

= cos*a + sin*a-l. 

Writing cos* a + sin* a + 2 sin^ a cos^ a instead of unity we have 

2 cos ^ cos 7 sin2 a (cos* a + sin* a) + 2 sin /3 sin 7 cos* a (cos* a + sin* a) 

= - 2 sin- a cos* a ; 

that is, sin* a cos j8 cos 7 + cos* a sin /3 sin 7 + sin* a cos* a=Q . 
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EXAMPLES. XXV. a. Page 318. 

1, p Qoid + q tan = ( Jpcotd - Jq tan Of + 2 J^q, 

2. 4 sin*^ + cosec2^= (2 sin ^ - cosec ef + 4. 

3. 88ec2^ + 18cos2d = 2{(2secd-3cos^)2 4-12}. 

4. 3-2cosd4-co8ad = 2 + (l-cosd)2. 

5, We have tan^jS 4- tan*7 > 2 tan ^ tan 7, and two corresponding in- 
equalities. [See Art. 316.] 

6, Since (1 - sin a)^ is positive, 1 + sin^a > 2 sin a. 
Similarly, 1 + sin* j8 > 2 sin ^. 

.-. 2 + 8in2a + sin2)3>2sina + 2sinj8. 



7. sin^ + co8^=^2Bin(d + j j . 

8. co8^ + V3sin^ = 2 8inf ^ + ^ V 



9. a cos (a 4- ^) + 6 sin ^= a cos a cos ^ + (6 - a sin a) sin B, 

:. maximum value = ^cC^ cos^ a + (6 - a sin of. [Art. 317.] 

10. jp COS ^ + g sin (a + d) = (jp + 5sina)cosd + gcosasin^. 



.-. maximum value =ZfJ{p + q&m a)^ + q^ co ,- a. 

11, sina + sinj8=2sin — jT^cos^^-^=2sin^cos^^-^. 

:. maximum value = 2 sin ^ , 

12, sin a sin /3 =2 {cos (a -^) - cos (a + ^)} =- {cos (a - /3) - cos <r}. 

.-. maximum value = - (1 - cos <r) = sin* ^ . 

TO * .4.0 sin(a + ^) sintr 

13, tana + tanjS= ^- ^' 



cos a cos j8 cos a cos j8 ' 
By Art. 319, the denominator is a maximum when a=)3, and in this 
ease tan a 4- tan^S is a minimum, its value heing 2 tan - . 
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_ - ^ sin a + sin S 
14. cosec a + cosec 8 = — ; -. — ~ 

^ Pin a sin j8 

. . a+8 a-p _ . a+3 a-B 

4 sin — -'- cos — ^ 2 sin —^ cos —^ 



coa{a-p)-coB{a + p) ^^^,a.-^ cod^^"^^ 



= sm ^ 



Since a+/3 is constant, this expression is least when the denominators are 
greatest, that is, when a=j8=^ . 

Thus the minimum value is 2 cosec - . 

15. cos -4 cos B cos C=-cos C {cos (^1 -B) + cos(il+B)} 

= jr COS C {cos (A-B)- COS C}. 
a 

Supposing C constant, this expression is not a maximum unless ^ = B. 
Similarly, we may shew that the given expression is not a maximum unless 

^ = B = O = 60°. In this case its value is cos^ 60° or - . 

o 

16. cot^ + cotB + cotC= ^f^^/t'^2 +<^o*^= • ^"T^ ^ + cotC. 

sm A sin B sm A sm B 

Supposing C constant, sin^ sinB is a maximum when A—B, and in this 
case the given expression is a minimum. Thus the given expression is a 
minimum when A—B=C^ and its value is 3 cot 60° or ^^, 

A Ti C \ 

YJ, sin^- + sin2- + sin''- = - (1 - cos.4) + ... + ... 

3 1 
= 9 ~ 9 (cos -^ + COS B 4- cos C7). 

As in Example 1, p. 316, it is easy to shew that cos A + cos B + cos O is a 

maximum when A=B=Cf and in this case the given expression is a mini- 

60° 3 
mum, its value being 3 sin* -^ or j . 

18. If C is constant, A+B ib constant, and therefore sec ^ + sec i? is a 
minimum when A=B. [See Ex. 2, p. 316.] 

Thus the given expression is a minimum when ^=B=C, its value bein 
3seo60°or6. 
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19. tan2^ + tan2| + tan2| 



= (^tan2 + tan-+tan-j 

= (^tan- + tan2 + tan2J -2. 



2 B G 

22 tan — tan — 



ABC 
As in Example 16, it is easy to shew that tan — + tan — + tan o- is a 

^ J 2 

minimum when A=B=Cf and in this case the given expression is a minimum, 

60° 
its value being 3 tan^ -— or 1. 

20. cot2^ 4- cot^B + cot2 0= (cot A+cotB + cot C)^ - 2S cot B cot C 

= (cot ^ + cot B + cot 0)2 - 2. 

But it has been shewn in Example 16 that the right side is a minimum 
when A=B=Cj and in this case the given expression is a minimum, its 
value being 3 cot260° or 1. 

21. 2(asin*^ + 6sin^cos^ + ccos2d) 

= a(l-cos2^) + 6 8in2^ + c (l + cos2d) 

= a + c + 6sin2^-(a-c)cos2d (1). 

The gre atest value o f &sin2^~(a — c) 0O8 2d is is/b^ + {a-c)^, which is 
less than J4ac + {a-c)^ or a + c, since 6'<4ac. 

Hence as in Art. 317, the maximum and minimum values of (1) axe 

22. sina4-sin)3 + sin7-sin(a+j8+7) 

= 2 sin— —^ cos -j^-2cos ^ ^sin— ^ 

J. . a+jS . 74-a . /3 + 7 
=4 sm — ^ sm sin —^.- . 

a a a 

The expression on the right is positive, since each of its component factors 
is positive. 

.*. sina + sin/8 + sin7>sin(a+j8 + 7). 

23. Let a; = aco8ec^-6cotd, and put cot ^ = < ; 
then x=ajl + t^-ht. 

As in Ex. 2, page 317, we may shew that x> Ja^-b^; 
'. a cosec 6 - b cot 6 > ^/a^ - 6«. 
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sec^^-tand l-tan^ + tan*^ 



24. Let x = 



sec^^ + tand 1 + tan ^ 4- tan-* ^ ' 
.-. tan2^(a;-l) + tan^(a; + l) + a;-l = 0. 



In order that the values of tan $ found from this quadratic may be real, 
we must have 

(a; + l)a>4(a;-l)2; 

that is, - 3x2 + lOx - 3 must be positive ; 

that is, (3x -l){x- 3) must be negative. 

Hence x must lie between 3 and - . 

25. Denote the expression by x ; then 

_ tan^g + tan2^-l , 
^"tan^^-tans^ + l' 

.-. tan*^(a;-l)-tan«^(x + l) + a; + l=0. 

In order that the values of tan^d found from this equation may be real, 
we must have 

(a: + l)2>4(a; + l)(x-l); 

/. (a; + l)(5-3a;)>0. 
Thus the greatest value of a; is - . 

u 

26. We have 

(a2 + 6^ + c2) (cob2 a + cos^ j3 + cos^y) - (a cos o + 6 cos j8 + c cos 7)^ 

= (& cos y-c cos /3)2+ (c cos a -a cos 7)* + (a cos /3 - 6 cos a)^, 
the minimum value of which is zero. 

/. minimum value of (a^ + 52 + ^2) (cos*a + cos^^ + COS27) - /f2= 0. 
Again, (a + 6 + c) (a cos^a + h cos^/S + c CO827) - (a cos a + 6 cos /8 + c cos 7)* 
= he (cos )3 - cos 7)2 + ca (cos 7 - cos aY + ah (cos a - cos jS)^, 
the minimum value of which is zero. 

.*. minimum value of (a-\-h + c) (a cos^ a -t- 6 co«? ^ j^ ^ <j,<>>^ ^n^ -A^-: 
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EXAMPLES. XXV. b. Page 324. 

1, By squaring each of the given equations and adding, we obtain 

— f- -- =2. 

2, By transposition, we have 

asec^=a;tan^+y, 6 sec^ — ar-y tan^; 
whence by squaring and adding, 

(fl2 + fe2) sec«^=(a:2 + 2/2) (l + tan2(?), 
or x^+y^=a^+h\ 

3, We have cos ^ + sin ^ = a, and cos* 6 - sin^ 0=b; 

.'. cosd-sind = -; 
a 



and 



4, We have x^ = (sin ^ + cos 6)^=1 + sin 20, 

sin 6 cos 6 2 



cos sm sin 2 
.-. y{x^-l) = 2. 



5. By addition and subtraction, we have 

. . a+b _ - a-h 

cot = — - , and cos 0— -— ; 
^ 2 

whence by division, sin 0= 5 ; 

•^ ' a + b 

that is, (a2-fc2)2 = 16a6. 

^ _. .^1 cot^^ + l cosec^^ 

• 6. Here a:=ootd+ — —.= z-^- = 1-5- > 

cotd cot^ cot^ 

1 cosec^^-l cot*^ 

and ?/ =cosec . = ^— = ^ ; 

cosecd cosec^ coseo^ 

.*. xhf—cose(i^0f and xy^=coi^0. 

But cosec2d-cot2^=l; 
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7. Here a^=- — ;,-Bm^= . ^, 

sm ^ Biu 

and b^= --C08d = ;r : 

cos $ 008 ^ 

.*. a^b^=coB^0j or a^h= GOB 6 \ 
and a't* = sin^ 0, or a6' = sin ; 

8. By substituting for cos 3^ and sin 3d, we have 

4a; = 4a cos* d, or x^=a^ cos d, 
and 4y =4a sin* 0, or y s =:a* sin d ; 

9. By transposition, we have 

or (1 + tan* 0) = a tan* d, or j:= 5-- , 

sec'd 

J / o/. -.. «/. aseo*d 

and y(8ec2d-l) = a8ec*d, o^y = -^2j 5 

.-. a:*j/2 = a» tan» d, and ar^y* = a* sec» d. 

.-. (x V)* - (ar^/)* = <*^ (sec2 d - tan* d) = a^. 

10. Here a;=a cos d (2 cos 2d - l) = a cos d (4 cos^d- 3) 

= cos 3d. 
Similarly i/ = & sin 3d. 

x^ y2 , 
• — h — = 1. 

11. Here sin d sin a + cos d cos a = a, 
and sindcos/3-cosdsin/3=6; 

.'. sin d cos (a - j8) = a sin p + b cos a, 
and cos d cos (o - /8) = a cos /3 - & sin a ; 

.-. cos* (a-p) = a^ + b'^-2ab sin (a - /3). 



12. Here 


X4- 


y = 3- 


- (1 - 2 8in« 2d) = 2 + 2 sin* 2d, 


and 






a;-y = 4sin2d; 




.*. a: = 


= 1 + 2 


sin 2d + sin* 2d = (1 + sin 2d)*, 


or 






a:i = l + 8in2d. 


Similarly, 






i/i = l-sin2d. 
.-. a:^ + y^ = 2. 


H. K T. K, 









^-^ 
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13. By addition and subtraction, we have 

x + y = (sin + cos 6) (1 + sin 2$) 
= (sin $ + cos ^)*, 
and x-y = (sin 6 - cos 0) (1 - sin 20) 

= (sind-cosd)8; 

.*. (a; + y)^ + {x- y)^ = (sin + cos ^)2 + (sin - cos 0)^ 
= 2. 

14. Here a^ = 1 + sin 20, 

:. a2-l + cos2^ = 6. 

.-. sin2d=a2-l, and cos 2^=- (a*-&-l); 

... (a2- 1)2+ (a2-&- 1)2=1. 

15. Here a = (4 cos* ^ - 3 cos d) + (3 sin ^ - 4 sin* 0) 

= (cos ^ - sin ^) {4 (cos2 ^ + cos ^ sin ^+ sin2 0) - 3} 
= & (1 + 2 sin 2^). 
But 1- sin 2^ = 62; 

.-. a = 6(l + 2-262) = 36-2[;8. 

16. By squaring the first equation, and multiplying by 2, we have 

a2(l + cos2d) + &2(i_cos2^)-2a6sin2^=2c2; 
/. (a2 - IP) COB 20-2ah sin 20 = 2c2 - a« - ft*. 
From the second equation, 

(a2 - 62) sin 20 + 2ah cos 2^ = 2r2. 
By squaring and adding, we obtain 

(a2- &2)2 + 4^252 = 4c4_4c2 (^2^. ^2) + (^2 + ^2)2 + 4^4 . 

/. 0=8c*-4c2(a2 + 62). 
.-. a2 + &2=2c2. 

17. By squaring and adding, we have 

a;2 + ya=a2 + 62 + 2a6 (cos cos 2d + sin ^ sin 20) 
= a2 + 62 + 206 cos ^. 
Again, ar + 6 = a cos ^ + 26 cos2 ^ = cos ^ (a + 26 cos 0), 

and 3/ = sin^(a + 26oos^); 

.-. (a: + 6)2 + 2/2=(rt + 26cosd)2 

= -\(:r2 + 2/^-62)^ 
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18. Gomponendo and dividendo, we have 

a _ tan (^ -f a) + tan (^ - a) _ sin 2^ 
b ~~ tan (^ + a) - tan (6 - a) " sin 2a ' 
.'. & sin 2d = a sin 2a. 
Also &co8 2d = c-acos2a; 

.-. [>' = c2-2acco8 2a + a2. 

19. By squaring and adding, we have 

a:2+2/2=a2 {2 - 2 (cos SB cos d+ sin 3d sin 0)} 

= a2(2-2cos2d) 

= 4a2sin2d. 
And 2a2 -x^-y^= 2a^ cos 20, 

But a; = 2a cos 2d sin ; 

.-. 4a4a:2=(2a2cos2d)2(4a2sin2d) 

= (2a2-a;2- 3/2)2 (j;2 + y2). 

20. Solving the given equations for x and ^, we have 

x=a (cos d cos 2d + 2 sin d sin 2d) ; 
.-. 2x=a {(cos 3d + cos d) + 2 (cos d - cos 3d)} 
=a (3 cos d - cos 3d)=a (6 cos d - 4 cos' d). 
And y = a(2 sin 2d cos - cos 2d sin 0) ; 

.-. 2y = a {2 (sin 3d + sin d) - (sin 3d - sin d) } 

= a (3 sin d + sin 3d) = a (6sin d - 4 sin' d). 
/. 2(x + y) = a (cos d + sin d) {0 - 4 (cos^ d - cos d sin d + sin« d)} 
= 2a (cos d + sin d) (1 f sin 2d) ; 
.-. x + y = a (cos d + sin d)'. 
Similarly, x-y = a (cos d - sin d)' ; 

.-. (x-\-y)'^-\-{x-y)^=:2a^. 

21. From the first equation, 

(x sin d - y cos d)2= (x^+y-) (sin^ d + cos^ d) ; 
whence a; cos d + y sin d = ; 

cos d sin d 1 



-a; V^2 + y2 
By substituting in the second equation, we have 

1-' 

x^ + l . 



1 /y2 ^\ _ 1 

^ + ^2 (^^2 + 52^-^2 + 2/2' 






^.^— ^ 
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22. From the first equation, we have 

bxcoB0 + ay Bind = ab ijBin^d + coB'^d; 
.-. h'^ {x^ - a^) cos2 6 + 2abxy cob ^ sin ^ + a^ {y^ - h^) sin-* ^ = 0. 
From the second equation, we have 

(y^ - h^) cos^ e-2xy cos ^ sin ^ + (x^ - a^) sin^ ^ = 0. 

Multiplying this equation by ah and adding to the preceding equation, 

{&2(r2-a2) +db (y2- 6«)} cos2 ^+ {«2 (y^'-h^-vah(x^-a^)) sin^ ^=0; 

.-. {hx'^ + ay^~ah{a + h)] (fccos2^ + asin2^) = 0. 

/. 6a;2 + a2/2_a&(a + &)=0, 

or h cos2 ^ + a sin^ ^= 0. 

■o XI 1 X IX cos*^ sin2^ 

From tlie last result, = r— : 

a -h 

but {(y2-62)cos2^ + (a;2-a2) sin2^}2=4a;Vcos2^sin«^; 

/. [a (2/2 - fe2) _ 6 (a.2 _ ^2) }2^ _ 4a6a;2i/2. 

23. We have 4 cos (a - 3^) =.7n (3 cos 6 + cos 3^), 
and 4 sin (a - 3^) = m (3 sin - sin 3^) ; 
whence by squaring and adding, we have 

16=m2(10 + 6cos4^). 

Again, by multiplying the first equation by cos3d and the second by 
sin 3d and subtracting, we obtain 

4 cos a= wi (3 COB 40 + 1) ; 

.-. 16 = 10wi2 _|_ 2m (4 COS a - vi) , 

or 2=m^+mco8a. 

^ , __ , X tan + tan d> ^ 

24. We have -= — -J = tan tan 0, 

^^' y cotd + cot</> ^* 

■D X X * //I . ^\ tand + tan0 

But tan a = tan (d + 0) = .- ^r— ^:i ; 

/^ ^^ l-tandtan0' 

xy 
.'. tan a = — =^ . 
2/-X 

25. We have a2 + 62 = 2 + 2cos (d-0); 

.-. a2 + 62=2 + 2cosa. 

26. We have a 8in2d + &co82 d = l = 8in2d + cos2d; 

.-. (a-l)t&n^0 = l-h. 
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Again, a cos^ '(t> + h sin^ 0=1 = cos^ <f} + sin* <f> ; 

/. (&-l)tan20 = l-a. 
But a3tan2^ = featan20; 

'• a-1 ~ 6-1 * 
.-. a(fe-l)=±6{a-l). 

Bejecting the upper sign, we have a + 6 = 2a6. 



27. 


From the first two equations, we have 




X y 

a h 1 




COS 2^ sin -"^ cos ^"^ 




a;2 w2 „^-rf> „a 


28. 


6 cot^ + cot0 ^ 



■D .. X X //, ^x tan ^- tan 

But tan a = tan (^-0) = , — ^ • 

^ ^' l + tan^tan0' 

/. {a + b) tan a= 6 (tan ^ - tan 0) ; 

.-. {a + fe)2 tan* a = 6* { (tan ^ + tan 0)* - 4 tan ^ tan <j 

^^ _- , a cos* ^ + 6 sin- m cos* 6 

29. We have — r-^- — 5- = — —„ j ; 

^^'^ asin*^ + 6cos2^ nsin-0 

a + b tan* ^ _ in 1 

" a tan* ^ + fe ~ n tan-^ " tan* d ' 

/. & tan* = b, or tan* ^ = i 1. 

.*. ntan*0= int. 

By adding together the first two equations, we obtain 

a + 6=7?icos*0 + w sin*0. 

If n tan^ = ?«, then 



COS2 

n 


siu*0 
m 


1 


\ a-i-h = 


2mn 

m + n ' 





If n tan-^ = - wi, we obtain a + b=0. 
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30. From the second and third equations, we have bj addition 

2 cos {x cos ^ + y sin ^) = 6a ; 

.-. 2a 1^3 cos 0= 3a, whence cos0=^. 

From the second and third equations, we have by subtraction 
2sin0(-a;sin^ + y cos^) = 2a; 
.*. -a:sin^ + yco8^= ±2a. 
But a: cos ^ + 2/ sin ^= 2a ,^3; 

31. We have c sin ^= a (sin d cos <f> + cos ^ sin 0) ; 

.'. (c-a cos <p) sin = a sin </> cos d=h sin . cos ^; 

.'. c -a cos = ft cos ^ = & (2771 + cos 0); 

, c - 2bm 

,'. COS0= 1— . 

^ a + 6 

And cos^=2fii + cos0= , . 

a + b 

But a sin <p = h sin ^ ; 

/. a^ - a^ C08^ </> = b^ -b^cos^ $; 
.-. «MaH &j2_a2(c_2&7;i)2=62(a + 6)2-&2(c + 2a77t)2; 
.-. (a' - 62) (a + fc)2 = c2 (a2 - 63) _ 4^5^711 (a + 6) ; 
/. 4a6c77i = (a-6){c2-(a + 6)«}. 

EXAMPLES. XXV. c. Page 334. 

1, By putting x = y cos ^, the given equation becomes 

3 1 

COS^ ^ - COS ^ - -, = 0. 

y2 yi 

But co8«^-?co8^-^-2;i^ = 0; 

4 4 

3 

cos3^ 11, „ 1 

- . = •< = o *. whence cos 3^=- ; 
4 t/^ 8' 2' 

.-. 3^ = 71. 360° ±60°; 

.-. ^ = 20°, 100°, or 140°. 

But x = y cos ^ = 2 cos ^; aud therefore the roots are 

2 cos 20°, - 2 cos 40°. - 2 cos 80°. 



.. = 7 ; whence « = 2. 
M-J 4* ^ 



Also 
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2. Bj patting x = ysm$t the given equation becomes 

3 1 

sins^- — sin^+-^=0. 

3 sin SO 
But ain8^-7 8in^ + — 7— =0; 

4 4 

.-. y^ = 4; whence y = 2. 

., sin 3^ 1 1 , . o^ 1 

Also — i — =-— = -; whence sin 3^= - . 

4 y' 8 2 

Hence as in Art. 328, the roots of the equation are 

2 sin 10°, 2 8in50^ -2 sin 70°. 

3 /3 

3. Put a; = t/ cos^, then cos^^ — 5-cos^-^=0. 

T» X Q/. 3 ^ cos3^ ^ 

But cos3^--cos^ . — = 0; 

4 4 

.'. 3/^=4; whence y = 2. 

., cos 3^ ^3 JS , „. V3 

Also —5 — = ^ = ^ ; whence cos 60=^: 

4 y' 8 2 

.-. 3^=w.360°±30°; .-. ^ = 10°, 110°, or 130°. 

But x=y cos ^ = 2 cos 6j and therefore the roots are 

2 cos 10°, -2 cos 60°, -2 cos 70°. 

3 /2 

4. Put x=ysine; then sin^^ -— ^sin^ + ^=0. 

^ . Q« 3 . ^ sin3^ ^ 

But sins^--sin^ + — ,— =0; 

4 4 

.'. 4y2 = 4 ; whence y = 1. 

., sin 3^ ^2 ^2 , . Q/i 1 

Also since — -. — = ^ = ^ ; whence sin 3^ = -77; ; 
4 8?/* 8 v2 

/. 3^ = 71. 180° + (-l)»» 45°; 

.-. ^=15°, 45°, 135°, 165°, 255°, .... 

.-. sin ^ = sin 15°, sin 45°, sin 255°. 

But a:=y sin ^=sin ^, and therefore the roots are 

sin 15°, sin 45°, - sin 75°. 

5. Put x^yaind; then sin^* ^ --.-„-„ sin ^ + 7^5-^=0. 

' 4a2i/2 4a3y3 

T^ . . .^ 3 ■ /, Bin3^ ^ 

But 8in»^ - 7 sin ^ + — r- =0 ; 

4 4 

.-. ia^y''^ = 4 ; whence y = - . 
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. . sin SO _ sin 3^ _ sin SA 

4 ~ 4a3y* "" 4 ' 
/. 3^=n.l80°+(-l)»»3^; 
.. e = A, 60°-^, 120° + ^ 180°-^, 240° + ^... 
.-. sin^ = sin^, sin (60°- J), sin (240° + ^). 

But a; = y sin ^=- sin $y and therefore the roots are 

- sin ^ , - sin (60° -A), -- sin (60° + A). 

/> T> * /I *!, a., 3a2 . 2a«coB3il . 

6. Put x=ycoB0; then cos^^ 5-cos^ = =0. 

yi yS 

^ » 3 cos 3^ 

But cos'^--rCos^ T-^=0; 

4 4 

3aa 3 ^ 
/. — 5 = 7 ; whence y=2a. 

., cos 3^ 2a'cos3il cos 3^1 

Also -— i — = — o = - -; ; 

4 y^ 4 

.-. 3^=n.360°±3il; 

.-. e = A, 120°±^. 

But x=y cos 0=:2a cos 0y and therefore the roots are 

2a cos A , 2a cos (120° ±A), 

7. (1) From the theory of quadratic equations, we have 

Bina + sinj8= -- (1). 

By supposition , sin a + 2 sin /3 = 1 , 

.-. 8inj8 = l + -. 
^ a 

But asin2/3 + 6sin/3 + c = (2), 

... (a + b)^ + b(a + h) + ac = 0. 

(2) Substituting from the equation c sin a^a&m^ in (1), we have 

a sm B + c sm B= ; 

a 

.'. a(a + c) sin)8= - tc. 

But sina8inj3= ; 

'^ a 

/. a*sin')3=c**, 'whence a-vc= ±i>. 
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8. We have tana + tan/3=- . 

d 

Also, by hypothesis, a tan a + b tan /3 = 2& ; 
whence {b-a) tan /3 = 6. 

But rttan2j8-6tan/3 + c = 0; 

... ab^-b^(b-a) + c{b-a)^=0, 

9. We have tana + tan/3 + tan7=0, 

2a -X 



and tan a tan /3 + tan a tan 7 + tan /3 tan 7= 

.'. tanatanj8-tan27= 



a 

2a -X 
a 

Now tan* a + tan' /3 = (tan a + tan jS)* - 2 tan a tan /3 

/. a (tan^a + tan^/S) = - a tan27 - 4a + 2x, 
But, by hypothesis, a (tan^ a + tan* j8) = 2a; - 5a ; 

.*. 2a;-5a= -a tan*7-4tt + 2a;; 

/. tan27=l. 

But atan87+(2tt-a;) tan7 + y=:0; 

/. atan7+(2a-a;) tan7 + y = 0; 

.-. (3a - x) tan 7 + y = 0; 

.*. Sa-x=^y. 

10. We have cos a cos /3 + cos a cos 7 + 008^80037 =6. 
Also, by supposition, cos a cos /3 + cos a cos 7 = 2 1 ; 
.*. cos j8 cos 7= -h. 

Again, cos a cos /3 cos 7 = - c ; 

.'. &cos5a=c. 
Now cos'^a + acos-a + ?icosa + c=s0; 

.-. c^ + abc^ + b^c + b^c = 0. 
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11, As on page 329 we may shew that 

cos a, co8(— + aj, cos( — -aj 

are the roots of the cubic 

-^3 ^ cos 3a _ 

0OS*^--7COS^ i — =0. 

4 4 

Write cos ^ = ,, ; then . " sec^g + -j sec^^ - 1 = 0; 
sec ^ 4 4 

/27r \ /2ir \ 3 cos 3a 
.-. seca + sec( -5-+aj + Bec (-g -a j= - 2"^ j — . 

12. The values of sin found from the equation sin 3^= sin 3a are 

sma, sm(-j + aj, sin(-y + aj; 



that is, these three quantities are the roots of the cubic equation 

sin»e^-? 
4 

.*. Si = Sum of the roots = ; 



sin»e^-|sin^ + ^"' = (1). 



3 



and 52=Sum of products of the roots taken two at a time= - . 



i + 8in3 (^ + a) + sin^ (^ + a) = V-25fa 



13, In equation (1) of Example 12, put sin ^= ; then 

coseo (/ 

sin 3a o/.3 «^.,/v 

— . — cosec'* 0--7 cosec^ ^ + 1 = 0. 
4 4 

/2ir \ , /4ir \ 3 sin 3a 
.-. cosec a + oosec I -q- + « I + cosec (-«- + * I = t -^ r — • 

TT 2t 

14. On p. 330 we have shewn that sin^ - and siu« -=- are the roots of 

o o 

the quadratic equation IGx^ - 20x + 6 = 0. 

Put x = -; then 5y^-20y + 16=0, is an equation whose roots are 

cosec*- and cosec^-^r; 
o o 

„ir „2ir 20 , 

.'. co8ec2- + cosec2~^ = -=-=4. 
5 
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15. If cos 3^ = cos 2^, 

then 4cos3^-2cos2^-3cos^+l=0, 

or (coB^-l)(4cos2^ + 2cos^-l) = 0. 

But the roots of cos 3^= cos 20 considered as a cubic in cos 6 are 

1, cos^, cos^. [Art. 331.] 

.-. cos -=- and cos -=- are the roots of 4 cos^^ + 2 cos ^-1 = 0; 
a o 

2ir 4ir 2 1 

,. co8-+cos-^=-^=-2. 

2ir 4ir 1 
and cos-=r-cos-^= -- . 

5 6 4 

16. (1) Let 7^ = nir, where n is any odd integer; 
then 4^ = nir - 3^, and cos 40= - cos 3^. 

.-. 8co8*^-8cos*^ + l= -4cos8^ + 3cos^; 

.-. (cos^ + l)(8cos3^-4cos2^-4cos^ + l) = (1). 

The roots of the equation cos 4^= - cos 3^ considered as a biquadratic in 

cos are cos = , cos — , cos — , cos — , the last of which corresponds to 

the factor cos^ + 1 in equation (1). Hence the equation whose roots are 
X 3ir Sir . 

00S=- , cos -=- , COS -=- IS 

7 * 7 ' 7 

8 cos'^ - 4 cos2^ - 4 COS ^ + 1 = 0. 

(2) Let y denote any one of the quantities 

8in» — , 8in2— , gin2_.. 

then 2y = l-Xf where x denotes one of the quantities 

TT Stt Sir 

cos — , COS -=r , cos -=- . 
7 7 7 

But we have seen in the first part of this question that these quantities are 
the roots of the cubic 

Sx^-4x^-4x + l = 0. 

Substituting a; = 1 - 2y, we have 

8(l~22/)3-4(l-2y)'^-4(l-2i/) + l = 0, 
or 64i/8_80y« + 24y-l=0. 
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then 2y = l-x; where x denotes one of the quantities 
2ir 4ir 6ir 

COB-y, COSy, COB -y . 

But in Art. 331, we have shewn that these quantities are the roots of the 
cubic 

Sx^ + 4x^-Ax-l = 0. 

Substituting x = l-2y, we have 

8(l-2y)8 + 4 (1 -2y)a- 4 (1 -2y) - 1 = 0, 

or 64?/3 - 112y2 + 66y - 7 = 0, 

the roots of which are sin^ - , sin* — , sin* — . 

. .T . ,2ir . .Stt /112V o/o6\ 21 

Put y — ; then 7z^ - 56-2^ + 112« - 64 = is an equation whose roots are 
z 

-IT „2ir „3ir 

cosec* = , cosec* -=- , cosec^ -=- . 
7 7 ' 7 

^^ ^2ir .3ir /56\2 „ /112\ ^„ 

/. cosec* - + C08ec*-7=- + cosec* — = ( — - j - 2 ( -=- j =32. 

18. (1) As in Art. 331 the required equation is cos 5^ = ooa 4^. 

Expressing cos hB and cos 40 in terms of cos 0, we have 

16 COS* 0-20 co8« + 6 cos = 8 cos* 0-8 cos* + 1. [See Art. 332.] 

By transposition and removal of the factor cos - 1 we obtain 

16 cos40 + 8 00830-12 008^^0 -4 cos + 1 = 0, 

which is the equation required. 

(2) Put cos 0=a;, then the above equation becomes 

16a;* + 8a:3 _ i2ar2 _ 4x + 1 = 0. 

"K 8ir 37r 6ir 

Now cos q = - cos — , cos — = - cos ~q- , . . . ; 

nee by writing x— -y, we see that 

IT 37r OTT Ttt 

cos-, cos — , cos--, cos — 

are the roots of the equation IG//** - S?/^ - 12?/2 + 4?/ + 1 = 0. 

The same result may be arrived at by putting 90 = 7i7r, where n is any odd 
\ger. For 50=nv- 40, so that coa 50 = - <ioa40. [See Example 16 (1).] 
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19. Let y denote one of the quantities 

„ir „2t _3ir -4ir 

0082-, C082_, COS2 — , COS^ — (1), 

then 2y = l + x, where x denotes one of the quantities 
2ir 4ir 6ir 8ir 

cos — , COSy, cos — , COSy 

But these quantities are hy the last example the roots of the equation 

16a:*+8a;3-12a;2-4x+l = 0; 
hence the given quantities are the roots of 

16(2i/-l)'» + 8(23/-l)3-12(2y-l)=*-4(2y-l) + l = 0, 
or 266y< - 448y» + 240^2 - 40y + 1 = 0. 

,. eo84^+co8*^+cos4_+cos^_=(^_j -2^— j 



49_30_19 
'l6 16"" 16* 



If we put y=-t we ohtain 



z* - 40^3 + 240-22 - 448;3 + 256 = 0, 

the roots of which are 

„ IT „ 2ir „ 3ir „ 4ir 

sec^-, seo2 — , sec^y, sec^ — . 

.-. sec^ ^ + sec* -^ + sec* -^ + sec* -^ = (40)2 _ 2 x 240 = 1 120. 
y y y y 

20. As on p. 332, we may shew that the given quantities are the roots 
of the equation tan 60= - tan 4$, considered as an equation in tan 0. 

Put tan = t, then tan 50 = tan (3^ + 20) ; 

* -^ l-8<2+rrta 6t-10t3 + t» 

.-. tan5^ = « 



2jt^(3t-«») " 1 - 10«2 + 6«* • 
(l-3t2)"(l-t2) 



Hence the equation tan 50= - tan 4^ becomes 
««-10t3+5t 4«8-4< 



=0; 



5t*-10«2 + l t*-6/2+l" 
.-. («8-16t« + 66t*-40t2 + 6)-(20«8-60«*+4f2-4)=0; 
/. t8-36t« + 126t*-84t« + 9=0, 
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which is a biquadratic in t- having for roots 

tan^^, tan«^, tan^^, tan«^. 

Put ^2=-, then 

X 

9x4 - 84a;3 + 126a^« - 86 + 1 = 0, 
an equation whose roots are 

oot«|, oot«^. cot'^, cot»^. 
Butcot»| = cot«| = |. 

... cot» ^ + C0t2— + C0t2— + - = -^ = n. 
... cota| + 0Ot«y + COt«^ = 9. 

21. (1) AsinEx. l,p. 332, wecanshewthat t«-21<*+36««-7=0i8an 
equation whose roots are 

tan^y, tan^y, tan'^y; 

.-. writing - for t, we obtain 
c 

7c«-36c*+21c2-l = 0, 
which is a cubic in c* whose roots are 

cot2^, cot^l!^, eot^^, 

7 * 7 7 

... cot2^+cot2y + cot2?^ = 5; 

.-. cosec2=-+cosec2-=- + cosec2-=-=8. 

,^. „ IT lOir 3ir 8ir 6ir 6ir 

(2) Here cos ttt = - cos yr » cos yy = - cos — , cos ^j^ = - 008 -- . 

T 2x 3t 4t 5ir 

/. cos — COS ry COS —r COS — COS yy 

2ir 4ir 6ir Sir lOir 
= - cos YY cos — COS — COS — cos ^r • 

2ir 4ir lOir ^, ^ i. xi_ x» 

'"*« ^r:- , 008 ry , ... COS — — are the roots of the equation 

COB 60 = COS 50, [See Art. 831.] 
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Using the expressions for oos 6^ and cos 50 given in Art. 332 and patting 
X for cos 0y we have 

32a:« - 48a:* + 18a^ - 1 = 16a:» - 20x» + 5a;, 

or 32a:« - 16a* -48x* + 20aH» + 18x3- 6a: -1=0. 

Removing the factor a: - 1, which corresponds to cos ^=1, we have 

32aH^ + 16a:4 - 32x3 - 12a:« + 6a; + 1 = 0. 

The product of the roots is - ^ , and therefore the value of the required 



. . 1 

expression is ^^ . 



32* 



MISOELLANEOUS EXAMPLES. I. Pag£ 336. 

1. By transposition, we have 

a(tana-tan55±^)=6(tan^-tan^); 

a+/3 ~ - a + /3 ' 

cos a oos — ^ cos j8 cos —^^ 

COS a ~~ cos /3 * 

2. We have sm^aH r — cos*a = l: 

a 

.'. (l+- ) 8in*a+ ( 1 +t) cos*a = 8in**a + 2sin2aco82a + co8*a; 

.-. - sin^a - 2 sin^a cos'a + : C08*a = ; 
a b 

sin^g 2 8in^aco8^a cos*a_^ 

sin* a _ cos* a __ 1 
a ~ & ~a + 6* 

sin^a cos^a a b 1 



•• a« ^ 68 ~*(a + 6)*^(a+[>)4"(rt + 6)»* 
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■ML 

|""(i-f)°°«(i-f) 

gSinasin^l-ZSJ 

[XI. a. Ex. 12.] 



2 tan ^ tan | 
The left Bide=tan-^ 

l-tan2|tan2( 

a 
2 sin - cos 

= tan-^ 

cos^ - cos' 



=tan-i— i 
cos 



=tan-i . 



Bin a cosfl 



COB a +COS 

4. By putting w= 1, we have 

cosec'a sm*^ + Bec2acos*^= 1 ; 

/. (l + cot^a) sin*^ + (l+tan2a) cos*^=sin^^ + 2 sin^^cosae^ + cos*^; 

.-. cot* a sin* 0-2 sin* cos* + tan* a cob* 0=0; 

.: cotasin*^-tanaco8*^=0; 

siD*^_cos*^_ 
sin*a ""008*0" ' 
sin*«^ 0OB*»^ 



sin''«»a cos^'^a 

Bin*«+*^ cos2»-M^ . -^ -^ , 

••• » 9^ + 5-— =sin*^ + co8*^ = l. 

sin*»»a C08*»*a 

5. We have (a cos ^ + fe sin ^)2=c*=c* (cos* ^ + sin* ^); 

.-. (a* - c*) cos* ^ + 2ab cos ^ sin ^ + (6* - c*) sin* ^ = 0. 
Again, a cos* ^ + 6 sin* ^ = c (cos* + sin* ^) ; 

.-. (a-c)cos*^ + (6-c)sin*^ = 0. 

Hence by cross multiplication, 

cos* cos ^ sin ^ sin* 



2ab(b-c) (62-c*)(a-c)-(a*-c*)(fc-r) -2a6(a-c)' 

cos* _ cos ^ sin ^ _ sin* 

" 2ab(b-c)~ {b-c){a~c)(h-a)'^ -2afe(a-c)' 

.-. - 4a*6* (b - c) (a - c) = (& - c)* (a - c)* (6 - a)*, 

4a«5* + (6 - c) (a - c) (a - 6)«=0. 
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6. (i) 4Ssin(/3-7)co8(a-j3)cos(a-7) 

= 22 sin (/3 - 7) {cos (2a - /3 - 7) + cos (/S - 7)} 
= 2S sin (^-7) cos {2a- (j8 + 7)} +2S Bm(/3-7) cos (/3-7) 
=S {sin (2a - 27) + sin (2/3 - 2a) } + S sin 2 (^8 - 7) 
= -22sin2(j8-7) + S8in2(/3-7) 
= -S8in2(/3-7) 

= 4n sin (j8-7). [Ex. 2, page 804.] 

(ii) 4S sin asin ()3 - 7) cos (/3 + 7 - a) 

= 2S sin a {sin (2j3 - a) + sin (a - 27)} 

= 2S sinasin (2j8 - a) + 22 sin asin (a - 27) 

= S { cos 2 (a - /3) - cos 2/3 } + S { cos 27 - cos 2 (a - 7) [ 

= 2 {oos2 (a-/3) - cos 2 (7 -a)} + 2 (cos 27 - cos 2/3) 

=0. 

(iii) 42 sin a sin (/3 - 7) sin (/3+7 - a) 

= 22 sin a {cos (a - 27) - cos (2/3 - a)} 

= 2 {sin (2a - 27) + Bin27} - 2 {sin2/3 + sin (2a- 2/3)} 

= - 2 sin 2 (7 - a) + 2 (sin 27 - sin 2/3) - 2 sin 2 (a - /3) 

= -22 8in2(a-/3) 

=8n sin (a - /3). [Ex. 2, page 304.] 

7, (1) Let X, y, z denote .the lengths of PA, PB, PC respectively; and 
let the areas of the triangles PBCj PC A, PAB be denoted by 5^, Sa, 5^ 
respectively. 

Then in the triangle PBC 

cosw a^ + y2-z^ a^+y^-z^ 

cot (0=—. — = -^r — —. = ^ : 

sm u) 2ay sin co 40^ 

_ a^ + y^-z^ _b ^-\-z^-x^ _ c^ + x^-y^ 
•• ^°*''" 45i ""453 - 453 

a^ + b^ + c^ _ a^ + b^ + c^ 
-4(5i + 52 + «3)- 4A 

=cotil+cotB + cotC. [XVIII. a., Ex. 34.] 

(2) By squaring the result just obtained, we have 

cot2 w = cot2^ + cot^B + cot2 C + 22 cot B cot C 
= cot^A + cot^B + cot2 C + 2, 
since 2 cot B cot O = 1. 

.-. l+cot2w=(l + cotM) + (l + cot2B) + (l + oot2C); 
.*. ooseo^ 0^ = cosec* A + cosec* B + coseiS^ C, 
fl. E, T. K, ^^ 
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8. On page 195 of the Elementary Trigonometry, suppose that ABFD 
is a vertical plane running N. and S., and that CG is drawn in a S.E. 
direction . Also suppose that ^ B = a, and AG= 169a ; 

then BCa = (169a)2 -a^ = 28560a2 ; 

.. CG2=2BC2=57120a2; 

/. C'H2^57121a2, 

.-. CH=239a. 

9. Let ABC be a horizontal section of the two walls, and let be the 
inclination of the wall AB to the meridian, so that 7 - is the inclination of 
JBC to the meridian. 

The length of the shadow of the wall AB measured along the meridian 
is aooiO'y hence the breadth of the shadow (which is measured at right 
angles to AB) is a cot sin <f>, 

:. 5 = acot^sin0. 

Similarly, c = a cot ^ sin {y-<t>)\ 

.'. c = a cot ^ (sin 7 cos - cos 7 sin 0j 

= a cot d sin 7 cos 0-6 cos 7 ; 

/. c + 6 cos 7= a cot ^ sin 7 cos 0. 

Also & sin 7= a cot ^ sin 7 sin 0. 

By squaring and adding, we have 

c^ + 26c cos 7 + 6' = a^ cot* 6 sin'7. 

mSOELLANEOUS EXAMPLES. K. 

1. If a; is the number of degrees in the vertical angle a;+ 12x + 12sb= 180, 

180 
whence a; = ^— = 7*2. Thus the angle is 7° 12'. 

K ' J.X. V i. :i 200 180 ,. 

Agam, the number of grades = -^rr x -^^ =8. 
loU 25 

2, We have 
whence 



a j8 7 a+/3+7 ir 
4 5 6 15 15* 


47r ^ IT 

"=I5' ^=r 


27r 


coaA 8inA\ 
^BinA cos A J 


/ cos A sin A 
\sin^ cos^ 



) 



= (cos* ^ - sin2^)^(cos2 ^ + sinM) 
=C08* A - sin' A=(l- sin* ^) - sin* A 
= l-2Bin*ii. 



MISCELLANEOUS EXAMPLES. K. 243 



4. co8^ = Vl-8inM=/yi-^^ = g; 



* . ^ 5 13 3 

/. tan.l + 8eo^=j^ + j2 = 2- 

5. Let ^B = 15, ^0=30, then since cos 60°= J, it is easy to see that CB 
is at right angles to BA, 

:. CB = CA sin 60° = 30 x ^= 26-98. 

6. Let AB be the tower, BD the cliff, and G the point of observation ; 
then if BD=a;ft., CD=y ft., we have 60+a:=y tana, a!!=y tanj8. 

^ ,. . . , 60 tan a 1260 84 

By division 1 + — = i — s = ^ttk^ = ;:;?: • 

•^ a; tan^ 1186 79 

.•.f = A. and .=790. 

7. If X ft. be the length of the arc, ^ = radian measure of 10° ; whence 

a;=30x:r^x 10 = 6-236. 

« -rr ,8.8 15 

8. Here tana = =^; .*. sina = T7r, cosa = :7T=. 

15 17 17 

9. Here 4 sin* ^-(2 + 2^3) sin ^+^3=0; 
whence (2 sin $ - JS) (2 sin ^ - 1) =0. 

-^ ^, . 6tana + 7 5x4 + 7x16 

10. The expression = 5 — j^r = 5 — r^ — z — i 

^ 6- 3 tan a 6x15-3x4 

6 26 __ 125 
~ 3 ^ 26 " 78 • 

11. First side = l + 2(sin^ + coB^) + (sin^+co8^)2 

= 1 + 2 (sin A + cos -4) + 1 + 2 sin ^ cos A 
= 2 + 2 (sin A + cos A) + 2 sin A cos A 
= 2(1 + sin -4) (1 + C0S A). 

12. The expression = sec* A (2- sec* A) - cosec* A {2- cosec' A) 

= (1 + tan* A) (1 - tan* ^) - (1 + cot* A) (1 - cot* A) 
= (l-tanM)-(l-cotM) 



= (l-tanM)-(l-^) 

/I ^ i.v/^i 1 \ 1-tanM 

= (l-tanM)(^l+^-^) = 
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tan d sin a - cos a 



13, 8m^ = 



fjl + tan*-* $ /^ (sin a - cos a)'* + (sin a + cos a)' 

sin a - cos a _ sin a - cos a 
' V2(8inao+cos^) "" V2 * 

sec 45° -tan 45° 
coseo 46° + cot 46° ' 



15. Since 9 degrees = 10 grades 



i-57iX^^ looxiooxr = ^xr. 

ou y 54 



16. (2) Second Bide=(l-?^^y^(l-22i|y 
" ^ ' \ cos^/ V sine) 

(cos ^- sin ^y /sin^-cos^y 
cos^ / ~\ sinT^ / 



sec»^ 


l + tan2^ 


cosec2 e 


~ 1 + cof^^ 


sin^ + 


1 3 

sin^'"^2' 



17. (1) 

/. 8in»^--)]rsin^ + l=0, 

^28in3^-3sin^+/v/2=0, 
(V2 sin ^- 1) (sin (?- V2)=0; 

whence sin ^=-7^^, and ^=45°, the other value being impossible. 

(2) cos^ + -i- = |; 

^ ' cos^ 2' 

/. 2co8'^-5cos^ + 2=0, 

(2oos^-l)(cos^-2)=0; 

whence cos ^=751 and ^ = 60°, the other value being impossible. 

18. Badian measure of 56° = — rr x 66 = — x =-^ = -p= . 

loU 7 loO 45 

The arc traversed in 36"=— x g^x 1760 yards=176 yards. 

.'. if d be the number of yards in the diameter, 

176 22 

-^ = 5g,.-.d=360. 
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19. See Art. 35. 

20. W First 8ide = lx(^-^^-lj = —^3^5^— 

= sec^ A (sin' A - cos' A)=i second side. 

_, „ - ., sin^asin^jS sin' a sin' /9 

(2) Second 8ide= r-^~- - — =—5 — - 

^ ' sin'jS Bin'a 

= sin' a- sin' /9 

= First side. [Examples III. &, 84.] 

21. We have cos JB = - = -406 ; and a-\-c=^ 281. 

c 

.♦. c (1 + -405) = 281 ; whence c = 200, a = 81. 
Also 6= Vc^^^ = >y 33439 = 183 nearly. 

22. The radian measure = -*~ = . ^^„ = ^= -09376. 

radius 3x1760 32 

With this as unit a right angle would be ;r -^^=16•7662. 

23. (1) First side = sin B cos 9 \^^ + ?^l = cos' ^ + sin' ^ = 1. 
^ (sin^ cos^J 

/m -o- i. -J oot^ cot*^ cos^ 

(2) First side= x — -, x -r-^- 

^ ' sec ^ cosec sm^ ^ 

.- ^ cos ^ cos ^ ^. ^ 

= C0t8 d X -^-^ X -,— -zrOOt'' e. 

Bin sin 6 

24. If be the point of observation, i BOA=45°f and the line drawn 
from B perpendicular to OA bisects it at a point A\ Then 

OA : 0B=20A' : OB=2cos45°=^2 :1. 

25. (1) First side = (sin^ A + cosec' A -2) + (cos' A + sec' A -2) 

= (sin'^ + cos' A ) + (cosec' ^ - 1) + (sec' ^ - 1) - 2 
= cot'^+tan'^-l. 
(2) First side = 3 cot' ^ - 10 cot ^ + 3 = 3 cosec' ^ - 10 cot 6. 

2-? 

«r7 mu . 2-OOt^ 2 5 

27. The expre8sion=2-^^^^ =_-_= -^. 

2 + 1" 
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28. 2cos^cot^ + l-cot^-2co8^=0; 

/. 2co8^(cot^-l)-(cot^-l)=0; 
/. (2oo8^-l)(oot^-l)=0; 
.-. ^=60°, or 45°. 

29. If X inches be the length of the arc, ^ = - -^ x -„^r- . 

o 180 oO 

T *i. J . 1 z. «" 1217 1 

In the Becond circle ^=7^^ ^ --in ^ 3 *» 
loO 10 o 

1217 
/. sexagesimal measure of ^ = -^r — - =16° 12' 46". 

10 X o 

30. Take the figure of the Example on p. 41, and let 

Pr=a; yards, 22r=y yards. 
Then a; = y + 110, since zP<?r=45°. 

Also v=a;cot60° = -^. 



... .(^).n.. 

/. a;=66(3+V3)=260-26. 



«n TT X .J l+cos-4 1-C08-4 . ^„ , 
31. F„Bt«de=j-^-^-j^-^^-4cot».^ 

(l-cos-4)(l + cos^) 
_ 2 . 2 cos -4 4 cos^ A __ 4co8^ (1-cos^) 
~ sin* -4 Biu^A ~ 1 - cos^ A 

4oos^ 4 



l + cosJ 1 + sec^ 

32. (1) 8(l-co82^)-2cos^=6; 

8cos2^+2cosd-3=0; 

(2cos^-l)(4cos^+3)=0; 

g 

whence ^ = 60° ; or cos $= -- . 
4 

(2) 5 tan* a; - (1 + tan^ar) = 11 ; 

4tan2x=12; 

tana;= ±/^3. 

From the first of these values x=60°. 
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arc 11 



33. Here ^=-^- ^-m' 

radius 6 x 12 

... 180 11 180 11x7 -^,o 

/. the angle in degrees = — ^ gQ " "22" ^ "60""^ * 

35. See Art. 16. 

(2) Here oob«=^. 

Now since (a - bf is a positive quantity, a^ + b'^ > 2ab ; /. cos ^ < 1, which 
is possible. 



36. Let ACB be the hill, A being the summit and C a point halfway 
down. Draw AD, CE perpendicular to the horizontal line through the 
object 0. Then AD =2GE, and BD = 2BE. 

Now OB + BE = CE cot )3, and OB + 2BE =2GEoota; 

*!, 4. u K. u 0B + 2BE OB + BE ^ , 
therefore, by subtraction, pr^ — 77= — =2 cot a - cot /9 ; 

BE BE 

that is, ;?p==2cota-cot/9; also ;=p=i= cot ^. 

37. From the figure in Ex. 2, Art. 46, we have 

.. 6 = csin45°=50x-ii = 25V2. 
If p be the perpendicular from (7, 2?= a sin 45° =25. 

40. Since tan ^= =t 1, the angles will be those coterminal with 45°, 135°, 
225°, 315°. 

41. Take the figure of Example II. on p. 43. 
Let AE=Xj CE = y ; then 

?=.965; ^±i^=l-6. 

y y 

fl; + 42 _1600 ., 635, 
•■ X ""OJS" "*'965' 

965 
whence x = 42*x r^ = 63, approximately ; 

000 

/. ^^ = 63 + 42 = 105. 
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42. We have tan 15°=f^~= i / (x + f ) = ^3=2-^8. 

Similarly tan 76°= 2 + ^3. 

Again, l + tan2^=4 tan^, 

tan2^-4tan^ + l = 0; 

., tan^=ii^=2±^8; 
:. 6=15'', or 15°. 

43. The first side 

= 1 + sec ^ + tan $ + ooseo ^ + sec ^ cosec $ 

+ oo8ec^tan^ + cot^+ seo^oot^+1 

= 2 + sec ^ + tan ^+ cosec ^+ sec ^ cosec ^ + sec ^ + cot ^+00860^ 

ft /I ^ /.x sin^ cos^ 1 

= 2(l + sec^ + cosec^)+ -+-. — ^ + 

^ ' /»/\a ft am ft 



cos Bind sin cos ^ 

ft /I /. /.^ 2(Rin«^+cos*^) 

= 2(l + 8ec^ + co8eo^)+ - . ^ ;j— ^ 

sin ^ cos d 

= 2 (1 + sec ^ + cosec + tan ^ +cot 0). 

44. See figure and notation of Art. 25. 

45. We have 2(l-sin»^)=l + sin^; 

.-. (l + 8in^)(l-2sin^)=0; 

.-. sin^=-l, or sin ^=5; 
whence = 30°, 160°, 270°. 

46 sin (270° + ^)= -sin (90° + il)= -oos^. 

But coaA=±^l- sin^ ^ = i -8 ; 

/. sin (270° + 4) =±-8. 

47. See Art. 118. 

Ars mi- . 2 Bin 2 J sin -4 ^ ^ ^ _ . ^ «^ 

48. The expression = ^r—. — — - = tan 2-4 . See Art. 89. 

*^ 2 sin -4 cos 2-4 

49. tan^ = Vsec2^-l= ±^^-l = ±-^. 

The angle is coterminal with 160° or 210°, and the tangents of these 
angles are equal but opposite in sign. 
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50. Take the figure of Example on p. 41, and let 

PTrrx yards, zPgr=46°, zP22r=60°. 
Also Q12=1760. and QT=PT; 

.-. a; (^3-1) = 1760 ^3; 
.-. a;=880(3 + ^/3)=4164-16. 

52. (1) First side = sin* a (sin^ a + 2 cos* o) 

= (1 - cos' a) (1 + cos* a) = 1 - cos* a. 

(2) FirstBide=Beo2^^-^^ [Art. 124] 

=cosec2d. 
(8) co8lO° + sin 40°=cosl0°+cos50°=2cos30°oos20° 
=^3 sin 70°. 

CO mu . atan^-6 a^-h^ 

53. Theexpres8ion=^^j^^^^=-,-^,. 

54. Multiply all through by cos 18°, then we have to prove that 

4cosn8°-3 = 2sinl8°. 

First side=4 {l-(^-V-)] -3=^^-'-3 

= 5/^ = 2 sin 18°. 

e« TT ^ arc 20x10 1 1 

56. Here^=^--^.-=g5^^-2 = 9*' 

1 7 70 

.•.i>=jXl80x^ = g = 6A°. 

rr* mu • 2 - 3 OOt a , . 12 

57. The expression =-^ — —^ — , where tan a =-=r , 

"^ 4 -9 tan a 5 



2-8x ^ 



4~9x^ 
o 



r2__3^/_88\ 
T2""4 • V 5 j 



^5 
'352' 
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2 sin 2 sin ^ 

58. (2) First Bide = , +^2 

2 cos ~ Bin 6 
«5 



■i,ii-ih-^-°- 



..^ /,x mu • COS-4 COS O+f-COS C7)(-C08-4) 

59. (1) The expression = . - ^y - ^ / rr-^ 

^' *^ co8ii8inC-8mC(-co8^) 



(2) The expression = 



2 cos i4 cos C ^ ^ 
= o — 7-^-^= cote. 
2 cos A Bin C 

sin A cos ^ + two similar terms 



sin u^ sin B sin C 
1 / sin 2A + sin 2.B + sin 20 \ 
*" 2 \ sin u^ sin 2J sin C / 
=2. [Art. 186, Ex. 1.] 



60. Let ABC be the horizontal equilateral triangle, and let PQ be the 
flagstaff. Then since each side subtends an angle of 60° at P, the top of 
the flagstaff, the triangles PCB, PBA, PAC are equilateral. 

Let a; be a side of a ABC; 

*^«° ^^=2-i^=;^- 

Then from aPAQ, 

PA^=AQ^+QP^, 

x2=^ + 10000; 
o 

whence a--2= 15000, or x =60^6. 

61. The first expression = sin ^ + cos + sin^ + cos* 

= sin^ + cos.^ + l. 
Similarly, the second expression = sin ^ + cos ^ - 1 ; 

.*. the product = (sin ^ + cos ^)* - 1 = 2 sin ^ cos = sin 20, 

, ., ^0+<t> ^0-d> . 0+<i> 0-d> 

62. Second side = sm* -~ + cos* — — i- - 2 sm —^ cos —^ 

= - {1 - cos (^ + 0) + 1 + cos (^ - 0) } - sin ^ - sin </>. 

= l-sin ^-sin0 + jr {cos(^-0)-cos(^ + 0)} 
= 1 - sin ^ - sin 0+ sin sin ^ 
= (1 - sin 0) (1 - sin 0). 
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„, . 2 cos a sin ^ cos a i . ,_ . . j j j. * /, 

63. The expression = « . ^ . ^ = -r— ^ , which is independent of 6, 
"^' ^ 2sin)3smd sinjS' 

H 4- G B — G 

64. First side = sin— 2 — cos — ^ -{■...-{■ ... 

= -{(sinJB + sinC)+. .. + ...} 
= sin ^ + sin B + sin G. 

65. Wehave "^ ^"^^^^ ^^^^ 



sin^ o • ^ ^' 
cos - 2 sin 5 cos ^ 

2sina|=^2cos2|-iy; 

:. 4cos*jr -2 cos 5 -1=0; 

a a 

,e 2±^20 1±V5 



.'. cos2-=cos36°, or cos 108°. 

66. Draw ZW perpendicular to XY and let ZW=x. Then aXZY is 
right-angled at Z. 

And XZ = Xr cos 30° = 100^3 yds. 

Again, from aWXZ, TFZ=rXZsin 30°=50V3 = 86-6yds. 

KKQK 

67. We have 327r x 1000 = —^ x 3 x 12; whence ir =3-141, approxi- 
mately. 

68. sin2a + sin2|8 + sm2^=-^"4°— **+... + ... 

3 1 
= -- - (cos 2a + cos 2/3 + cos 27) 

3 1 

= {2cos(a + /3)cos(a-/3) + l-2sin27} 

= 1 - {sin 7 cos (a - )8) - sin27} 

= 1 - sin 7 {cos (a - j8) - cos (a +]3) } 

= 1-2 sin a sin j8 sin 7. 
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69. (1) First Bide =f?^+^-^^^ (2 cos 2.4 008^) 

' \C08u4 0O82^/ ^ ' 

=2(sin2iicos^+cos2^ sin^)=2Bm3il. 
(2) Multiply all through by 32 ; then 

Second side = 2 + cos 2-4 - 2 cos 44 - cos 6A 
= 2 (1 - cos 4^ ) + 2 sin 4A sin 2A 
= 4 sin2 2i4 + 4 sin« 2 A cos 2 A 
= 4am^2A {1 + C0B2A) 
= 16 Biu^A COB* A . 2 COB* A 
= H2Bm*AcoB^A. 

„^ _, .2 cos 18a sin 10a cos 13a 

70. The expression = . . .,- ^- = 5— 

2 sin 10a cos 6a cos 6a 

_ cosl3o __ - 
"" cos (tt - 13a) ~ 

71. We have cot {A+B) = 1. Therefore 

cot ii cot JB - 1 = cot -4 + cot B ; 

/. 2cot^ cotB=l + cot-4 + cotB + cot-4 cotJB 

= (l + cot^)(l + cotB); 

cot A cot B __ 1 
** 1 + cot^' l + cotB""2* 

72. For the first part see XI. d. Ex. 15. 
Then tan ^ = cot ^ - 2cot 2d, 

2 tan 2^=2 cot 2^-4 cot 4^, 
4 tan 4^=4 cot 4^-8 cot 8^ ; 
.*. by addition 

tan ^ + 2 tan 2^+4 tan 4^=cot ^ - 8 cot 8^. 

73. The expression = 1 



= 1- 



sin^ + cos^ sin ^ + 008^ 
sin'^ + cos^^ 



sin $ + cos 6 
= 1 - (sin^ + cos^ ^ - sin ^ cos 6) 

= sin cos ^ = - sin 20. 
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74. We have a;=3 sin^ - (3 sin-4 - 4 sin' -4)=4 sin* A, 
y =4 cos' ^ - 3 cos -4 +3 COB ^ =4 cos' A ; 



(f)'*©'- 



sin^ A + COB* ^ = 1 ; 

75, Let PQ, JR5 be the flagBtaflEs of lengths x, y feet respectively. Then 
QABS is a straight line, such that ^B=30ft., zP.4Q=60°, Zl2^Sf=30^ 
ZPBQ=45°, zi2BS= 60°. Let .4Q=a, B/S=6. Then since 

zPBg=46°, BQz:^QP=x; 

.'. a=x-$0. 

From A^i25, wehave^5=125fcot30°=y^3; 

.-. &=yx/3-3a 

From aAPQ, PQ = AQ t&n 60° ; 

/. a;=(a;-30)^3; 

whence x = 15 (3 + ^3). 

From A BBS, JRS =BS tan 60° ; 

.-. y = s/3(y^/3-30); 

whence y=15^S. 

Again, g5=a+6 + 30 

=a;+yV3-30 

= 46 + 15^3 + 45-30 

= 60 + 15^3. 

76. (1) First side 

= - (1 + cos 2^) + - (1 + cos 2B) - 2 cos ^ cos B cos {A + B) 

= 1 + cos {A+B) cos (i4 -JB) - 2 cos^ cos JB cos (A +B) 
= 1 + COB (A + B) {Bin A Bin B -COS A COB B] 
= l-ooB^(A + B) = Bin^{A+B). 
(2) First side 

= 2 (sin 5A - sin -4) - (sin SA + sin A) 
=4 cos SA sin 2i4 - 2 sin 2A cos A 
=2 sin 2^ (2 cos 3^ - cos 4) 
= 4 sin ^ COB A (8 cos* A -7 cos A) 
= 4sm A 008*^ {8 (1 - sin^^) - 7} 
= 4 sin ^ cos* ^ (1 - 8 sin* ^). 
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77. If r is the radius of the circle, and AB one side of the square, we 
have 2irr=3, and 

^^=2rsin45°=?^ 

= ?x 1-4142 x-8183 

= •6762 feet 
=8*10 inches. 

78. Here ^^ = 2rBin64°, BC = 2rBin30°, CD =2rsm 18°. And it 
remains to prove that 

sin 54° = sin 30° + sin 18°. 

[See Examples XI. e. 9.] 

79. First side = (2+^3) + (2-V3)- 1-2 = 1. 

80. We have, by addition, cot ^ = 2 (m + n). 
Also, by subtraction, cos ^ = 2 (w - n). 

•. 16(wi2-w2)8=^?^f=oota^xcosa^ 
^ ' sin« e 

= Ootad(l-sina^) 

= 16mn. 

81 . (1) First side = ^ [sin (2/3 + o) + sin a - sin (27 + a) - sin a] 



=s[2cos(a+i3+7)Bin(j8-7)]. 



2^ 

\cos2^ cos -4/ \cos^ cos 3-4/ 
sin A cos SA + cos A 



' COB 2A cos A ' oobA cos SA 
2 eixL A oob2A 00a A 



cos 2^ cos* -4 cos 3i4 
82. 2cos6°cos66°=oos72°+ cos60°= sin 18° + ^ 



=2 sin^ sec ill sec SA, 



-"~4" + 2 4 
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2 cos 42° cos 78° = cos 120° + cos 36° 

1 V5 + 1_ V5-1 
2"*' 4 4 * 

.-. 4 cos 6° cos 66° oos 42° cos 78° = t . 

4 



83. Put 2^ = 46° 

require 

1A 

- = 10 (x/2 - 1) =4-14 miles. 



84. The distance required is evidently equal to 10 tan 22^° 
10 



"n/2 + 1' 

85. W Separate each term into the difference of two cosines. 

/«\ CI J -J sin^ + 2sin^co8^ 

(2) Second side= ^—^ 5-^— 

^ ' cos^ + 2cos2^ 

_ sing(l + 2co8g) 
~cos^(l + 2cos^)"" ^'^^^ 

86. First side = 2 cos^i^ cos ^^ + 2 cos^ ^ - 1 

= 2cos^cos^^ + 2cosa^-l 

= 2cos| jcos^^-^^ + cos^l -1 

'vf a-fl a + fil 

= 2cos^jcos-2-^+cos— 2^V -1 

= 4 cos ■= cos g cos s ~ !• 
2 ^ A 

87. Put ^^ = ^_ = -A^=&, then 

sm-4 smJB sin C 

^ , ., A;2 (sin* JB - sin2 C) 

first side= — - — r— = — ; ^ cos ^ + ... + ... 

, (8in(B+C)sin(B-(7) ^ , , ) 

-}c\ ^^ r- 7-^^ — 'cos ^ + ... + ...> 

( sin ^ ) 

= fc{sin(B-C)co8^ + ... + ...} 

= - A; {sin (B - <7) cos (B + C) + ... + ...} 

= --{(sin 2B-sin 20)+.. . + ...} 

= 0. 
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88. First side = a cos 2d + & sin 20 

= a (1 - 2 sin2 d) + 26 sin d cos d 
=a + 2Bin$(booB$-aam0) 
=a, since bcoa0=aBmd, 

89. Let loga b = x, BO that a" = 5, 

log5C=y, hy=c, 

log«a = z, c* = a. 

Then we have a = c* = ftv* = a**'* ; 

.*. xyz = l, or loga61og&clogca = l. 
We have log 8 = log 2^ = 3 log 2 ; whence log 2 = -80103 ; 

log2-4=log^?^^=log3+log8-l 

= 1-47712 + -90309 = -38021. 
Iog6400=2+log2 + 31og3 

= 2-30103 + 1-43136=3-73239. 

L tan 30°= 10 +log -L = lO-hog 3 

=9-76144. 

90. cot(4+B)=oot(90°-C7)=tanC=^-^; 

cot ^ cot B -- 1 _ 1 
cot^ + ootB ~cotC' 
whence by multiplying np and rearranging we obtain the required result. 
For the second part, put ^ = 15°, B=30°, 0=46°. 

91. First side = (1 + sin 2^)^ + cos* 2^ + 2 cos 2^ (1 + sin 2A) 

= (l + sin2^)»+(l-sin»2ii) + 2cos2^(l + 8in2i<) 
= (1 + sin 2il) {1 + sin 2^ + 1 - sin 2il + 2 cos 2^} 
= 2 (1 + COB 24) (1 + sin 2^) = 4 COS* ^ (1 + sin 2^). 

92. See Art. 150. 

93. We have to prove that sin 9° sin 81° = sin 12° sin 48°. 

First side = - (cos 72° - cos 90°) 
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Second side =5 (cos 36° - cos 60°) 



""2 1 4 2J" 8 • 



VN/g + l ^\- 

94. See Art. 136, Ex. 2. 



1742 

95. I/sin^>I,8in27°45'by2^^^x60"; 

whence ^ = 27° 45' 44". 

96. By a well-known algebraical formula, 

a;' + y' + ^*=3xyj?, 
when a: + y + jj = 0; 

therefore we have 

cos'* A + cos' B + cos' (7=3 cos .4 cos J5 cos (7. 

Substitating ^ (cos 3^ + 3 cos^) for cos'^, and similar results for cos'jB, cos'C7< 

we have 

1 3 

J (cos 3-4 + cos 3B + cos 3C) + j (cos ^4 + cos B + cos C) = 3 cos ,4 cos J5 cos C, 

whence the required result follows at once, since 
cos 4 + cosB + cos C=0. 



I 49 24 

97, cos A — ^J\- sin^^ = . / 1 - ^ = ± ^; but since -4 lies between 

be negative value ; 

-'(-i)(S) 



24 

270° and 360°, we must reject the negative value; thus cos ^4=5^. 



Hence sin 2il = 2 sin ^ cos A - 

__336 
~ 625' 



., ^ A 1-cos^ . . . 

Also tan -zr = — ■. — 7- = cosec -4 - cot -4 
2 sm^ 

___26 24__1 

~ 7 "*" 7 "" 7* 



K. K T. K. 
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I _ / sing + cosg y ^ 



98. We have 



2C082 

. e 



8 cos' - sin jr = 1 + sin 20 ^ 

2 d 



4 cos^ - sin ^ = 1 + sin 2^, 
2 



2 Bin ^ (1 + cos ^) = 1 + sin 2$; 
.'. 2sin^ = l, 
^=30°. 
Again, by putting ^=30°, we have 

2cotl5° = (H-V3)''=4 + 2^3. 
.-. cot 15° = 2 + V3, and tan 15° = 2 - ^3. 

99. We have log 360 = 2 log 2 + 2 log 3 + 1. 

/. 21og3 = log360-21og2-l 
= 1-5563025- -6020600 
= •9542425; 
.-. log 3 =-4771213. 
Kow log -04 = log 4 - 2 = 2 log 2 - 2 = 2 -60206. 

log 24 = 3 log 2 + log 3 = -90309 + -4771213 
= 1-3802113. 

2 

log 6=log^=log 2 - log 3 

= -30103 - -4771213 = 1-8239087. 

Again let logj30=a;, so that 2* =30. 

.-. a;log2=log30 = l + log3; 

. ^_l4-log3_l-4771213_ 

••^- log 2 - -30103 -*906S9- 

XOO, ThiB follows ftt once from Art. 134, Ex. 5. 
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101. cot(a-|-i8) = ^"^°^^^^---^- xix + ari + l)-l ^ 



cota + cot^ (x + o;-! + !)*(!+ a;) (l + a:)(x + x-» + l)* 
- X ^ 1 1 

"(ar+x-i + l)* xMaJ+x-i + l)* (x"! + a;~3 + ar-^)* 
=oot7. 
Therefore a +/3= 7. 

102. Let A and a be given, and let B be the right angle ; then c = a cot ^, 
6=acosec-4, or b=Ja^+c^. Also C= 90°-^. 

If J = 31® 63' 26 -8", a = 28, we have 
c=28coti4. 
log c = log 28 + log cot 31° 53' 26-8", 

log 28 = 1-4471580 

log cot 31° 63'= -2061805 

decrease for 268" 1258 

/. log c = 1 -6532127 ; /. c = 45. 
Again 62 =a2 + c2= 2025 + 784 =2809 ; 

.-. 6=63; also (7= 90° -^=58° 6' 33-2". 

104. The greatest angle, C, is oppobite to tjx^+xy + y^. 

. ^^„^ x^ + y^-{x^+xy + y^ ) 1. 

/. C=120°. 

105. cos SA + sin 3il = 4 cos' ^ - 3 cos ^ + 3 sin ^ - 4 sin* A 

*: 4 (cos* A - sinM) - 3 (cos A - sin A), 
which is evidently divisible by cos A - sin A. 
See solution to Examples XII. c, 27. 

C A-^S 

106. We have cot-^=tan — ^— 




For the second part, it will be sufficient to prove that 
sin ^ + sin C=2 sin B. 
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^""^ 60 
Now sin A =— ^^— , = — r , on reduction. 

, . oil ol 

l+tan2- 

20 1480 

Similarly sin O =^ , and sin li = ^=7?^ , whence the result follows. 

107. The first factor easily reduces to 2 cot 2d, and the second to 
2 

— ; whence the product becomes 4cosec2d. 

cos 20 * ^ 

108 tani- /(TESE^- /^ 

108. tan- _ ^ ^ ^^_^j - V 603' 

log tan 4 = 5 {log 128 - log 603 }= 1 -6634466 ; 
whence ^ = 24° 44' 10", and A = 49° 28' 32". 



^ nsiUilcos^ ^ ^ /, noos*-4 \ 

tan A - -^ . a A tan il ( 1 - ;— - ) 

l-nsin^il V l-nsin^^y 

/nBUiAcoaA \ 

yi-nBin^Aj 



109. tan(il-B)= -, . . _,^ 

^^' ^ ' ^ ^ ^ /nsin^lcosil \ . nsin^A 

= (l-n)tani4. 

110. log 200=2 + log 2 = 3 -log 5 = 2-30103. 

log -026 = 2 log 6 - 3 = 2 -39794, 

log V62^=|aog626-l)=i(41og6-l) 

= •698626. 
LBin30°=10+logQ^ = 10+log5-l 

= 9-69897. 
Lcos46°=10 + log(-i)=10 + i(log6-l) 

=9-849486. 

cot {A - 30°) _ c os (A - 30°) cos {A + 30° ) 
^^^' ^' tan(.4 + 30°)""sin(^-30°)sin(2l + 30°) 

_ c os 2.4+ cos 60° _ 2 cos 2A + 1 
" cos 60°- cos 2^ *" 1 -2 cos 2^ 
_2 + sec2^ 



(2) Second Bide = 2 i^-- 
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cos 2a l + cos2j9 1- cos 2a 1- cos 2/3) 



= jr { 2 + 2 cos 2a cos 2/3} = 1 + cos 2a cos 2/3. 

112. From a diagram it is easily seen that CD is equal to ^C, and that 
from the right-angled triangle ABC^ 

^0=50 cos 30° = 132^ 

19 
= 66 X J- = 114 yards. 

Also the perp. from A on BC=AG sin 30° = 57 yards. 

. - «. a sin^ 

113. ^^^^^a + h + c^BinA + BiuB + smC 



A A 
^sin-gcos- 

^ , A B C 

4 cos ~ COS -jr cos jr 
a A Z 

^A , ^ ^B .C ( A 

acot-^+ 6cot — - ccot-^ ^ °^®"q 



[Xn. d. Ex. 3.] 



a + b + c 2\ B C 

j cos 2 cos - 



+ ... 



. ^A -J5 ^C\ 

J cos-*— + cos^ — - cos* ~ 



COS 2 cos -cos- 



Now cos2 — + cos2 — -cos2- 5_ J2oos2— + l + cosJ5-l-cos ci 
1 io 2^ . o • -S + C . C-B] 

A i A . C-B\ 
= cos-|cos^ + 8m-2-| 

J . B+C^ . C-B\ 
|sm- -— +8in-2— j- 



A 
= cos- 



= 2 cos - cos — Bin ^ . 

Z Z £ 



Whence the required result easily follows. 
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114. Here co.^^^^-^=^. 



40x42 
76x77 



_ 2 _ 2^ 
"^/6""^/10• 

i4 3 1 

log cos - = - log 2 - 2 1^ 1^^ 

= •4615460 --5 

=I'9616460 

log cos 26"" 84' = I •9615389 
61 

/. ^ is less than 26«> 34' by ^^ x 60" ; 
•that is, 4= 26° 33' 64-2", 

or ^=63'^ 7' 48". 

115. sin(^-90'')=-sin(90°-.i) = -co8^ 

= _ ^l~Bin«7 = - J&^i 
= -(=fc-8); 
but A is between 90^ and 180°, therefore sin (^ - 90°) is positive ; that is 
Hin(il-90°) = ^8. 
oosec (270° - ^ ) = cosec (180° + 90° - il) 
= - cosec (90° - A) 

= ±126; 

but between the given limits cosec (270° - A) must be positive, that is, the 
required value is 1^25. 

116. By Art. 168, 

logftCsr--^--. , logec2 = , "" ; 

hence the expression on the right =loga b x r — ^ x . ^- 

=logaJ. 
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logio 2 = 1 -logio5 = -30103; 
logio 8=3 logio 2 = -90309. 

logs 10 = .— i— = 1-1073093. 

logio(-032)» = 6 log j^=25 log 2-16 

= 7-52575-15 
= 8-62575. 

117. First Bide=co8 (360° + 60° + ^) + cos (60°-^) 

= cos (60° + A)-h cos (60° - il) 
= 2 cos 60° cos ^ =co8 A, 
For the second part, put -4 = 45°. 

118, Write t for tan - , then the equation may be written 

l-^a . x^ 2e 

j-^^- sin o cot p Y-^j=cos a ; 

.-. t2(l + cosa) + 2«sinacot/3-(l-cosa)=0; 

o « i. « sin a 1 - cos a . 

t* + 2cotfl.i 't-f-, = 0, 

'^ 1 + cos a 1 + cos o 

«2 + 2cot/8tan5«- tan2^=0, 
(t + tan ^ cot I Vt - tan ^ tan |^ = 0, [XI. d. Ex. 15.] 

.-. tan ;r= - tan ^ cot § , or tan ^ tan § . 



119. We have 



8inj2£-KB)_»i^ 
sin B ™ n * 

«i - ?i _ sin (24 + jy) - sin B 
m-\-n~ sin (2^ + B) + sin B 

_ 2 cos (^ + 2?) sin ^ 
"■ 2 sin (il + 1^) cos -4 

=cot(il+J5)tan^. 
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120. I^et X feet be the height of the tower ; 
then I ABD = 90° - z ADB 

= 45°= I ADB; 
:. AD=AB=x\ 

:. AC =x -17. 
Now from A ABC, 

a:a+(x-17)*=63«; 

.-. a:3- 17a:- 1260=0, 

(ar-46)(a; + 28)=0; 

.-. x=45. 

45 
Again, tan ACB=jr^; 

but tan31°48' = -6S = ^ = ||; 

90 46 

/. Z^C^ = 90°-31°48' 

= 68° 12'. 

122. log 6 = ^ log 36 = •778161, 

log 8=log 48 - log 6=1-681241 - •778161 
= •90309; ^ 

.-. log 2 = - log 8 = -30103; 
o 

.', log 3= log 6 -log 2 = ^477121. 

Now ' log 40 =1 + 2 log 2 = 1-60206. 

= ^(21og2-log3-l) 

= l-6 62469, on substitution. 

123. We have tan ^^ = ^ cot ^ = ^ cot 72°, 

log tan — ^- = 2 log 3 - 1 + log cot 72° 

=1-4660186 
log tan 16° 18' = 1-4660078 22?. 

108 4687 

..^=16°18'1". ^:-^=18°; 

.•. 5=34° 18' 1", C=l° 41' 69". 



x60"«l" 
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124. (1) cos^ + co8J5cos(7= -cos2? + +cosJ5cos (7 

= sinJ5 sin C; 
/. Second side = a^ sin J3 sin O = 6 sin ^ . c sin -4 

(2) First side =zc (b cob A + a cos B)-\- 2ab cos C 
= c*+2a6cos C=a^ + b\ 

125. tan^ = -= 

l + tan|tan^ l + itan^^ 

3 sin- cos jr _ . 

2 2 3 sin a 



cos' ^ + 4 sin2 ^ 2 cos^ ^ + 8 sin« ^ 

a a a 2t 

3 sin a 3 sin a 



l + coso + 4 (1-cosa) 6-3 cos a' 

126. sin (36° + ii) - sin (36° - ^ ) = 2 cos 36° sin A = ^^^^ sin A ; 

Bin (72° - A) - sin (72'' + A) = 2 COB 72° sin {- A) =-'^-^^ Bin A, 

2 

By addition we obtain the required result. 

2 

ir>r7 X /. sin^ 3 2 

127. tan^ = -— =^ = — -— = =fc-7-. 

The boundary line of $ is in the 3rd or 4th quadrant, hence the tangent 
is positive in one case and negative in the other. 

128. (1) First side = sin 2 A + sin f^-2B\ 

= 2 sm f^ + A-B\ cos f'!^-A-B\ . 

(2) First side = 2sin^-;^cos?±^.2co3^cos?^ 
a 2 2 2 

= 2Bin{e-<f>)coB^?^, 
2 
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129. Since « : & : c = sin A : sin B : sin C, we have 

(a + h+c){a+b-c) = Sab, 
or (o + 6)«-c2=3a[;, 

that is, f^±^LL^^ = l; ... cosC=l, and C=60°. 

130. Let a'=:b, aV = d, cP=d, c't^b, 
then we have to -proye px = qy. 

Now a*=c^f and av=cf''t 

:. a P* = c*^ = rt w ; that is i^a: = qy. 

131. log 2001 = 1-3012471 
log20-00= l-3010300 

diff. for-Ol= 2171 

.-. diflf. for -0075 = ? x 2171 = 1628 ; 
4 

.-. log 20-0075 = 1-3011028. 

132. Let AD be the median from B ; then 

^52+J5C2=2(JD2 + BD2); 
that is, 49 + 81 = 2x2 + 32 ; 

whence x = 7. 

,«rt -riT 1 i + sin^ ^ 

133. We have t— =2, 

cos^ 

/. (1 + Bin^)2=4(l-Bin2^), 
rejecting the factor 1 + sin ^, which gives an inadmissible value, we have 
1 + sin ^ = 4 (1 - sin J ) ; 

whence sin ^ = - . 

o 

^nA T?,. -J 4 (1 - cos 2^) -(1- cos 4^) 

134. First side = -j-)— [ ) — { 

4 (1 + cos 2^ ) - (1 - cos 4/1) 

_8sin M-2 8iii 2 2.^ 
~ Scos^Jr^2^'^2A 

_sin2J_(l-cos2J)_ 
~cosM(l-6in2 4)~^*" ^' 
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^. , I 3sin/t-4sin'^+4co83^-3co8^ 

135. First side = ., . , — r-r-^-, — ^i — h" i — 5 1 v 

3 (sin A -COB A) -A (sin'^ - cos^^) 
~ 3 (sin A + cos A)-4t (sin»^ + cos*^) 

sin A -COB A 3-4 (sin^ A + cob^A + sin A cos A) 
"siuil+cosii ' 3-4(8m=^^ + cos*'*^ -sin^cos J) 
_tanil-l 3 -4(1 + sin ^008^) 
"~tanil + l * 3-4(l-sin-icos-<l) 

_tan^-l l + 2Bin2^ _ l + 2sin2.tf /J_4co^ 
~l + tan^ • l-2sin2^""l-28in22£ ^^^ ^' 

136. Put ''— = -^ = k ; then 

cos^ cobB 

First side= At cos A tan A + k cos B tan B 

= k (sin ^ + sin J5) 

^, . ^ + J5 A-B 
= 2fc sm — jj — cos — - — 

., A^B A-B. A+B 
= 2X;cos — — cos tan — ^— 

2 Z Z 

= A; (cos A + cos B) tan -— — 
= (a: + y)tan -g- . 

137. log 7 = log 24-5 -log 3-5 = -846098; 
log 5 = log 35 - log 7 = -69897 ; 
log 13= log 3 -25 -log -25 

= log 3 -25 - (2 log 5 - 2) = 1 -113943. 

nno XT * , a 384 128 

138. Heretan^ = -=-3^ = — . 

log 128 =7 log 2 = 2-1072100 

log 110 = 2-04139-27 

log tan ^ = -0658173 

log tan 49° 19' = -0656886 

difif. 1287 

1287 
.•. prop^ increase = - ^ ^ x 60" = 30" ; 

/. ^=49° 19' 30"; B = 40° 40' 30". 
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_ . e+a . 0-a 

28m _ 8m-5- ^ 

lAA T3«- X -1 2 2 0O8O-C0B6 

139. First side = ■ 



- 3 + a 0-a cosa+cosd 
2cos— jr— cos— 5— 

_ COS a - COS a cos /3 _ 1 - cos /3 
""cos a + 008 0008)3"" l + cos/3 

= tan.f. 

140. We have 

sin ^ sin ^ _ 2 sin ^ sin ^ 

cos ^ - sin ~ cos ^ + sin "" cos^^-sin^^ 

_ 8in 0{co8 0+8in - (cos ^ - sin Q)\ 
~ 1 - sin3 ^ - (1 - co8-» 

_ sin {cos + sin ^ - (cos - sin 0) } 
~ (COS + sin 0) (cos - sin 0) 

_ sin sin ^ 

"~cos0-sin6* co80 + 8in^* 

141 Wehave'ii^±^liiiri) = 51(fL±£)!iii::i); 

c(a« + P + 2rt^)(«-&) = 6(a« + c3+2ac)(«-c); 

that is, n^s (<? - t) - &c« (r - fc) + 6c (c*- fc2) + 2a6c (c-fc)=0, 

or (c-6) {a2»-6c(«-c-6) + 2afcc}=0, 

or (c - [/) {a'« - fee (rt - «) + 2a6c} = 0, 

or (c-fc) {a'« + 6c« + 3a6c}=0; 

therefore 2^-0 = 0, since the other factor evidently cannot be zero. 

1 4- COS A. A 

142. (1) cot A + cosec ^ = — . -^ =-- cot - ; [XI. d. Ex. 1 1] 

Sm A. a 



- . . l-cosf| + ^ j 

tan >4 + sec yf = — = . ^ < 

cos^ , (v ,\ 

therefore by division the required result id obtained. 
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(2) Since sin 3^ = 3 sin -4 - 4 sin' A^ we have 

First side= J {(8 sin^ - sin 3^)+ ... + ...} 

= ? {sin .4 + sin (120° + A) + sin (240° + A)} 

-i{sin3J + sin(360° + 3^) + sin(720° + 3il)} 



3 . 

= --rSinSA. 
4 



[See solution of XII. c. 25.] 



143. Let 

then 



144. 



j:=-yi8x^0bT5,- 

a;=v'^027 = (-3)*, 

I log -3 = I (1-4771213) 

= i-6862728 

log -48559= 1-6862697 

31 



a; =-486593. 

. -- 6sin^ 394 ^^^., 

Bin B = = -— cos 22® 4'. 

a 573 

log 394 =2-5954962 

log cos 22° 4' =1-9669614 



diff. for -00001 = 31; 

31 
prop* increase =5^ X -00001 

= •000003; 



log 673 
log sin B 



2-6624576 
= 2-7581546 



= 1-8043030 

log sin 39° 36' = 1-8042757 

diff. 278 

diff. for60" =1527? 

273 
.'. prop* increase = j^-- x 60" = 10-7" ; 

.-. B = 39° 35' 11" ; and C= 28° 20* 49". 



mAi- w X -J COS A cobB cos C7 

145. First side = + — -— + 

a c 



b^ + c^-a^ + c^ + a^-h^ + a^ + b^-<^ 



2abc ' 



2abc 
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146. log 119 = log 7 + log 17 = 2-0756469, 

log y = log 17 - log 7 = -3853509, 

logJg=logl7«-log73 

= 2 log 17 - 3 log 7 = i-9256038. 

147. We have <^^^ = ,inB + sinC 

2Bm2Cos2 

^^ . B+C B-C 
2 Bin — - - cos — — 




B-C B+C 

^ cos— _ COS — ^r — 

2 ^ _ 1 - CQ S ^ _ 2 2 

**• *^" 2~I+^os^~ B-C Bi-C 

cos— q- +COS 

2sm^^m^ 5, C 

= S C=*^^2*^°2- 

2 cos ^ cos — 

148. Let r be the radius of the circle, a?, y the side of circumscribing 
equilateral triangle and hexagon respectively. 

Then from the figure of Art. 215, 

2r 
.T = 2rtan60°=2r;^3; y = 2rtan30 = -^; 

whence a:y=4ra=(2r)«. 

149. From the equation a" = 6^ + c^ - 2bc cos Ay we have on substitution 
and reduction 

c2-150;^2.c- + 10000=0; 

/. (c - 100^2) (c- 50 V2)=0; 
.-. c = 100^y2, or 50^2. 



Again sinZ?= 
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h sin A 150 3 



"so-^io-^/io' 



log sin J3=log3 - ^ log 10 

= 1-9771213, 

log sin 71° 33^= 1-9770832 
diff. 381 

diff. for60"=421; 

381 
.-. prop* increase = -r^ x 60" = 54" ; 

.-. B = 7i° 33' 54", or 180° - (71° 33' 54"). 

150. The series may be written 
(coseo X - cosec Sx) + (coseo 3x - cosec S^x) + . . . + (coseo 3"~i x - cosec 3**a;) , 
which reduces to cosec x - cosec S^x, 



153. First side 



cos ^ 3 cos — 
sm- sin- 



.3^ e ^ , $ 30 

sin ~ cos - - 3 sin - cos -^ 

. ^ . 3^ 
sm-sin-2- 



. f30 e\ „ . 



30 
sm^cos- 



.3^ 
sin-siny 



sin - (sin 20 - sin g) 
(cos - cos 2^) 



_ 48in^-2sin2^ _ 4 sin ^ (1 - cos ^) 
'"l+cos^-2co8-^^"" (1 + 2 cos ^) (1 -"cos (?) 



4sin^ 
■l + 2cos(?* 
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154. We have, by Art. 135, Ex. 2, 

tan^+tanB + tan C=tan^ tanBtan C; 

whence tan C = - — . 

Also cos A = 



Jl + t&n^A I 9 6* 

■*'16 



Vl + tan-^B / . 25 "1^* 



„ 1 1 12 

cos B = - 



'^^m 



1 
cos (7= 



Vl + tan^C /, . 3136 66' 

1089 



7:*= 



the negative sign of the radical being taken in the third case since (7 is an 
obtuse angle. 

Again tan(7=-|g; .'. tan (180°-C) =||, 

log66 = l-7481880 
log 33 = 1-5185139 

log tan (180° -C)= -2296741 . propi increase = — x 60" 

log tan 59° 29'= '229562 7 * * ^ ^ ^^°'®*^ 2888 ^ ^ 

difif. 1114 =23"; 

.-. 180°-<7=69°29'23"; 

that is, C= 120° 30' 37". 



155. We have 



sJn(£-B)_a2-^ 
sin(^ + B)~aa + &« 

_ sin'^-Bin'B ^ 
"smaT+smVB' 

. sin {A-B) _ sin {A - B) sin (A-^B) 
sinC ~ sin^^+sin^jB ' 

.-. either sin(ii-jB) = (1), 

or sinac=sin2 4 + sin2JB (2). 

r/ (1) 18 tme,A=B\ if (2) is true, ^©\iase c*=a«-vb2. 
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The first side 


2A ahc ]«(«-«) , ) 




= 2{a{8-a)-^b(s-b)+c{8-c)} 




= (o + 6 + c)2-2a2-262-2c2 




= 26c + 2crt + 2a6-a^-&2_c2. 


We have 




oosO 


cos B _ cos {A + C) cos (A + B) 



156. 



157. 



sin £ cos ^ sin C cos ^ sin C cos ^ sin £ cos ^ 
=cot C - tan A - (cot B - tan A) 
=cotO-cotii. 

158. log3=logl8-log6; log2 = log6-log3; 
logll = log44-log4 = log44-21og2. 

159. (1) We have 

tan (60° + ^) tan (60°-^) 
2 sin (60° + ^ ) sin (60° -^) cos 2 A - cos 120° ^ 2 cos 2^ + 1 ^ 
~ 2 cos (60° + ^) cos (60° -A)" cos 2A + cos 120° ~ 2 cos 2.:i - 1 ' 
.*. second side = 2 sin ^ cos 2 A + sin A 

= (sin 3^ - sin ^) + sin A = sin BA, 

(2) First Bide=2sin(il-B)cos(/l+B)^^?44^l 
^ ' \ / \ 'cos (-4+5) 

= 2sin(^+B)sin(^-7/) 

= 2 sin^ A - sina JB. [Art. 114.] 



160 tang=.A^"^<-^-'^= V^^-gJiig-^ 
iOU. ^^2 V ••>•(•'* -t'-) \ 2mxH2 

log 296=2-4712917 log 113 = 2-0530784 

log 82 = 1-9138139 log 101 = 2-0043214 

4-3851056 4-0573998 

4-3 851056 

2 |I-6722942 

log tan I = 1-8361471 

log tan 34° 2(7-: 18360513 

diff. 958 

prop*, increase = ^ x 60" = 21" ; 

.-. C=C8°52'4'i". 
H. E. T. K 



^.% 
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161. l^et a be a side of the octagon, r the radius of the circle, then 
8a= 2irr ; and we have 

area of circle trr^ Birr* ^ t 

i — I = 1 gg ., ^tan^- 

area of octagon ^ ^ ^r ir^r' 8 
2a^ cot - 

o 

8(v^2-l) _ -414x8 _4140_1380 
" r - 31416 "" 3927 " 1309 * 

162. Wehave 26 = o + c, or a = 2b-c\ 

.', OOBA- 2^-- -- 2^ - 2^^ 2^. 

163. We have a (sin ^ cos a + cos $ sin a) = b (sin ^ cos /3 + oos ^ sin fi) ; 

.'. siu ^(acosa — &cos)3) = cos^(&sin/3-asina); 

^, , . ^ ^ a cos a - 6 cos fl 

that IS, cot 0= s—. — ^r r-^ . 

& sin j9 - a Bin a 

164. Let a,b,Ahe the given parts; then E=^^—. — 7 , which is the same 

« sin A. 

for each triangle. 

165. Let NS be a horizontal line pointing North and South. Then if 
K be the position of the kite, and KD is the vertical from K, we have S, B, 

D, ^, JV in a straight line, and BA=c, Also KA= .^^^/, = .^f'"^; . 
® * sinjBii:^ sin(a + /3) 

A J li-T^ rr^ • csinasinjS 

And KD = iiTil sin a = — r— ; ;rf- . 

sin(a + i3) 

166. co8a + cos/3+cos7 + l = 2cos^-^cos^^^+2cos*^ 

« 2 2 



= 2 cos f «■ - 1 j COS 5-^+ 2 00B«| 

= - 2 COS ^ COS -- - ° + 2 cos'2 

= 2c08||cOg|-COBir^J 

=2cos||co.(,-»-±^)-coB«-Z.^} 
= -2cos| joos-— ^+cos— ^j. 

A ^ P y 

= - 4 cos - COS 5 COS jr . 

a a ^ 
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167. First Bide = 2 cos 9ii cos ^ + 6 cos 3^ cos A 
= 2 cos ^ {cos 9^ + 3 cos ZA } 
= 2 cos ^ {(4cos3 3il - 3 cos 3^) + 3 cos 3^} 
= 8oos^ cos'S^. 

Also rar3 + r8ri + rira=«« [XVIII. a. Ex. 24] ; 



_,. ... ahc / 8{8-c) «(s-a) 

First side= .-^ . / - — \ , \, . -. — ' / ^ 



)*(«-c)(«-a) 



= -r-r- =lC, 



4V«(«-a)(«-6)(«-c) 4^ 

ion ozi l-tan^^ 2tan20 

169. cos2e=^^^^^^=- ^^^^^J^^ 

= - sin* 4>, 

170 Firot Dido - "^"^ "^" <^Q°+^) "^ (120^+^) 
l/u. -i^"^»s wu« - cos^ cos (60° + ^)cos(r20^+i4) 

_ 8in^ cos 60° - cos (180° + 2A) 
~ooaA' cos 60° + cos (180° + 2A) 

__ sin -4 1 + 2 cos 2 A 
" eoBA ' 1 - 2 cos 2i 

__ gin ^ + 2 sin ^ c os 2A 
"" oos A -2 cos A cos 2 A 

_ sin -4 + (sin 3 A - sin A) 
"~ cos A - (cos SA + cos A) 

BinSA 



cos 3^ 



= - tan 8A, 



171. We have A-B=B\ therefore sin (^ - B) = sin B ; 
also sin {A+B) = sin (180® - C7) = sin C ; 

/. sin {A+B) sin {A - B) = sin C sin B ; 
that is, sin'-4 - sin* B = sin B sin C ; 

or a'-6*=oc. 
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172. If a, b be the sides of the triangle and square respectively, and It ' 
the radius of the circle, it is easy to shew that 

a^R^S; 6 = 2JRcos45°=JR^2. 

•■P.O TTT 1- c + b. A sinC + sin^, A 

173. We have — r tan ^ = . ., - . >» tan -^ 
'"' c-b 2 sinC-sinjB 2 

_ Bin{A+B) + Bm B A 
" sin (zi +5) - sin B 2 

2 8in(| + B)cos| ^ 
2cos(| + B)sin| 

. /.I _\ 76 + 8b^ J 10. A 
tan(^- + BJ=^^-^tan2=^tan5, 

loglO = l 

log 4 r= -00206 



•3979400 
log tan 3° 18' 42" = 27624069 

logtan(^VB) = 1.1603469 ^3^ 

log tan 8° 13' 60" = 11603083 P^^P" "^^'^^«^ = 1486 ^ ^ 

386 =2'6". 

/. | + B=8°13'53", aud:^=3°l8'42''-; 

/. B=4°65'll", 
C=168°2r26". 

174. By a well-known geometrical property, we have 
A(P + AB^=2AD* + 2DB^, 
.', AC^-AB^=2(AV^ + DB^-AB^) 
=^D . DB COS ADB 
=4tAD . DB sin ADB cot ADB 
= (AD . DB sin ^DB) 4 cot 4DB 
= 4A<5ot^DB, 
/or JD , DB an ADB = 2 (area o£ tnaiig\e ABB^ = ^. 



176. taii40<>tan80°= 
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2 sin 400 sin 80° 



2 cos 40° cos 80° 

cos 40° - cos 120° 
' cos"40° + cosl20° 

2 cos 40° + 1 . 
'2cos40°-l' 

2 sin ?0° cos 40° + sin 20° 



tan 20° tan 40° tan 80°= 



2 cos 20° cos 40° - cos 20° 
COS 60° 



176. See Art. 144. 



177. 2B=g; 2.=^; 

.•.2B.2r=^ = -^,^. 
8 a+&+e 

178. sinB = ^8in^=i^ 

hog 3= -2385606 

2 log 2= -6020600 

"•8406206 

log 7= -84,50980 

log sin i? = 1 -9965226 gg 

log^in 81° 47' = 1 995518 8 prop^ increase =^33^ 60" 

38 =12.4". 

.-. B = 81° 47' 12" ; but since a < 6 there is another value of B supple- 
mentary to this, viz. 98° 12' 48". 

/. C=68°12'48", or 51° 47' 12". 

To find c, we have c^-2bcos A .c + h^-a^=0, [Art. 150] 

that is c2_24c + 143=0, 

(c-13)(c-ll) = 0; 
.-. c = 13, or 11. 



278 MISCKLLANEOUS EXAMPLES. K. 

179. tan.f,.,) = l±::-^ [XI./.EX.15] 

_ 1 4- BUI 2a Bin 2tt^ + sin 2tt 4- ain 2tt^ 
"" 1 + sin 2a sin 2a' - sin 2a - sin 2c? 

(1 4- 8?n 2a) (1 -f sin 2a') 
"(l - sin 2a) (1- sin 2a') 

= tan«(.^ + a)tan«(^ + a'). 

180. With the figure of Art. 199, let 

PC=x, j8-=28°, a = 16°, a =16071 feet 

16071 sin 28° sin 16° 

Then x= r-rss • 

sin 12° 

log 16071=4-2060 
log sin 28°= 1-6716 
Iogsinl6° = i-4i03 
3-3179 
logBinl2°= I-3179 
log x = 4-0000 
.-. a; =10000 feet. 

A 4-C A — C 

182. We have 2 cos — ^ cos —5— = 2 sin (^ + C) 

. . A + C A-\-C 
=4sm- 2 cos-g-; 

.-.either cos x— =0 (1), 

A-C „ . A + C 
or °®^~Q — = 2sm — (2). 

From (1) — ^ — =(2n+l)^i and from (2) by expanding each side and 

A C 
dividing throughout by cos - cos — we obtain the other result. 

,«« T.V . ':x n ^ + ^ ^-^ ^ ' ^ G 

183. J? irst Bide = 2 cos - — cos 2 SlU -jr cos -jr 

2 It o Z 



= 2 Bin- jcos-^-cos^j. 
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= 28m^ jcos-^ cos ^2 \ 

=4sinj8in(45°-i)Bin(450-|). 

184 ^ ^ ^^i'-^) ^^^( «-^^ -2r( ^'^^''^ \- 
r^ A a \ a / 

.'. first Bide=2i2 { + r — + ) 

\ a h c / 

\a a b c c J 

185. Siuce the points A, B, E^ C are concyclio, / BED— I C; also 
JLEBD=^lEAC=^; 

.-. from aBDE, BD=££2i^, 

sin- 

^^^ ^x^ DJEJsinjB 

from aD£C7, DC= ^ ; 

.\ by addition a= (sin B + sin 0) ; 

sin^ 

D£ 
/, a^= (a sin B + a sin C) 

sing 

■D^(6 + c)sin^ 
sin — 



••• ^^'WT^ 
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A /8{f-a) /5875-5X 

186. co«2 = V""b^=V"^B503r 



log6875-6 = 3-7690448 

log 1785 '6= 3-2517599 

70208047 

7 1664996 

2 ] i '8543051 
logco8^ = l-9271626 

log COS 32° 16^= 1-9271509 
16 
A 



1785-5 

3dll 
log 3850=3-5854607 
log 8811 = 3-5810389 
71664996 



16 



prop', decrease ==^ x 60" 

tut 



= 1-2"; 
= 320 15/ gg.Q//^ or .1 = 64° 81' 58". 



188. 8ee Art. 117. 

6' + c2-a« 26c 008^4 6 cos -4 



190. (1) 



(2) 



that is, 



a2 ^_ f.'z _ 52 2ca cos B a cos B 
__ sin B cos A __ tan B 
"" sin A cos B " tan ^ ' 
2 Bin' J __ 2 sin* I? 
a' " W~* 

1 - cos 2A _ 1 - cos 2B 
•*• ^a " 63 ' 
cos 2A cos 2.B _ 1 b 



a2 62 

191. A= Js {8 - a) (8-h) {s-c)=^JnO . 33 . 42 . 86 

= VlF?;^r3^"22T52 = 11 . 7 . 3 . 2 . 5 
= 2310 sq.ft. 

^ « - a 33 

A 2310 __. 

* 8- h 42 

^ 2310 ^.... 
r« = = -« - = 06 ft. 

* « - c 3o 

192. Draw DK, DK' perpendicular to ^B, ,40 respectively; then 

DK,AB + DK',AC=2A; 



that is, 



A A 

c , AD sin— +b . AD sin— = 6c sin ^4 ; 



.-. ^D(6 + f) = 26cco8H-. 
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193. (1) sin 6^ -Bin 3^ = ^2 sin ^. 

.*. 2 8in^co84^=<^2Bin^; 

that is, Bin^=0, or coBiS^-rr, 

.*. ^=snir, or 4^ = 2;iir±j. 



(2) oot^ + oot 



(->.)=2; 



,, oot^-1 ^ 
.-. cot^+ -- — ^ = 2; 

oot"^ + 2oot^-l = 2oot^ + 2 5 
oot«^ = 8; 

that is, oot^=±^3, and ^=niri^. 

194. The given relation easily reduces to cos 2a = sin 2/3, one solution 
of which is 2a=^- 2/3. 

195. We have tan (a + 6) tan (a - ^) = tan" p ; 

tan' a - tan' $ . , ^ 
'•rrten«atau»^=*^°^' 

whence tan« ^ (1 - tan" a tan« p) = tan^ a - tan^ /3 ; 

. . ^ (tan g + tan /3) (tang -tan /3) 
"" (1 - tan g tan j8) (1 + tan a tan p) 

= tan(a + i3)tan(g-/3). 

196. (1) We have i,i=^; 



.'. Becond side 



<w='(j^'-'^'- 



(2) Second bkIo = j \'i"~ 
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197. By Art. 215 we have 

perimeter =30r tan =-= , where irr^=1386, 
15 

^^^ r9=^x 1386=7x63; .*. r=21; 

.-. perimeter= 30x21 tan 12° 
=630 X -213 
= 13419 ft. 

198. Let At B represent the foot of the pole in the two positions; C, S 
the top of the pole on the coping and sill respectively; also let W be the 
foot of the wall. 

Then x ^■SW= AC Bina, 

but fifir=£<Ssinj8=^Csin/8; 

/. «=4C(8ina-sinj3). 

Similarly a=.AC (cos /8 - cos a) ; 

2 cos ^ '^ sin —zr^ 
X 2 2 ,a + ^ 

a „ . a + /3 . a-/3 2 

2 8in-2^sin^ 

199. See Examples XVIII. a. 18. Each of the three expressions will 
be found to be equal to r. 

200. (1) Let sin-i? = ^; then cos2^=".l-2sin«^=^; 



"49' 



,41 ^^ ^ . ,2 
.-. cos-i — = 2^=2 sm-i = . 
4y 7 



(2) Stan- 






1-3 



, .8x16-1 . ,47 
=*"" '-64312- = "" 62- 



201. (1) As in XL /. Ex. 14 we may prove that 

tan 4 + sec ^ = tan f 45° + -J . 

X . . 1 + cos^ .A 

Also cot^+cosecJ= — : — — =cot — ; 

sill A 2 

.•. (tan /(+ sec ^) cot -^ = (cot A + cosec il) tan f 46° + -^ j . 
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(2) First side 

= 2ooB(A+B)ooa(A-B) -2009(1-^3) {ooa {A -B)-coq(90°-ITB)} 
= 2coB(A+B)Bin{A+B) = Bin2(A + B). 

log 7 sin 2of ° = -8460980 + 1-6373733 

= •4824713, which is greater than log 8. 

203. We have c« = o^ + b^ - 2ab cos C 



= (a2 + &2) ^oos2 ^ + sin2 ^\ - 2ab (cos^ £ - sinS ^ 

= (a + 6)2 Bin* ^ + (a - 6)8 cosa ^ 

= („..,.„«! {l.(«^J)%ot.^} 

= (a+ 6)2 sin^ ~ (1 + tan« <f>) 

= {a + b)^ Bin^ ^sec^ tp; 

ft 

:. c = (a+6)sin-^sec0. 

237 — 168 
204. We have *^a°^=2]rho[58^*^''^ 

= ^ cot 33° 20'; 

.*. logtan0=log2-l + logcot33°2O' 
= 1-30103 + -18197 

= 1-48300 ,. 38 ^^„ 

logtanl6°54' = i-48262 prop» increase = ^ x 60" 

diff. 38 =60"; 

.-. 0=16°54'6O", 

log sec 16:55; = -01921 prop^ increase for 60"= 1 x 60" 

log sec 16° 54' = -01917 ^ 60 

diff. for 60" 4 =3"; 

.*. log sec 0= -01920. 
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c c 

Now c = (a + 6) sill - sec 4> = 396 sin -^ sec 0, 

log 395 = log 79 + 1 - log 2 
= 2-59660 

log Bin ^=1-73998 

log8ec0=_-O192O 

log c = 2-35578 

/. c = 226-87. 

206. 20082 2^ = 1 + cos 4^; 

.-. 2 cos 2$ =^'1 + 2 cos 4^. 
Similarly 2 cos ^ = ^2 + 2 cos 2^ = \/2 + \/2 + 2cos4^. 

206. I^et sin-1 — -== a, so that cos a =— — = , 

V73 .^73 

11 5 

and let cos""^ , =i8, so that siu i8= -■-^= . 

Vl46 '^ "^ Vl46 

Then sin(a+i3) = sinacos j3 + cosasin/3 



V73 ' Vl46 x/73 * Vi46 " 73^2 •" ^2 
. IT . /Sir ir\ 



^ 5t IT Sir . 1 1 
••«+^=l2-6 = 12"-^^^"'2- 

x-l 2a;-l 
* . . ,, a; + l"*"2x + l . ,23 

x + l * 2x + i 

^ .4x2-2 ^ ,23 
tan-i-^^ = tan i^; 

.-. 36(2x2-l)=69x, 

or 24ic«- 23a; -12=0; 

.-. (3x-4)(8a; + 3) = 0, 

, . 4 3 

that IB, ^~3» ^'^ ~8' 
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207. We have 



that is, 





x = 


2A 


R 


abc 
■~4A* 




••• 


1 

x=- , 
a 


abc 
' 2R ' 




bx_ 

c " 


b^ 

25' 


bx 
c 


a 


a2 


+ b^ + 


f! 



208. We have cos (a + ^) = cos || - (a - ^)l , 

the upper sign gives 2a = 2mir + J , 

and the lower sign gives 2d = 2mv - ^ . 

2 

209. With the notation of Art. 228, 

5ria=i?2-2i2r. 
If a be the base of the triangle, -4 = 120°, 

B = C7=30°; .. r=42^ sin 60° sin 15® sin 16**; 

=i2a(4-2V3); 
.'. SI=R{J3-1) 

-2sin^^^^ ^^ - ^3 ' 
.-. 5J:a=;^3-l:V3. 

A B G 

210. cos ii + cos B + cos C= 1 + 4 sin - sin — sin ^ 

2 2 2 

R 4 

/. 4 (cos -4 + cos I? + cos C) = 7. 

oi-f a* cos(^-a) l+w» 

211. Since - .- )^ - ! = .r-^ , 

dividendo and oomponendo, we have 

• : eos (6 - g)- sin {B+a) _ 

cos (^ - o) + sin {d + a) """*' 
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By expanding the sines and cosines we obtain 
(cos $ - sin d) (cos a - sin o) __ 
(cos e + sin B) (cos a + sin a) ~ * 

1-tan^ /cota + l\ ra^ vt i. t?^ a rr i 

l.HS^='»(^5u3TJ- [See XI. 6. Ex. 6. 7.] 

212. (1) sin 6^ -sin 3^=^2008 4^; 

2 cos 4c$ sin ^ =/^2 cos 4^ ; 
.-. cos 4^=0; whence 4^=(2n+l)jr, 

1 IT 

or sin^=-^; whence ^=riir + (-l)'*j. 

^ ' 1 - tan ^ 

2 tang _ l+tang 
'^l + tan«g"l-tang* 
(l+tang)»(l-tang)«(l + tang)(l + tan»^; 

Q_. 

/. l + tang=0; whence g=nir + -;-, 
or l-tanag=l + tan«g; 

/. tang=0; whence g=nT. 

213. We have 2 cos -x — cos— ^=4 sin* -5; 

ma A 

A-B ^ , C ^ A-B . A-\-B , . C C 
:. cos— ^=2 Bin ■^, or 2 cos — ^ ^^° "~o — = 4 sin -^ cos -^ ; 

thatis, Binil+BinB=2Bin(7, or a+&=2c. 

214. With the fignre on p. 186, we have tan/9=5, P^=80ft. 

CA = 100 ft. Let BP=x ft., then 

^ o ^ + 80 X //» ^^ 80 4 
*^^^ = -10(r'**°<^-^) = i00 = 5' 

tan g- tan /3 _4 
** l + tangtan/3"6* 

g + 80 1 
100 9 4 

x + 80~5' 
"^ 900 
.-. 6(9x + 720-100) = 4(980+a:); 
45a; + 3100 =3920 + 4a;; 
41x=820\ ot x=20. 
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215. (1) cot-i7 + cot-i8 = cot-i^^^ = cot-"i^, 
cot-i 3 - cot-i 18 = oot-i ^^^^ =oot-i ff . 

lo — O JO 

2 
(2) 4 tan-i ^ = 2 tan-i -^=2 tan-i ~ 

2x5 

* -1 12 , _il20 
= tani— -y=tanijj^. 



^■"122 



120 1 
111 



.^ ,1 ^ ,1 ^ , 119 239 ^ ,120.239-119 

/. 4 tan*"* ■= — tan"* — =. tan~* I'^^'^s^^^^ = taii~^ 

• 6 239 , 120 1 119.239 + 120 



119 ' 239 

^ ,, 119. 239 + (239 - 119) . ,, ir 
= *^^ " 119.239 + 120 =^^'^ ^ = i- 

216. Proceeding as in Art. 269, Ex. 2, we find that -^ lies between 
2nir + -^ and 2nir + -^ ; that is ^ lies between (8n+3) ^ and {8n+ 6) ^ • 

217. Firstside =||l-cos (^ + ^Vl+ cos ^|-^^l 

. w* . ^ 1 . - 
=rsin -j- sm ^= "Tjr Bin ^. 

218. From the two given relations we easily deduce 

_ sin^ _ sin0 

^"Bin(^ + 0)' ^~Bin(^ + 0)' 

.*. sin^ : sin 0=0; : y. 

511 tan-i ^ + ^ + ^"^ - tan-i — • 

Zl». tan i^(^2_i)-t«'n — , 

^% = A, or 4x« + 31a;-8=0; 



" 2-x- 31' 
(4a;-l)(a: + 8) = 0, or x=j, or -8. 
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Again sec* (tan~* 2) + cosec' (cot^^ 3) 

= 1 + tan« (tan-i 2) + 1 + cot^ (cot-i 8) 
= 1 + 4 + 1 + 9 = 15. 

220. Let 5A = a, 6J5=/3, 50=7, then a+/3 + 7=5ir; 

.*. Bin(a + /3) = 8in(ir-7) = Bin7; 0087= -co8(a+/3), 

Bin 2a + siu 2)9 + sin 27 = 2 8in (a + )3) CO8 (a - /3) + 2 sin 7 008 7 
= 2 sin 7 {cos (a -/3) - cos (a + /3) J 
= 4 sin a sin )3 sin 7. 

In the second case the sum of the three angles is -jrr- , or ^ and the 
result easily follows as in Art. 135, Ex. 2. 

221. See solution to XVIII. a. Ex. 24. 

222. Wehave ^=^-^^ ; BD=J^^; 

Sin 60° cos 2o° 

100 cos 76° 



* "cos 40° cos 26°' 
.-. log x = 2 + log cos 75° - (log cos 40° + log cos 26°) 
= 1-4129962 -.(r8416297) 
= 1-6714665 22 

log 37-279 = 1:5714643 ^'''^' increase =j^x. 001 

diff. 22 =-00019; 

/. a; = 37-27919. 

223. {sec^ + ooseo^(l + 8ec^)}2=( 3 + - -^-^ n) 

^ ^ ' * \cos 6 sin $ cos 6/ 

(1 + sing + cosg)^ 
" sin*-* CDS'* 

2 + 2sing + 2cosg + 2singco3g 
"" sin*^cobi^^ ' 

.-. First side = 2 sec^ d -W^LJ (1 + sin ^ + cos ^ + sin ^ cos d) 

_ 2 sec^ ^ (1 + COS g) (1 + sin ) 
1 + cos ^ 

= 2sec2^(l + Bm0). 
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224. The relation given will be true if 



a+b + c a + c h + c a + h + c^ 

b a-b-c b b+c-a 

I.e. if == — i , or = — ; , 

a + c b + c a + c b + c 

i.e. if b (b+c) = (b + c) (a + c) - a^ - ac. 

From this we easily deduce r =1, which is true when C=60°. 

ao 

225. The solution of this example is merely an extension of that of 
Ex. 205. 

226. Wfi hfLYd m sin (a - 6) cos (a - ^) =n sin ^ cos 0, 

m sin 2 (a - ^) =n sin 20 ; 

sin 2 (a - ^) - sin 2^ __ w - m 
* ■ sin2(a^^) + sin2^ ~"w + m* 

sin (a - 20) cos a ^n-m 
cos (a - 2^) sin a "~ n + wi * 

tan (a - 20)=. tan a , 

^ ' n+m 

a - 2^=tan-i ( ^^-^ tan a J , 

^—T. ia-tan"^( tanaU , 

2 \ \n + m )\ 

227. Pat Jg for each of the equal ratios, then it easily follows that 
« = A;(l+n2). 

A_ /{8-b)(8-c) _ /{ l-m^)m^(l+n^) m 
Now tan^- >/ g(g_^) - ^ (i + n^)n^l~m^) ~n' 

/. -4 = 2tan-i — ; similarly B= 2 tan-^mn. 
n 



Again, A = x/«(s - a) (s -b)(8- c) 

= h^J{l + rv")^ (1 - my viHi^ 

= k^ (1 - w^) (1 + n^) mil = kcmn 

mnbc . b , 

= o . O f since .. , » =fe. 
m^ + n^ VI- + ir 

H. E. T. K. ^^ 
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228. Bee figure and solution of Example II. page 190. 
Here h:=CD= ""T^,, , 

ooa{2a+p) ' 
But 2a+p + e=90°; /. oos (2o+/3) = sin^; 

.'. by substitution, h=aamp oosec ^, 

21= 2a coseo $ sin a oos (a+)3) 
=a cosec $ {sin (2a+/3) - sin/3} 
= a oosec ^ (cos ^ - sin )3). 

229. We have 

1 e 

5 tan jr+cot^ 

_1 1-COS^ COS g _ 1 - 008 g + 2 COS 1 + cos^ 

"" 2 ' sind Bind ~ 2sind '*'2sind 

2 oos^s cos ^ 



4 sin jr COS jr 2 sin ^ 



4 sin -T cos -r 
4 4 

230. With the figure of Art. 214 we have ^D=^ . 
Let e= lA OD, then cos ^ OB = 1 - 2 sin^d 

^ 2j[D8^ 1 _ 2ma~l ^ 
^02 "" 2w2"' 2w2 ' 

2ma 



/. ^OB = seo-i 



2to2-1' 



231. With the figure of Art 268, Ex. 1, we have 

PN 

-^=tan r'= radian measure of 1", approx. 

"180 ^00^60' 
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^.. 180x60x60. , 
/. 0N= inches 

IT 

180 X 60 X 60 ., 
- miles 



1760x3 xl2ir 



= -=^ miles =3J miles, nearly. 
232. tan-i y _ 2 tan"^ g = tan-^ j ^ 



(l-a:2)2 



--ftfes.' 



^"l-6a;2+«4* 



'2' 



If y=ia.n^, l-Qx^+x*=Q, 

but 



1 T 

a? = tan - (tan"^ y) = tan g- , 



thus tan g- is a root of «* - 6^^+ 1 =0. 

233. We have tan»a=i^^=^i 

•■•*"»«=*23- 
The two values may be explained as in Art. 261, Ex. 2. 

-_- _ , sin d sin sin(^ + 0) 

234. We have = — r-^ = ^^ ^ ; 

" ah c 

sin ^ + sin __ sin (^ + 0) 
a + 6 "" c 

But a + 6 = 2c, 

A sin^ + sin0 = 2sin (^ + 0), 

whence cos— ^=2cos — ^ (1), 

e+4> 0-<p e+<p 

or cos — —■ = cos — ^ - cos — -^ 

C Z a 

=28in|sin| (2). 
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C G 

Now c = (a + &) sill- sec = 395 sin -5 sec ^, 

log 395 = log 79 + 1 -log 2 
=2-59660 

log Bin ^=1-73998 

log 860 0= -01920 

log c = 2^35578 

/. c =226-87. 

205. 2 C082 2^ = 1 + cos 4^ ; 

/. 2 cos 2d = ^2 + 2 cos 4^. 
Similarly 2 cos ^ = ^2 + 2 cos 2^ = ^2 + V2 + 2 coslS. 

3 8 

206. Let sin~^— -==a, so that co8a= — =. 

n/73 ^73 

and let oos"^ , = fl, so that siu fl= ,^= . 

Vl46 "^ ^ Vl46 

Then sin (a + /3) = sin a cos /5 + cos a sin /3 



^73 ' JUQ jTd ' Jm "" 73^2 "" V2 
. IT /5Tr ir\ 



5t it Sir 
i2"6-12"''^" 2- 



•••« + i3=To-A=TQ-«i^"'- 



x-l 2a;- 1 
. . . _, x + l'^2x + l . ,23 

x + l * 2a; + l 

. _i 4x2-2 ^ ,23 

tan * = tan ^ — : 

6a? 36' 

.-. 36(2a;2_l) = 69a:, 

or 24x2 -23a; -12=0; 

/. (3a; -4) (8a; + 3) = 0, 

4 3 

that is, ^~3» ^^ ~8* 
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207. We have 





X-. 


2A 


R 


abc 
"■4A' 




/. 


1 

a 


abc 
' 2R ' 




bx_ 

c ~~ 


63 

2JS' 


hx 
c 


a 


az 


a^ 


2i2 


£! 



that isy 



208. We have cos (a + ^) = cos j| - (a - ^) j- , 

/. a + ^ = 2wirdb||-(a-^)l ; 
the upper sign gives 2a = 2mir + ^ , 

and the lower sign gives 2d = 2mir - g- . 

209. With the notation of Art. 228, 

SP=R^-2Rr. 
If a be the base of the triangle, A = 120°, 

5=0=80°; .. r=412sm60°Binl5°Binl6"; 

,,SI^^R^-SR^^{^y 

=1^2(4-2^3); 
,\SI=R{^d-l) 

"2sin^^^^ ^^- ^3 ' 
/. 5fI:a=V3~l:V3. 

210. ooSil+cosB+oos 0=1 + 4 sin ^ sin-^sin-^ 

/. 4 (cos -4 + cos J3 + cos (7)= 7. 

ft,-i a- cos(^-a) 1 + w 

211. Since •- L ; = i » 

sin(^ + a) 1-m* 

dividendo and componendo, we have 

• • COs(g~a)-sin(^+a) _ 

cos (^ - a) + sin {0 + a) """** 
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By expanding the sines and cosines we obtain 

(cos d - sin ^) (cos a - sin a) _ 

(cos $ + sin 0) (cos a + pin a) ~ * 

1-tan^ /cota + l\ _„ vt » -n /» « -. 

or --- — ^=m ( —7 =• ) . [See XI. 6. Ex. 6, 7.] 

1 + tan^ \cota-l/ ■* 

212. (1) sin6^-sin3^=V2co84^; 

2 cos 4^ sin 9=^2 cos 46 ; 
.'. cos 4^=0; whence 4^=(2n+l)|, 

1 IT 

or sind=-T^; whence ^=nT+(-l)*j. 

(2) n.sin2*=l±^. 

^ ' 1 - tan $ 

2 tang _ l+tang 
'^l + tan8g"l-tang' 
(l+tang)«(l-tang)=(l+tand)(l + tan«^; 
/. l + tang=0; whence g=nir + -j-, 

4 

or l-tanag = l + tan«g; 

.*. tan 6=0; whence $ = nir. 

213. We have 2cos'^4^oos:i^ = 4sin2^; 

^2 2 

.-. cos— ^=2Bm-^, or 2cos— g- sin -^— = 4 sin ~ cos -^ ; 
that is, sin^+8in£=:2sin(7, or a+& = 2c. 

214. With the figure on p. 186, we have tan)3=3, P^ = 80ft. 
CA = 100 ft. Let BP=x ft., then 

. . a; + 80 . .^ ^, 80 4 

*^^^=^oo-»*^^(^-^)=roo=6' 

tang-tan)3 4 
* l + tan^tan/S^S* 
a? + 80 1 
100 9 4 

^ + 80"5' 
■*" 900 
.*. 5(9a? + 720-100)=4(980+a?); 
46a; + 3100 =3920+ 4a?; 
41x=820; or ar= 20. 



MISCELLANEOUS EXAMPLES. E. 287 

215. (1) cot-i7 + cot-i8 = cot-i^?^^^ = cot-if|, 

cot-i 3 - cot-U8 = cot-i ^^^^ = cot- 1 fl . 

lo — O JO 

2 
(2) 4 tan-ii=2 tan-i -^=2 tan-i ~ 

2x5 

122 

120_ J^ 

.-. ^—^l tn- ^ tnii- 'M?'^ ^^^_, 120.239^119 
6 "" 239 i^ J_ ^"^ 119.239 + 120 

"*"119 * 239 

, ,119. 239 + (239 -119) ^ n ir 
= ^^" ' 119.239 + 120 ^ = ^^^-^^ = 4' 

216. Proceeding as in Art. 259, Ex. 2, we find that — lies between 
2nir + -J- and 2mr + -^ ; that is A lies between (8n + 3) ^ and (Sn + 5) ^ . 

217. Firstside =^ |l-cos (^ + ^Vl+ cos (^J-^^l 

• ^ • /> 1 • /, 
= sin J sin ^ = -y^ Bin ^. 

218. From the two given relations we easily deduce 

__ sin^ _ sin0 

^~"sin(^ + 0)* ^~sin(^ + 0)' 

/. sin^ : sin0 = a: : y. 
oin i. _,a; + l + a:-l , , 8 

219- *^°' i-(x»-i) =*"°'3l' 

.-. (4a:-l)(x + 8)=0, or x=j, or -8. 
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Again Bee* (tan"* 2) + cosec' (cot"^ 3) 

= 1 + tan« (tan-i 2) + 1 + cot^ (cot-i 8) 
= 1 + 4 + 1 + 9 = 15. 

220. Let 5A=a, 6J5=/3, 50=7, ^^^^ a+/3 + 7=5ir; 

.-. Bin(a + /3) = 8in(ir-7) = Bin7; 0087= -co8{a+/3), 

sin 2a + sin 2)9 + sin 27 = 2 sin (a + /3) COB (a - /3) + 2 sin 7 cos 7 
= 2 sin 7 {cos (a -/3) - cos (a + /3)} 
= 4 sin a sin /5 sin 7. 

In the second case the sum of the three angles is -^ , or ^ and the 
result easily follows as in Art. 135, Ex. 2. 

221. See solution to XVIII. a, Ex. 24. 

222 We have x-^^!i^°. rd- J5?L. 
AAA. we nave ar- ^.^^^^ , i^i;^—^, 

100 cos 76° 

/. x = - 



' cos 40° cos 26°' 

.-. log a; = 2 + log cos 75° - (log cos 40° + log cos 26°) 

= 1-4129962 -(r8415297) 

= 1-6714665 22 

■Dron*. increase = — :: x '001 
log 37-270 = 1-5714643 prop-, mo ease ^^g^ w 

diff. 22 =-00019; 

/. a; = 37-27919. 

223. {sec^+coseo^(l + sec^)}*=( 5+-^^°^ o) 

^ ^ ' * \cos 6 sin cos 6/ 

(l + sin^ + cosg)^ 
"" sin-* 6 CDS'* 

2 + 2 sin g + 2 cos g + 2 sin g cos g 
"" sin* cob^ ' 

.'. First side = 2 sec^ ^ ".^^l ^ (1 + sin ^ + cos ^ + sin ^ cos 0) 

__ 2 sec^ ^ (1 + COS g) (1 + sin ) 
1 + cos ^ 

= 2sec2^(l + sin^). 

\ 
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224. The relation given will be true if 

1112 



a+h + c a + c b + c a + h + c^ 

.. b a-b-c b b + c-a 

I.e. II = — r-: » or = — r , 

a + c b+c a + c b + c 

i.e, if b {b + c) = (b + c) (a + c) - a^ - ac. 

a^^lyi — c^ 

From this we easily deduce r =1, which is true when (7=60°. 

ao 

225. The solution of this example is merely an extension of that of 
Ex. 206. 

226. We have m sin (a - 6) cos (a - ^) =n sin ^ cos $, 

m sin 2 (a - ^) =n sin 26 ; 

sin 2 (a - ^) - sin 2^ _ w - m 
* ■ sin 2 (a - ^) + sin'2^ "" n+m ' 

sin (g - 2g) cos tt _ n- m 
cos (a- 2^) sina~n + wi* 

tan (a - 26)= tan a , 

' n+m 

-2^=tan-M 



^ I tan a J , 

\n + m ) 

6-=-^ ia-tan"i( tanaU • 

2 \ \n + m j) 



227. Pat Tc for each of the equal ratios, then it easily follows that 
s = A; (1+712). 

A_ /(8-b){8-c) _ /{ l-m^)m^{l+^) _m 
NOW tan^_ >/ , (^_^) - y (i + n2)n'-*(l-m2) 'n' 

.-. ^ = 2tan-i — ; similarly B= 2 tan-^mn. 
n 

Again, A=sj8(8-a) (s -b)(8- c) 

=:Jc^s/{l+ n2)2 (1 - m^ mV-J 

= k^ (1 - w2) (1 + n^) mil = kcmn 

mribc . b , 
j, since —r, Q=«. 



m^ + n^* VI' + n^ 

H. E. T. K. ^^ 
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228. Bee figure and solution of Example II. page 190. 

Here h=CD= ^f^^^ . 

C0B(2a+/3) 

cos(2a+/5) 
But 2a+/3 + ^=90°; /. oos (2a+/5) = sm^; 

.*. by substitution, h=aBmp coseo ^, 

22= 2a ooseo ^ sin a cos (a+/3) 
=a oosec ^ {sin (2a+/3) - sin/3} 
= a coseo ^ (cos ^ > sin /3). 



229. 


We have 
itan|+cot^ 






1 l-cos^ cos^ 1- 
"" 2 ' sin ^ sin ^ "" 


-cos ^+2 cos ^ 1+cos^ 
2sin^ ^ 2sind 




2cos«2 cos 2 






4sin|cos| 2sin| 






cos«j-sin«j 1 J, 


•1-4- 




^ , 6 4'°*4 
4 sin 2 cos - 



230. With the figure of Art. 214 we have AD=:rr—, 
'Letd= lA OD, then cos ^OB = 1 - 2 sin^^ 

_ 2^Dg_ 1 _ 2mg--l , 
^02"" 2w2"" 2w2 ' 

2m2 



^OB = sec-i 



2m2-l' 



231. With the figure of Art 268, Ex. 1, we have 

FN 

-^=tan 1"= radian measure of 1", approx. 

-JL JL i. 
"180^00^60' 
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^^^ 180x60x60. , 
0N= inches 



180 X 60 X 60 ., 
miles 



1760x3xl2ir 
1800 



=^„ miles =3J miles, nearly. 

17t)T 



4a; 
2x , , l-a;2 



232. tan-iy = 2 tan-i ^— ^ =tan-^ ^^ 



(l-a;2)2 
, ,4a;(l-a;2) 

_ 4a;(l~aa) 
•'• ^■"l-6a;2+«4- 

If y=tan|, l-6a;2+a;4=0, 

1 T 

but a; = tan - (tan""^ y) = tan ^ , 

thus tan 5- is a root of x^-Qx^+l=0, 

o 

/*«« TTT I. X 9 1- COS 2a 49 

233. We have tan» a = r— jr- = -r^ ; 

1 + cos 2a 529 

.*. tan a = ± — . 
The two values may be explained as in Art. 261, Ex. 2. 

^r^A -ITT 1. sin ^ sin sin(^ + 0) 

234. We have = — r-^ = 1— LTZ ; 

a c 

sin ^ + sin __ sin (^ + 0) 
a + 6 ~~ c 

But a + 6 = 2c, 

/. sin ^ + sin =2 sin {9 + (/>), 

6-4> « ^ + 
whence cos ^ =2 cos (1), 

or cos ^-~- = cos — jr-^ - cos — —^ 

a a a 

= 2Bm^Bm^ (2). 
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Now cos d + C08 = 2 cos -^- ooa — ^ 



= 2 (a sin I Bin I) 2 COS *±^ . by (1) and (2) 
= 48in2Bin|.4sin^8in|, by (2) 



=:168m«|8in8| 

=r 4 (1 - cos ^) (1 - cos <f>). 

235. (1) sin7d+Bind=Bin4^; 

.*. 2 sin 4^ cos 3^= sin 4^; 

/. either sin 4^=0, or cos 8^=^; 
that is, 4^=nir, or 8^=2nT±^. 

(2) tana?--'^ +1-^8=0; 

^ tana; ^ 

tan^a; - (^3 - 1) tan a; - ^8=0 ; 

(tan a; - V3) ( tan a; + 1) = ; 

.*. either tana? =>^3, or tana?=-l; 

XI- X . ^ . 3t 

that 18, ar=nir + -, or a?=rMr+-7-. 

236. (1) Bin 8^= sin 3 (180° -i/+T7) 



=8in(860°+180°- 3B+ C) =8in 8i^+ C7. 
We have only now to prove that 

2 sin 8 (P + C) sin (B - C)=0, 
and this follows by separating each term into the difference of two cosines. 
(2) It will be sufficient to prove that 

Ssin3^Bin(5-C)=0. 

8 1 

Now sin5i4 = -7sin^— -rsin3^; 

4 4 

8 



/. S Bin3 ^ sin (7? - C) = - 2 siu ^ sin ii - C - j 2 sin 3 A sin B-C 

= 0. 
bjr the Srat part of the question. 
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237. The angle A CP= 6 -A. 

PC sm A 

PC sin B 1 



PB "" sin(^+B) "" sin^cotJ5+co8^ ' 
/. by multiplication 

AP _ m _ sin ^ c ot ^ - cos g 
PB ~ n "" sin ^ cotB + cos 6 ' 

whence iin^(noot-4-mootB)=(m+w) cos^, 

or (m+?i)cot^=ncot^-mooti^. 

238. The equation may be written 

a sin ^-008^ + 6=0 (1). 

Since a and /3 are roots of this equation 

a sin a - cos a + 6=0, 
a sin /3 - cos /S + 6 =0, 
whence a and h may be found. 

Again from (1), 

(aBin^ + 6)2=l-sina^, 

or (l + a2)sin2^ + 2a6sin^ + 62- 1=0, 

since a, ^ are roots of this equation, 

2db 

sma+8mi3= -^ 5. 

\ + a^ 

22) 
Similarly we may shew that cosa + co8/5== j, whence the required 

result follows. 

239. Write 8 and c for sin 6 and cos respectively; then 

n^j-Up _ 88 + c8~(gg + c6) _ 8^{l-8^)+C^(l-C^ ^ 8^C^ + ch^^ 2 2 
Ul " 8 + C ~ 8 + C "8 + 



Again 

M-3 O T 

-.6 ..2 I «5.._ 



Wg i<3 + c3 *3 + C» 



S8 + C» 



294 MISCELLANEOUS EXAMPLES. K. 

240. ^t -^\ F be the first and second points of obaervation respeotiYely; 
then EF^Qt and EAD is a straight line. Let a;=a side of the square base, 
then EA=AB=AD=:x. Then if lAFD=e,weha,Ye 

Ar^=3AIf^+FD^-2AF.FDooae (1). 

But AI>^=x», AF*=x^-{-a\ FD^=ix^+aK Also cos ^=1^8. Substi- 

o 

tuting these values in (1) we obtain x=-^. 

A^i ii\ T1' i. -J l-sin*/l l-oos'il oos^ilsin*2i 

241. (1) First8ide=— T— .- . ^^a a ' - -^(WT-AnaT 

BinA qobA siniiooSii 

=sin^ cos^. 

. . , ., /Bin'-4 + ooB'-i\~i . ^ 

Again, second Bide =( . — —) =8in^coSi4. 

^* ' V Bin ^ cos -4 / 

/«% -n. ^ -J tan^ cot^ 

(2) First Bide = -,- + j-r 

^ sec*^ cosec*^ 

=8in cos' ^ +COS $ sin* $ 

= sin $ cos tf (sin* ^ + cos* $) 

=^ sin 2tf. 

242. We have 2 sin 4^ cos ^ = - + 2 sin -^ cos ^ ; 

/. sin5^ + sin8^=jr + 2sin — cos-rr-; 
J 2 2 

.. sin 3^=-, 
2 

one solution of which is 8^=30°. 

2- 

243. tan-i 4!!^,=tan-i_2i7=2 tan-i^i; 

ma 

.-. first side =2 tan-i -+ 2 tan-i g 

m p 



= 2ftan-i- + tan-i^^ 
\ m pj 

n q 

= 2tan-iili; 
1 _ '''( 
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mp-nq M 

=tan 1- 



M^-N^' 



r A 

244. Write for tan jr , then the first side becomes 

+two similar terms. 



(*-a)(a-6)(a-c) 

r _ rir(6-c)(3-5)(g-c) 

(«-a)(a-6)(a-c) Aa(a-6)(6-c)(c-a) 

1 (6-c){gg-g(5 + c) + 6c} 
A (a-6)(6-c)(c-a) " 

Now S(6-c){«a-i(& + c) + 6c}=-(a-6)(6-c)(c-a). 

[See Hall and Knight's Elem. Algebra, Art. 224.] 

Thus the first side reduces to -r . 
A 

245. Wehave (l-lZ_^) (l_iz£)=2; 

or (6-a)(c-a) = 2(«-a)a; 

hc-ac-ab-\- a^=28^ -ia8 + 2a^; 
.\ 6c=2«2-4a« + a(a + & + c) 
=2s2-4a« + 2a«; 

, 8(8-a) 1 

whence -^ — - = ^ ; 

be 2 

A 1 
that is, cos -jr = -7^ , or A = 90°. 

246. Let ^ = 68° 40' 8-9", 6 = 237, c = 158. 
Then as in Art. 197 we obtain 

/I. V • y, r /> 2 Jbc A 

a= (b+c) Bin $. where 008^=-!-^^^ — cos 77, 
^ ' ' b+c 2' 

cosg= ^ ^^fJ,^ ^^^ cos29°2y 1-95'' 
39 o 

= ^ cos 29° 20' 1-95", 
o 
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log 2 = 
log 8= 



•8010800 
•4771213 



2 



log 6= 



21og2-l = 
log cos 29° 20'= 
Subtract diff. for 1*96" 

log COS ^= 
logoo8 8P20'= 



2 I -7781513 
•8890767 

1-6020600 
1-9404091 
23 

1-9315425 
1-931537 4 
51 



^x60"=8^97- 



e^ 



Again 



247, We have 



81° 19' 66". 

log 895= 2-5966971 

log sin 31° 19' =1-7158092 

diff. for 56" 1937 . 

loga=2-8126000 

log 205-4 = 2-3126004 

.-. a =205-4. 

sin (4 +2?) 3sin^ 



ooBiA+B)" COS A * 
Bin{A+B)QO&As:^Soos{A+B)8iDiAf 
sin (2ii +5) + 8in JB = 3 sin (2^ +5) - 3 sin P ; 
2sin(2^+f)=4 8in£. 



whence 

or 

that is 

Multiply by cos B ; then by separating the product on the left into the 
sum of two sines we obtain the required result. 

248. First 8ide= 2 sin (6 - a) {sin (d-a) + sin {2m0 -a-d)} 

= 2 sin* {e-a)+ cos {26 - 2me) - cos {2m$ - 2a) 

= 1 - cos (2d - 2a) + cos [26 - 2me) - cos {2md - 2a). 

249. Let AD be perpendicular to BG and meet the circum-oirole in E; 
then lBED = C, and a=DE, 



Now 



BD ^ ^^ . DC ^ ^ 
— = tanC, and — = tani^; 



BD+DC a 



= -=tani^ + tanC 
a 



Similarly 
whence the result follows. 



-r=tan (7 + tan-4, -=tani4 + tan£-, 
/3 7 
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250. From the first equation, Ssm^A = l-2Bin^B^QOB2B ; and from 
the seoond equation, 

6 sin il C08 u4 - 2 sin 2B = ; 

multiply each term by sin ^, and we have 

3 sin' A cos ^ - sin 2£ sin ^1 =0. 

Substituting cos2B for 3 sin^^, we obtain 

cos 25 cos ^ - sin 2B sin^ =0; 
that is, co8(.4 + 2B)=0; or ^+2^=90°. 

251. (1) FirstBide=oot->(^-J^)+cot-»(-3^) 

_ ^_, cot 2x \ cot 3xJ 
" _ 1 1 

cot Sx cot 2x 
_ f-i / cot 3a? cot 2a: + 1 \ 
"" \ cot 2a? - cot 3a? / 

=cot~^(cota;)=a?. 

(2) First side = tan-i u > J, ; = tan-i ^r-^^^- — \ 
^' 1 , (l-^)(l-y) 2(l + xij) 

^(l + a?)(l+2/) 

y-a? 



A ,(2/-^)^ Vi + ^'n/1+2/' 



252. See Art. 197. 

Let A be the position of the station, B and C the positions of the two 
points ; then A =49° 45', c= 1250 yds., 6 = 1576 yds. 

Now a = 2825 cos $, where sin ^ = ^ 2825 ^^^^ °^® ^^° ^^' ^^ '' 
log 1250 = 3-0969100 log cos 24° 52' = 1-9577456 

log 1575 =3-1972806 ,, ,1 .^^ oqq 

216^2941906 suMract ^>^ 5S(i 293 

3-1470953 1-9577163 

log 2 =_-3010300 

log cos 24° 52' 30"= 1-9577163 

3-4058416 

log 2826 = 3-4510185 

log sin e = 1-9548231 = log sin 64° 19'. 
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Again log 2825 =8-4510185 

log COB 64° 19^= 1-6368859 

log a =3-0879044 

log 1224-3 =3-0878878 

166 

4 142 

240 

7 m 

.-. a =1224-347 yards. 

254. Multiply all through by 2; then 

First Bide=l + oos25+l+ooB2(S-^) + two similar terms 

= 4 + 2 cos (25-^) cos ii + 2 cos (2iSf-B-C7) cos (B-C) 
=4 + 2 cos (B + 0) oos^ + 2 cosii cos (B - C) 
=4 + 4 cos A cos B cos C. 

255. It is easy to see that this is the same as Example 1 in Art. 135. 

256. We have J2 = jr-?— . = 18 coseo 61° 15'. 

2 sm 2i 

log 18 =1-2552725 

log coseo 61° 15'= -0571357 
logJB =1-3124082 

log20-530 =l-r 



193 
9 191 

/. 22 = 20-5309. 

.^ . A , B . C 
Agam, r=4JB sm -^ sm -^ sm - . 

logJfJ =1-3124082 

log 4 ■ =_-6020600 

log sin 30° 37'= 1-7069667 
diff.for30" =_ 1067 
log sin 36° 37'= 1-7755801 
diff. for30" = 850 

log sin 22° 45' = 1-5873865 
.-. logr = -9845932 

log 9-0514 = -9845903 

29 

6 27 

/. r= 9-65146. 
257. This follows from XVIII. c. Ex. 5 and XII. d. Ex. 12. 
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268. I^et lAPB^a, lBPC=^, lPBC=y; 

, PB Biniya) PB sm{p+y) 

^^"^ ZB" sina ' BC S5^^ 

but AB=BG, 

. Bin (7- a)_ sin 0+7) 
sin a fiin/S * 

or sin 7 cot o -0037=0087+ sin 7 cot /8; 

.*. 2 00s 7= sin 7 (oot a - oot /9), 
2 oot 7=oot a - oot/3 ; 

.V. * • 2 11 

thatis, f = ?"?' 

sinoe 7 is the supplement of the angle BP makes with the road. 



259. 



First side = (T^J-^^?/?-*-'^^f/) = - I 



^ B+C B-G 

2.008 — iT OOS zr— 



(1 + 2008^)(1-C0S^) 2Bin2^ 

5-C7 ^ . 5-C7 . 5 + C 

2 OOS — — 00S-5 2 008 - sm —^ 

" ^ , A ' A" sin-4 

2sm^ oos-g 

_sin^ + Bin<7_ 5+c 
"" siuii "" a ' 

260. From the fig. of Art. 219, we have ^ = —-- ; 

« ^ .- s-a 8-b 8-c 38-28 ^ 
.*. first siae= + H = = 1 

8 8 8 8 

1 2/2 

261. I^et Bin-*-=a, then OOS o=-~-; 

o o 

8 /2 

sin-i--^=/3, then co8/3=>~. 

XT • / . m 1 \/2 _, 2 V2 3 7^2 

Now 8m(a + ^) = 3 .-^^^ +__ . _ = .^.^_^ 



= cos(sin-i^J. 
il . , 1 - -1 3 x 
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262. We have cot a (cot /3 cot 7 - 1) = cot /3 + cot 7, 

/. cot (/3 + 7)= — - = 7 

^ " cot a tana 



=cot(^-a); 



or a+/3 + 7=(2n + l)|. 

263. Biuce tan ^ + tan B + tan C = tan ^ tan £ tan C, 

^, . ^ ., tan«^ + tan«B + tana(7 
the first Bide=-: j — r — ^r—r —^ 

(tanif+tanB + tanC)^--2tan.ii tanB-2tanBtanC-2tan(7tan^ 
■" tan^+tanB+tanO 

. ^ _ . ^ 2 (tan^tanB+. .. + ...) 

= tan^+tanB + tanC ^ — — — ^ — - — - 

t&nA tanBtanC7 

= tan^i +tanB + tan C- 2 (cot^ + cotB + oot C7). 

264. I^et On Oj be the two points of observation, A and B the two 
objects, so that z^OiOa= 45°, A 0^0^ = 0^0^ =22^"", Thenz Oi^02=112J°, 

Z OiBOa=22J°, and 0iB = 0i02=l mUe. 

Now from the aO.AO,, i^ = s^^=tan22i°=V2-l ; 

/. Oj^=/^2-l miles; .\ ^£=^^2 miles. 
Again, if i^i, P2 be the perpendiculars from AB on OiO^ 

Pi +P2 = (^1^ + ^1^) sin 46° = ^B sin 45° = 1 mile. 

265. This follows from the identity 

tan^+tanB + tan(7=tan^ tan B tan C, 
where ^+B + C7=180°, by putting 4 = 20°, B=40°, (7=120°. 

266. The equation may be written 

(2cosec2d)3=3(2cosec2^) + ^f, 



/ ^1 Y_ 3 cos3g ^ 

\sin cos 6/ "~ sin d cos $ sin^ ' 



that is, l = 3sin2dcos2^ + cos«^, 

which reduces to (cos^^- 1)^=0, whence $ = mr. 
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267. When A + B + C=1S0°, 

1 - co8^B-\-0OB^A - cos2 C^sin^B + sm^G-Bin^A 

=flin3 B + sm{G+A) sin (C - A) 
= sin JB {sin((7+^) + sin (O-il)}, 

since C+A=:180°-B, 
=2 sin £ sin Ccos^. 

When ^+J5 + C7=0, 

l-cos2£+cos2^-oos20=sin25 + sin((7+^)8in(C-^) 

= - sin 5 {sin ((7+^) + sin {C - A)}, 

since C+A=: -B, 
= - 2 sin S sin Coos A, 

268. We have cot ^4 - cot S = cot B - cot C, 

,^^. Bm(A-B) sin(B-C) 

that is . \ . p = . V> . i, , 

sin ^ sin £ sin £ sin C 

3in(^-^ ) _ sin (B - C) 

^^ sin (B + C) "" a (4 + ^) ' 

Whence sin {A +B) sin (^ - B)=sm (B + C) sin (£ - C7), 

sin2^ - sin2B=sin2£ - sinS C; 

thatis, a2_52--52_c2. 

269. Second side=2cos^-^-::J^^ 

=cos ^--*-^f-»-^% cos^g±t^-ZJ^+coB^-^^f-^^ 
4 4 4 

67 + 4a-8j8 

4-COS-^^ 3 C^ 



TT 
= OOS^ + COS 






+ COS 

=s first side. 

270. Denote the radii of the three escribed circles by a?, y, z respectively, 
then we have to shew that 

(y - z) (z - x) {x -y) + (y - z) (z + X) {x-\'y)-{-{z - x) {x + y) {y +z) 

+ {x-y)(y + z){z + x) = 0. 
Taking the terms in pairs, the expression on the left reduces to 

(y-z){2{zx + xy)} + (y + z){2(zx-xy)}, 
or 2x{y-z) (y + z)+2x (y-\-z) (z-y), 

which is identically equal to zero. 



302 MISCELLANEOUS EXAMPLES. K. 

271. We have 32Bin4sm ^=16(oo8 2ii-oo8 3^). 

Now cos 2^ =2 cosa^ -1 = ^-1=1, 

Id o 

Qi>4 3^o .4x27 3x3 9 
cos 3/1 = 4 ccB^ A-Z cos A = — »^ j— = - Tg ; 

.-. 82 8m^sm~ = 16(^Q + jgj = ll. 

272. Solving the qnadratio, we have tan ^= - 1 ± V^- 
Now V2-l=tan^. [Art. 261.] 

o 

-y2+l)=-oot|=-teng-|). 
From the first result, we get ^=nir+ - , 

o 
and from the second, ^=wir-[--^)=nT--^, 

both of which are included in (8w - 1) ^ =^ t • 

o 4 



1 7 14 7 24 

273. (1) 2tan-ii = tan-i-i-=tan-i^=tan-i^ = co8-i||, 

^"7« 

2 3 

1 3 8 2 24 

4 tan-i 5 = 2 tan-i — -=2 tan-i j= tan-i — ^= tan-i ^ 

9 ^"16 

. ,24 
= 8in~^ - . 
25 . 

24 
Thus each side of the identity =-— . 

m 3 sin 2a _ 6 tan a j 3(l-tan2a)j 3tana 
^ ^ 6 + 3cos2a~"l + tan2a"^( l + tan2^i""4 + tan»a' 

.*. first side of the identity =tan-i - — - — ^+ tan"^ ( — t^\ 

4 + tan2a \ 4 / 

3 tan a tan a 

, 4 + tan2a"*" 4 ^ , letana + tan^a 

4(4 + tan2o) 
= tan~^ (tan a) = a. 
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8(s — a) b^+c^ 



274. We have ___^-^__, 

.*. 2«(2»-2a) = 62 + c2; 
or (b + c + a){b + c-a) = h^-{-c\ 

that is, 62 + c2+26c-a2 = Z>2 + c3; 

a2 



..^ = .0. 



which proves the proposition. 

275. We have BinS=|siii^=li^|^°, 

log 119=2-0756470 
log sin 50° = 1-8842540 
1-9598010 
log 97 = 1-9867717 
log sin B = 1-9730293 diff. for 1' = 460, 

logsin70°= i-9729858 ^ ^ 60"=57"- 

435 460 

.-. ^=70°0'57", or 109° 59' 3", both values bemg admissible since a<fe; 
/. C=59°59'3" or 20°0'57". 

276. The Z BD^F^^ = i (supp* of z J^i^Dj) = |= Z -B^i^i . 

ft 
Similarly z CDiJ^Jj = - ; 

.-. zFiDi^i = 180°-^±^=90°+^. 
Again from the isosceles triangle AE^F^f 

JD 

and similarly Z B^E^F^ = — . 

11 ABC 

EyFi sin Q ^1 sin ■= JPj 2« sin — sin -j sin -r 

Now r„= J = ^L 

cos^I>i COS (45° + J j 

^ . A . B . G °°4 

=4, sm J sm ^ sin ^ . -j-__j— _- 



^ . B . C 



... . .d . /J . _ 
=4 iJ2i sin -J sm -j sin -r 



4-, , A' 
1 - tan -r 
4 
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.\ — : 1- tan j=l : 4^2«Bm jsin JBln■J 
=3 — :l-tanT = -:l-tan-7 
ri, 4 r^ 4 

by symmetry, 

277. The expression =tan"^ i,^sing "*^'^ ~^^^^ 

, ,. , X XI fsin ^ (1-235 sin tf+ac«)l 
and this reduces to tan-i ] eosg(l-2x8ing+r' )r ' 

which equals tan~* (tan tf ), or ^. 

278. By Example XIII. c, 8 we have 

cos^+cosB a+b 

. . / — 2r' 

/. a+6=2c; whence a, c, & are in a.p. 

279. The expression 

= 2cosacos/3{cos(7 + 5) + cos(7-5)}+2sinasinj8{cos(7-5)-cos(7+8)} 

= 2 cos (7 + 5) cos (a + /3) + 2 cos (7-5) cos (a-)3) 

=oos(a + i8 + 7 + 8) + oos(a + /3-7-5) + co8(a-j8+7-5) + cos(a-^-7+5). 

280. TheZ5IC=180°-^^y^=90°+^; 

__ a _ g 

• ^i~2sinB7(7""^ ^' 
2cos^ 

ahc ■R^sin^sin^sinC 

•'• PiPiP^= A — B — a A B 3" 

8 cos -^ cos 2 cos - cos — cos — COS ^ 

/i Ti C 

- 8R^ sin — sin — sin — = 2rR\ 

^^ . A . B . C 
since r = 4i? sin -^ sin — sm - . 

281. This is a particular case of Ex. 13 in XVII. a. 
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282. The equation may be written 

6»sina2^=(c-aoos2d)2, 
or h^il- cos» 2^) = c* - 2ac cos 2$ + a^ cos^ 2$, 

that is, (a^+h^) oos^ 2e-2ac cos 2e+c^ - 62=0; 

therefore, by the theory of quadratio equations, 

Oos2a+co8 2^=^^; 
/. 2oos2a-l + 2co82/3-.l = -^'^ 



whenoe cos2a + cos2fl= — ^ — ^^. 

a** + 0^ 

283. We have c^ = a« + ft^ _ 2a6 cos C 

= 2 + 2 + ^2-2^2 V2+V2.^-^" 
=4+V2-s/2(2+V2) = 2-^2; 
/. c=V2^V2. 

Now sm^=-BmC= -7^=^, ^ -^ =-71^; 

<' V2-V2 2 V2* 

therefore ^=45°, or 135°, and since a is not the greatest side the smaller 
yalae must be taken. 

Therefore £=112^°. 

284. We have sin3^=8sin^-4sin3^; 

/. sin^ ^ =- sin ii - 7 sin^ A ; 
4 4 

3 1 

/. S sin^^ =7 S sin -4 - y S sin 3^. 

4 4 

ABC 
Now 2Bin2i=4cos^cos-^cos~, 

and IJsm8-4=2sin— i-^r — ^cos-^— jr — ^^ + 2 sm -5- cos -5- 

Z a i tk 

o • /orrno 3C\ 3(4-5). „ . 3C 3C 

= 2 sm f 270° - — J cos — ^-^ — -' + 2 sm — cos ~ 

3C 3(/l-JB) « . 3(7 3(7 
= - 2 cos -2" cos -^— 2 — ^ + 2 sm -^ cos -g- 



= 2C08- 
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„ 3(7/. 3C 3(^-^)1 

= 2008-^ |8in--cos-^-2— j 

SA SB 3(7 
^ . . ^ ^ 2i JB C 3^ 35 3C 

.*. Zsin' J =3 COS -jr cos -jr COS -^ - COS -jr- COB -jr- COS ~ . 
2 2 2 J J A 

285. ^ake the third figure on p. 131, and first suppose that 

lAB^C=2iAB^C. 
Then it easily follows that A CB^B^ is equilateral; 

.*. &siuil=asin£ becomes &Bin^=^a. 

2 

Secondly, suppose that l A CB^ =2 /.A CB^ , 

Then lACB^- iB^- lA= lB^CB^=18(f-2lB^i 

,\ 3^1 = 180° + ^. 

sin 3^1 + sin ^=0; or 3sin£i-48in3Bi + sin-4=0. 

Substituting - sin^l for sin Bi, and reducing we obtain the required result. 

286. ^ ^6 write ^y in the place of x the resulting equation has tan' a, 
tan^/S, tan^7 for its roots. If in the last equation we further write z for 
1+2/ the resulting equation has sec^a, sec^)3, sec' 7 for its roots. 

After making the above substitutions the equation in z is 

z^-(p^ + 3)z^ + {^p^-2pr + 3)z-{p-r)^-l=0\ 

.*. sec' o sec* j8 sec' 7= product of the roots 

= (i)-r)' + l. 

Otherwise. Let tut^j t^ be the roots of the given equation; then 

sec' a sec' /3 sec' 7 = (1 + tj') (1 + f 2^) (1 + ^3') 

^l + Sfi' + S^i'^a' + ti'^a'fg-, 

where S«i = ^, i:.t^t^=0, t^t^t^=r. 

Thus sec' a sec' /3 sec' 7 = 1 + p' - 2pr + r-. 

287. Square the given equation, and write it in the form 
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or (1 - sin a) (1 - sin p) (1 - sin 7) = (1 + sin a) (1 + sin/3) (1 + sin 7) ; 

.*. 8ina + 6in/3+sin7+sina8in/38in7=0, 

a B 'V/N.ci OL . B B . y y ^ 
or 4 COB J5 cos 5 cos ^ + 8 sin 5 cos - sm ^ cos ^ sin ^ cos ^ =0; 

£ Z A i a Ju Z L Z 

hence 1 + 2 sin 5 sin ^ sin ^=0, 

o i a 

that is, l + 5(cosa + cos/3 + cos7-l)=0; 

z 

:. cos a+cos/3 + cos7 + l = 0. 

288. Each side of the heptagon subtends an angle =- at the circum- 
ference of the circle whose diameter is 2. Therefore if x represent a side, 

a?=2sm-. 

Now by Art. 331, the roots of the equation 

82/8+V^4y-l=0, 

27r 4x 6ir 

are cos -=- , cos -=- , cos -=- . 

7 7 7 

27r 
Therefore 2 cos -=- satisfies y^ + 1/^ _ 2y _ 1 = 0. 

Put y = 2 - 4 sin^ - = 2 - x^ in this equation. 

We obtain, after reduction, 

x«-7a:*+14a:2-.7=0, 

the roots of which are 2 sin - , 2 sin-~ , 2 sin -=- . 

7 7 7 

The first of these values corresponds to a side of the heptagon, the 

27r 
second and third to chords subtending at the circumference angles of — and 

— respectively. That is they represent the diagonals of the heptagon, as is 
easily seen from a figure. 

289. We have cot (^ + C)= - cot S= - 1 ; 

cot ^ cot C - 1 __ ^ ^ 
" cot^~+cot C ~ ~ ' 
that is, 1+cot^ + cot C + cot^cot C7=2, 

or (l + cot^)(l + eotjB)=2. 
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290. We have SS^=»a^+b^+c^ 

= {2R sin A)^ + (2R sin P)» + (2J2 sin C)»; 
.-. sin2^ + sin25+sin»C=2; 
.'. l-00B2ii + l-C082£ + l-C0B2C=4, 
cos2ii+co8 2j5+oos2C+l=0; 
.'. 4 cos il 008 B cos C = ; [Examples XII. d. 9.] 

therefore one of the angles must he a right angle. 

291. We have sin B = cos ^1 cos B 

=coSil tanC, 
and cosB=tanC7; 

.-. l=tanaC(l+cosM); 

00S2C7=(1-C082C7) (l + COS«il), 

Bin2 A 



i^A /- BinM\ ,„ . «^, 



COB** 

or sinM = (1 - 2 sinM) (2 - sin«^) ; 

whence sin*-4-3sin*^ + l=0; 



.. »-Zv^ 



.\ an^A 

z 

the other value being impossible ; 

/. sina4=^(6-2^/5), 

or sin^l =^^5lJ =2 sin 18° 

= sin £ = sin similarly. 

292. It will be sufficient to prove that 

ab + hc + ca=r^+t^ + 4Itr (1), 

and ahc=Utr8 (2). 

Now 7^+8^-^4J{r=r{ri+r2 + r^) + «* [XVm. a, Ex. 25] 



\8{s-a) J 

= {{8'h)(8^c)+... + ...}+8^ 

=z4t8^-28(a + b + c) + bc + ca + ab 
=zbc + ca + ab. 



'Again, ARr8=-j-- , A = abc, 



MISCELLANEOUS EXAMPLES. K, 809 

293. We have «^^=^s f ^-^j=oo8-~, 

which is a root of the equation 

8x5-4a:2-4j; + l=0. 
See solution of XXV. c, Ex. 16. 

294. The distances of the successiye heaps from the starting point are 

2rBm-, .2rsm — . 2r8in — , 2r sin ^^ —x 

n n n ' n 

.*. the whole distance traversed is twice the sum of this series. 

. (n-l)ir . 1 (ir (»i-l)irl 
sin ^ ^ sin^ \- + ^ ' \ 

Now the sum of the sines ^^* ' [Art. :KMV] 

sinjr- 



= J =00* o=. 



r 2n' 



whence the required result follows. 

one ^ 4t 1/ x x\ l/l.^/6+l\ 8 + ^/5 

295. «osj.cos^ = -(^cos-+co8-gj = ^(2+ 4 )= -b"' 
7x 1/ T 3t\ 1/1 ^/6-l\ 8-^/5 

3t 6ir 1/ T 3t\ 1/V5 + 1 >/6-lN 1 



2t 

cos =-=- cos ; 

15 



COS; 



5t X 1 

cos^=cos- = -; 



.'. multiplying these results together, we have 

1 /3+V5\ /3-V5\ _ 4 __ 22 _ /ly 
8v' 8 y V 8 y "8»~2»~V2/ • 

296. We have ax + by-\-cz=2A, 

Now (a2+62 + c2)(a;2+2/2+^2)_(aa; + 62/ + cz)2 

= {hx - ayY + {cy - hz)^ + (az - cx)^ ; 
or (a» + 62+c2) (a;2 + y2 + ^2) _ 4^2= ( ^3. _ ay)^-^-{cy - 6«)2+ (a« - ca;)^. 

.-. x^+y^+z^ is a minimum when the expression on the right ia zero; tliat 

is when 

bx=ayj cy = hz, az=scx; 
. in __y __z___ax + by + cz _ 2A 
'* a~6"~c "" a2 + 6a+c2 ~a2+6a+c«' 
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297. With the notation and fig. of Art. 231, suppose AD and BC inter- 
sect in E, then r^ is the radios of the escribed circle opposite to £ in the 
aABE\ 

A B 
a cos ^ cos -^ 

sm-g- 
.•.-=tan2.+tan^; 

= — I — , Bimilarly. 

298. Braw AH, AH' perpendicular to BG ; then 

ZP^H=(90°-B)-(90°-C) = C-JB, 
and AH=: 2R sin J5 sin C, 

2E8inBBin(7 



] 



coB(C-J5) ' 

1_ ^i,J cOB(B-C) ) 

, ^pt-...-!-... 2JJ IflinfisinC^*"^') 



__!_ (sin 2C+sin2B) + ... + ... 
" 412 ' sin ^ sin B sin C 

= |. [Art. 136, Ex. 1.] 

Again, J5i4'=2J2co8B^'i4 = 222cos C, since B, -4', -4, C are concyclic, 

.*. ^'if' = 2J?cosJBcosC; 

^ 1 j cos(C-^) ^ 

• 2iJ (cos B cos C f 

_ 1 (co82(7 + co32B) + . .. + ... 
~~ 2R cos A cos B cos C 

_ 2 (cos 2 A + cos 2.B + cos 2C) 
~ 4i2 cos A cos iJ cos C 

1 4cos-4cosBcosC+l .-^--t j -c « -i 
2Ii coa A COS B <ioa G 



1 
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B 2^ 1 — i** 

299. liot tan ^= t, then sin ^ = ^— ^ , cos ^ = — -g; substitute these 

values in the given equation ; then after reduction, we obtain 

t*6 + 2t3(c-a)-2«(c + a)-6=0. 
This equation has/(mr roots; three of which are 

tan^, tan|, tan|; 

also ^1^2^8*4 = - 1> *2*8 + *8*4 + • • • = ^* 

Eliminating t^ by means of these equations, 

M8+«8«i + ¥2=r7 + 7V + ,^, ; 
^2^8 ^8^1 n^a 

.-. tan|tan|+tan|tan| + tan|tan| 

= cot&cot^ + cot^cot| + cot^cot^; 

that is, sftan|tan|-cot|cot|j=0; 

sinS ^ sin2 J - cos^ | cos^ ^ 

.-. 2 L_2 J 5=0; 

sm §- sm ^ cos g- cos ^ 
J J J 2 

« 0+y S — y .a a >^ 
.*. S cos '^ cos ~— sm-cosjr=0; 

/. 2)(cos/8 + cos7) Bina=Oj 
or Ssin(a + )3) = 0. 

300. By Example 2, Art. 331, 



, 27r „ 3t 

2-^. sec* — 

7 

are roots of the equation 



sec^ - , sec'^ -=- , sec* -=- 
7 7 * 7 



a:»-24a;2+80a;-64 = 0; 

« T n 27r n 37r _ . 

.-. sec^ -= + sec^ -=- + sec^ — - = 24. 
7 7 o 



Also from XXV. c. Ex. 21, 



cosec^ — + cosec^ -=- + coscc^ "7" ~ ^' 



whence the required result follows. 
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